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■ ♣r♦♣♦s❡ ❛ ♠♦❞❡❧ ♦❢ ❧❡❣✐s❧❛t✐✈❡ ❜❛r❣❛✐♥✐♥❣ ❛♠♦♥❣ ❡♥❞♦❣❡♥♦✉s ♣♦❧✐t✐❝❛❧ ♣❛r✲
t✐❡s ♦✈❡r ♠✉❧t✐♣❧❡ ♣♦❧✐❝② ❞✐♠❡♥s✐♦♥s✳ ■ ♣r♦✈✐❞❡ ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ✭✐✮ t❤❡
♣❛rt✐t✐♦♥ ♦❢ t❤❡ ❧❡❣✐s❧❛t✉r❡ ✐♥t♦ ♣❛rt✐❡s✱ ✭✐✐✮ t❤❡ ♣♦❧✐❝② r❡❢♦r♠s t❤❛t ♣❛rt✐❡s
♣r♦♣♦s❡ ✭✐❢ ❛♥②✮✱ ❛♥❞ ✭✐✐✐✮ t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ ❛tt❛✐♥❡❞ ❢r♦♠ t❤❡s❡ ♣r♦♣♦s❛❧s✳
■ s❤♦✇ t❤❛t ✕ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ st❛t✉s q✉♦ ✕ ❡✐t❤❡r ✭✶✮ t❤❡
♣r❡s❡♥❝❡ ♦❢ ♣❛rt✐❡s ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ ❛♥❞ ❛ ♠❡❞✐❛♥ ✈♦t❡r t❤❡✲
♦r❡♠ ❤♦❧❞s✱ ♦r ✭✷✮ ❛ ♣❛rt② r❡♣r❡s❡♥t✐♥❣ ❧❡❣✐s❧❛t♦rs ✇✐t❤ ❡①tr❡♠❡ ❛♥❞ ♦♣♣♦s✐t❡
♣♦❧✐t✐❝❛❧ ✈✐❡✇s ✕ ✐✳❡✳✱ ❛ ❝♦❛❧✐t✐♦♥ ♦❢ ❡①tr❡♠❡s ✕ ❝❛♥ s✉❝❝❡ss❢✉❧❧② ❜❧♦❝❦ r❡❢♦r♠s
t❤❛t ✇♦✉❧❞ ❜❡ ❢❡❛s✐❜❧❡ ✐❢ ♣❛rt✐❡s ❞✐❞ ♥♦t ❡①✐st✳ ▲❛st❧②✱ ■ s❤♦✇ t❤❛t t❤❡ ❡①t❡♥t
t♦ ✇❤✐❝❤ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♣❛rt✐❡s ❝❛♥ ✐♥❝r❡❛s❡ t❤❡ s❡t ♦❢ ♣♦ss✐❜❧❡ ♣♦❧✐❝② r❡❢♦r♠s
✐s s❡✈❡r❡❧② ❧✐♠✐t❡❞ ♦r ♥✉❧❧✳
❏❊▲ ❝❧❛ss✐✜❝❛t✐♦♥✿ ❉✼✷✱ ❈✼✶✳
❑❡②✇♦r❞s✿ ▼✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ♣♦❧✐❝② s♣❛❝❡✱ P♦❧✐t✐❝❛❧ ♣❛rt✐❡s✱ P♦❧✐❝② r❡❢♦r♠s✳
❉❡❝❧❛r❛t✐♦♥s ♦❢ ✐♥t❡r❡sts✿ ♥♦♥❡✳
∗❆❝❦♥♦✇❧❡❞❣♠❡♥ts✿ ■ ❛♠ t❤❛♥❦❢✉❧ t♦ ❆♥t♦♥✐♦ ❈❛❜r❛❧❡s✱ ■❛♥ Pr❡st♦♥ ❛♥❞ ❏♦❤♥ ❘♦❡♠❡r ❢♦r t❤❡✐r
✐♥✈❛❧✉❛❜❧❡ ❛❞✈✐❝❡✱ ❛♥❞ t♦ ❱✳ ❇❤❛s❦❛r✱ ❙❛✉♠②❛ ❉❡♦❥❛✐♥✱ ❏♦❤❛♥♥❡s ❍ör♥❡r✱ ❙✉❡❤②✉♥ ❑✇♦♥✱ ●✉②
▲❛r♦q✉❡✱ ❙❛♥❣▼♦❦ ▲❡❡✱ ●✐❧❛t ▲❡✈②✱ ❑♦♥r❛❞ ▼✐❡r❡♥❞♦r✛✱ ▼❛ss✐♠♦ ▼♦r❡❧❧✐✱ ❆✉r❡♦ ❞❡ P❛✉❧❛✱ ◆✐❦✐t❛
❘♦❦❡ts❦✐②✱ ❇r✐❛♥ ❘♦❣❡rs✱ ❛♥❞ ▲❛rr② ❙❛♠✉❡❧s♦♥ ❢♦r t❤❡✐r ❤❡❧♣❢✉❧ ❝♦♠♠❡♥ts ❛♥❞ s✉❣❣❡st✐♦♥s✳ ■ ❛❧s♦
t❤❛♥❦ s❡♠✐♥❛r ❛♥❞ ❝♦♥❢❡r❡♥❝❡ ♣❛rt✐❝✐♣❛♥ts ❛t ❯❈▲ ❛♥❞ ❨❛❧❡ ❯♥✐✈❡rs✐t②✳ ■ ❣r❛t❡❢✉❧❧② ❛❝❦♥♦✇❧❡❞❣❡
✜♥❛♥❝✐❛❧ s✉♣♣♦rt ❢r♦♠ ❊❙❘❈ ❛♥❞ ❯❈▲✳
†❉❡♣❛rt♠❡♥t ♦❢ ❊❝♦♥♦♠✐❝s✱ ❲❛s❤✐♥❣t♦♥ ❯♥✐✈❡rs✐t② ✐♥ ❙t✳ ▲♦✉✐s✱ ✶ ❇r♦♦❦✐♥❣s ❉r✳✱ ❙t✳ ▲♦✉✐s✱
▼❖ ✻✸✶✸✵✱ ❯✳❙✳❆✳ ✈❞♦tt✐❅✇✉st❧✳❡❞✉
✶
✶ ■♥tr♦❞✉❝t✐♦♥
P♦❧✐t✐❝❛❧ ♣❛rt✐❡s ♣❧❛② ❛ ❝r✉❝✐❛❧ r♦❧❡ ✐♥ s❤❛♣✐♥❣ ❧❡❣✐s❧❛t✐✈❡ ❜❛r❣❛✐♥✐♥❣ ❛♥❞ ♣♦❧✐❝②♠❛❦✐♥❣
✇✐t❤✐♥ ♠❛❥♦r✐t❛r✐❛♥ ✐♥st✐t✉t✐♦♥s✳ ❚❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♣❛rt② s②st❡♠ ❛♥❞ t❤❡ ✐♥t❡r♥❛❧
❝♦♠♣♦s✐t✐♦♥ ♦❢ ❡❛❝❤ ♣❛rt② ❥♦✐♥t❧② ❞❡t❡r♠✐♥❡ t❤❡ ♣♦❧✐❝② ♣r♦♣♦s❛❧s t❤❛t ❛r❡ ❜r♦✉❣❤t
t♦ t❤❡ ✢♦♦r ❢♦r ❛ ✈♦t❡✳ ❚❤✉s✱ ♣❛rt✐❡s ❝❛♥ ♣♦t❡♥t✐❛❧❧② ❛✛❡❝t ♣♦❧✐❝② ♦✉t❝♦♠❡s✳
❆ s✉❝❝❡ss❢✉❧ str❡❛♠ ♦❢ ❧✐t❡r❛t✉r❡ str♦♥❣❧② s✉♣♣♦rts t❤❡ ❝❧❛✐♠ t❤❛t ♣❛rt✐❡s ❞♦
♠❛tt❡r ✐♥ s❤❛♣✐♥❣ ♣♦❧✐❝② r❡❢♦r♠s✱ ❡✈❡♥ ✐❢ t❤❡r❡ ✐s ❛ ❈♦♥❞♦r❝❡t ✇✐♥♥❡r ✕ ✐✳❡✳✱ ❛ ♣♦❧✐❝②
♣r♦♣♦s❛❧ t❤❛t ❞❡❢❡❛ts ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ ❛❧t❡r♥❛t✐✈❡s ❜② s✐♠♣❧❡ ♠❛❥♦r✐t② ✈♦t✐♥❣ ✕ ✇✐t❤✐♥
t❤❡ ❝❤♦✐❝❡ s❡t ♦❢ ❧❡❣✐s❧❛t♦rs ♦r ✈♦t❡rs ✭❆✉st❡♥ ❙♠✐t❤ ✶✾✽✻✱ ❏❛❝❦s♦♥ ❛♥❞ ▼♦s❡❧❧❡ ✷✵✵✷✱
▲❡✈② ✷✵✵✹✱ ▼♦r❡❧❧✐ ✷✵✵✹✮✳ ■♥ ❝♦♥tr❛st✱ t❤❡r❡ ✐s ❧✐tt❧❡ t❤❡♦r❡t✐❝❛❧ r❡s❡❛r❝❤ ❡①❛♠✐♥✐♥❣
t❤❡ r♦❧❡ ♣❧❛②❡❞ ❜② ♣❛rt✐❡s ✐♥ ♣r❡✈❡♥t✐♥❣ ♦r ❧✐♠✐t✐♥❣ t❤❡ ❡①t❡♥t ♦❢ ♣♦❧✐❝② r❡❢♦r♠s✳
■♥ ❛♥ ❛ss❡♠❜❧②✱ ❛ r❡❢♦r♠ ❜❛❝❦❡❞ ❜② ❛ ♠❛❥♦r✐t② ♦❢ ❧❡❣✐s❧❛t♦rs ❝❛♥ ❜❡ ❜❧♦❝❦❡❞ ✐❢ ✭✐✮
t❤❡ st❛t✉s q✉♦ ✐s ♣r❡❢❡rr❡❞ t♦ t❤❡ r❡❢♦r♠ ❜② s♦♠❡ ❛❣❡♥ts✱ ❛♥❞ ✭✐✐✮ t❤❡ ✐♥st✐t✉t✐♦♥❛❧
s❡tt✐♥❣ ❛❧❧♦✇s ❢♦r ❛ s✐t✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ ♥♦ r❡❢♦r♠ ❝❛♥ ♣❛ss ✕ ✐✳❡✳✱ ❛ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦✳
P♦❧✐t✐❝❛❧ ♣❛rt✐❡s ❛r❡ ❞❡❡♠❡❞ t♦ ♣❧❛② ❛ ❦❡② r♦❧❡ ✐♥ t❤✐s ♣r♦❝❡ss✳ ❋♦r ✐♥st❛♥❝❡✱ ❜②
✇✐❞❡♥✐♥❣ t❤❡ s❡t ♦❢ ❛✈❛✐❧❛❜❧❡ ❛❧t❡r♥❛t✐✈❡s✱ t❤❡② ❝❛♥ ❣❡♥❡r❛t❡ ❞✐s❛❣r❡❡♠❡♥t r❡❣❛r❞✐♥❣
✇❤✐❝❤ r❡❢♦r♠ s❤♦✉❧❞ ❜❡ ✐♠♣❧❡♠❡♥t❡❞✳ ■♥ t✉r♥✱ ❞✐s❛❣r❡❡♠❡♥t ❝❛✉s❡s t❤❡ s❡t ♦❢ ❢❡❛s✐❜❧❡
r❡❢♦r♠s t♦ s❤r✐♥❦✱ ❛♥❞ ✐♥ s♦♠❡ ❝❛s❡s ❛ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦ ♠❛② ♣r❡✈❛✐❧✳
■♥ t❤✐s ♣❛♣❡r✱ ■ st✉❞② t❤❡ r♦❧❡ ♦❢ ♣❛rt✐❡s ✐♥ ❜❧♦❝❦✐♥❣ ♦r ❧✐♠✐t✐♥❣ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢
♣♦❧✐❝② r❡❢♦r♠s ✐♥ ❛ ❧❡❣✐s❧❛t✉r❡✳ ■ ♣r♦✈✐❞❡ ❛ t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦ t❤❛t ❡♥❞♦❣❡♥✐③❡s
❛♥❞ ❛❞♠✐ts ❛ ❣❡♥❡r❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ✭✐✮ ❛♥② st❛❜❧❡ ♣❛rt② str✉❝t✉r❡✱ ✭✐✐✮ t❤❡
r❡❢♦r♠s ♣r♦♣♦s❡❞ ❜② ❡❛❝❤ ♣❛rt② ✭✐❢ ❛♥②✮ ✐♥ ❡❛❝❤ str✉❝t✉r❡✱ ❛♥❞ ✭✐✐✐✮ t❤❡ ✜♥❛❧ ♣♦❧✐❝②
♦✉t❝♦♠❡✳ ■ ✉s❡ t❤✐s ❝❤❛r❛❝t❡r✐③❛t✐♦♥ t♦ ❡✈❛❧✉❛t❡ ❡❛❝❤ ♣❛rt② s②st❡♠ ❜② ❛ss❡ss✐♥❣ ✐ts
❝❛♣❛❝✐t② t♦ ❜❧♦❝❦ r❡❢♦r♠s t❤❛t ✇♦✉❧❞ ❜❡ ❛♣♣r♦✈❡❞ ❜② ❛ ♠❛❥♦r✐t② ♦❢ ❧❡❣✐s❧❛t♦rs ✐♥ t❤❡
❛❜s❡♥❝❡ ♦❢ ♣❛rt✐❡s✱ ♦r✱ ❝♦♥✈❡rs❡❧②✱ t♦ ❡①t❡♥❞ t❤❡ s❡t ♦❢ ❢❡❛s✐❜❧❡ r❡❢♦r♠s✳
❚❤❡ ❣♦❛❧ ✐s t♦ ❛♥s✇❡r t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❡st✐♦♥s✳ ✭✶✮ ❈❛♥ ❛♥② r❡❢♦r♠ ❜❡ ✐♠♣❧❡♠❡♥t❡❞
❛t ❛❧❧✱ ❣✐✈❡♥ t❤❡ st❛t✉s q✉♦✱ t❤❡ ♣❛rt② str✉❝t✉r❡✱ ❛♥❞ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❧❡❣✐s❧❛t♦rs✬
♣r❡❢❡r❡♥❝❡s❄ ■❢ s♦✱ ✇❤❛t ❦✐♥❞ ♦❢ r❡❢♦r♠ ✇✐❧❧ ❜❡ ❝❤♦s❡♥❄ ✭✷✮ ❲❤❛t ❛r❡ t❤❡ ❢❡❛t✉r❡s ♦❢ ❛
♣❛rt② str✉❝t✉r❡ t❤❛t ❝❛♥ s✉♣♣♦rt ♦r ♣r❡✈❡♥t ❛ ♣♦❧✐❝② ❝❤❛♥❣❡❄ ✭✸✮ ■♥ ✇❤❛t s✐t✉❛t✐♦♥s
❞♦ ♣❛rt✐❡s ♠❛tt❡r ✐♥ ❧✐♠✐t✐♥❣ t❤❡ ❡①t❡♥t ♦❢ ♣♦❧✐❝② r❡❢♦r♠s✱ ❛♥❞ ❤♦✇ ♠✉❝❤❄
✷
❚♦ ❛❝❤✐❡✈❡ t❤✐s ❣♦❛❧✱ ■ ♣r♦♣♦s❡ ❛ ♠♦❞❡❧ ♦❢ ❧❡❣✐s❧❛t✐✈❡ ❜❛r❣❛✐♥✐♥❣ ❛♠♦♥❣ ❡♥❞♦❣❡✲
♥♦✉s ♣♦❧✐t✐❝❛❧ ♣❛rt✐❡s✳ ❙♣❡❝✐✜❝❛❧❧②✱ ■ ❜✉✐❧❞ ♦♥ t❤❡ ✇♦r❦ ♦❢ ▲❡✈② ✭✷✵✵✹✮✱ ❜✉t ■ ❞❡♣❛rt
❢r♦♠ t❤✐s ❢r❛♠❡✇♦r❦ ✐♥ t❤r❡❡ ❦❡② ❞✐r❡❝t✐♦♥s✳✶
❋✐rst✱ ■ ❢♦❝✉s ♦♥ t❤❡ r♦❧❡ ♦❢ ♣❛rt✐❡s ✐♥ ❧❡❣✐s❧❛t✐✈❡ ❜❛r❣❛✐♥✐♥❣ ✭❛s ✐♥ ❊❣✉✐❛ ✷✵✶✶❛✱
✷✵✶✶❜✱ ✷✵✶✷✮ r❛t❤❡r t❤❛♥ ✐♥ ❡❧❡❝t✐♦♥s✳ ❚❤✉s✱ ■ ❡①♣❧✐❝✐t❧② ❛❝❝♦✉♥t ❢♦r t❤❡ r♦❧❡ ♦❢ t❤❡
st❛t✉s q✉♦✱ ❛♥❞ ■ ❛❧❧♦✇ ❢♦r ✐t ❜❡✐♥❣✱ ❛t ❧❡❛st t♦ s♦♠❡ ❡①t❡♥t✱ ❛ ❞❡s✐r❛❜❧❡ ♦✉t❝♦♠❡
❢♦r s♦♠❡ ❧❡❣✐s❧❛t♦rs✳✷ ❆s ❛ r❡s✉❧t✱ s✉❝❤ ❧❡❣✐s❧❛t♦rs ♠❛② ❤❛✈❡ ❛♥ ✐♥❝❡♥t✐✈❡ t♦ ❝♦❛❧❡s❝❡
✐♥t♦ ❛ ♣❛rt② ❛✐♠✐♥❣ t♦ ❜❧♦❝❦ ❛♥② ♣♦ss✐❜❧❡ r❡❢♦r♠✳
❙❡❝♦♥❞✱ ■ ❞❡♣❛rt ❢r♦♠ s✐♥❣❧❡✲♣❡❛❦❡❞ ♣r❡❢❡r❡♥❝❡s ❛♥❞ s✐♥❝❡r❡ ✈♦t✐♥❣✳ ❚❤✐s ✐♠♣❧✐❡s
t❤❛t ❛ ♣r❡❢❡r❡♥❝❡ ❝②❝❧❡ ♠❛② ♦❝❝✉r ❛♥❞ ❛ ❈♦♥❞♦r❝❡t ✇✐♥♥❡r ♠❛② ❢❛✐❧ t♦ ❡①✐st✳ ❆s
❛ r❡s✉❧t✱ ❞✐s❛❣r❡❡♠❡♥t ❛♠♦♥❣ ❧❡❣✐s❧❛t♦rs ♠❛② ♣r❡✈❛✐❧✱ s✉❝❤ t❤❛t ♥♦ r❡❢♦r♠ ♣r♦♣♦s❛❧
❝❛♥ ❣❛✐♥ st❛❜❧❡ s✉♣♣♦rt✳ ❚❤✐s ✐s ❛ t②♣✐❝❛❧ ♦✉t❝♦♠❡ ✇❤❡♥❡✈❡r t❤❡ ♣♦❧✐❝② s♣❛❝❡ ✐s
♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ✭P❧♦tt ✶✾✻✼✱ ❉❛✈✐s ❡t ❛❧✳ ✶✾✼✷✱ ❇❡r♥❤❡✐♠ ❛♥❞ ❙❧❛✈♦✈ ✷✵✵✾✮✳
❚❤✐r❞✱ ■ ✐♠♣♦s❡ ♣r❡❢❡r❡♥❝❡ r❡str✐❝t✐♦♥s ✇❤✐❝❤ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ❧❡❢t ✈s✳
r✐❣❤t ❞✐✈✐❞❡ ❛♠♦♥❣ ❧❡❣✐s❧❛t♦rs✳ ❙✉❝❤ r❡str✐❝t✐♦♥s ❛r❡ s✉❜st❛♥t✐❛❧❧② ✇❡❛❦❡r t❤❛♥ t❤♦s❡
s✉✣❝✐❡♥t ❢♦r ❛ ♠❡❞✐❛♥ ✈♦t❡r t❤❡♦r❡♠ t♦ ❤♦❧❞ ✐♥ tr❛❞✐t✐♦♥❛❧ ♠♦❞❡❧s✱✸ s✉❝❤ ❛s t❤❡
✭✉♥✐❞✐♠❡♥s✐♦♥❛❧✮ s✐♥❣❧❡✲❝r♦ss✐♥❣ ❝♦♥❞✐t✐♦♥ ✭●❛♥s ❛♥❞ ❙♠❛rt ✶✾✾✻✮✱ ❛♥❞ t❤♦s❡ ❛s✲
s✉♠❡❞ ✐♥ ▲❡✈② ✭✷✵✵✹✮✳✹ ❨❡t✱ t❤❡s❡ ✇❡❛❦❡r ❛ss✉♠♣t✐♦♥s ❛r❡ s✉✣❝✐❡♥t t♦ ✐❞❡♥t✐❢② ❛
♣✐✈♦t❛❧ ♣❧❛②❡r✱ ✇❤✐❝❤ ■ ❝❛❧❧ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r✳ ❲❤✐❧❡ t❤❡ ♠♦❞❡❧ ❝❛♥ ❞❡❛❧ ✇✐t❤ ❛
✇✐❞❡ r❛♥❣❡ ♦❢ ❝❛s❡s✱ ■ ❢♦❝✉s ♦♥ ❧❡❣✐s❧❛t✐✈❡ ❜❛r❣❛✐♥✐♥❣ q✉❡st✐♦♥s ✐♥ ✇❤✐❝❤ t❤❡ ♠❡❞✐❛♥
❧❡❣✐s❧❛t♦r✬s ✐❞❡❛❧ ♣♦❧✐❝② ✐s ♣r❡❢❡rr❡❞ t♦ t❤❡ st❛t✉s q✉♦ ❜② ❛ ♠❛❥♦r✐t② ♦❢ ❧❡❣✐s❧❛t♦rs✱
❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ❛ss❡♠❜❧② ❛❧✇❛②s ❛♣♣r♦✈❡ ❛ r❡❢♦r♠ ✐❢ ♣♦❧✐t✐❝❛❧ ♣❛rt✐❡s ❞♦ ♥♦t ❡①✐st✳
■ ✜♥❞ t❤❛t t❤❡ ❛♥s✇❡rs t♦ q✉❡st✐♦♥s ✭✶✮✱ ✭✷✮ ❛♥❞ ✭✸✮ ❞❡♣❡♥❞ ♦♥ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡
st❛t✉s q✉♦ ✐♥ t❤❡ ♣♦❧✐❝② s♣❛❝❡✿ s♣❡❝✐✜❝❛❧❧②✱ ✐❢ ✭✐✮ t❤❡ st❛t✉s q✉♦ ✐s ❧♦✇❡r ♦r ❤✐❣❤❡r✺
t❤❛♥ t❤❡ s❡t ♦❢ ✐❞❡❛❧ ♣♦❧✐❝✐❡s✻ ♦❢ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r✱ t❤❡♥ ♣♦❧✐t✐❝❛❧ ♣❛rt✐❡s ❛r❡ ♥♦t
❡✛❡❝t✐✈❡ ✕ ✐✳❡✳✱ t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ ♦❢ ❛♥② st❛❜❧❡ ♣❛rt② s②st❡♠ ❛❧✇❛②s ❝♦✐♥❝✐❞❡s ✇✐t❤
✶❆❞❞✐t✐♦♥❛❧ s✉❜st❛♥t✐❛❧ ❞✐✛❡r❡♥❝❡s ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✻✳✷✳
✷▲❡✈② ✭✷✵✵✹✮ ❢♦❝✉s❡s ♦♥ ♣❛rt✐❡s t❤❛t ❝♦♠♣❡t❡ ✐♥ ❡❧❡❝t✐♦♥s r❛t❤❡r t❤❛♥ ❡♥❣❛❣✐♥❣ ✐♥ ♣♦st✲❡❧❡❝t✐♦♥
❧❡❣✐s❧❛t✐✈❡ ❜❛r❣❛✐♥✐♥❣✳ ❆s ❛ r❡s✉❧t✱ ❤❡r ❛♥❛❧②s✐s ❞♦❡s ♥♦t ♥❡❡❞ t♦ ❡♠♣❤❛s✐③❡ t❤❡ r♦❧❡ ♣❧❛②❡❞ ❜② t❤❡
st❛t✉s q✉♦✳ ❚❤✉s✱ s❤❡ ❛ss✉♠❡s t❤❛t ❛❧❧ ❝✐t✐③❡♥s str♦♥❣❧② ❞✐s❧✐❦❡ t❤❡ st❛t✉s q✉♦✳
✸❙✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ♦t❤❡r t❤❛♥ s✐♥❣❧❡ ❝r♦ss✐♥❣ ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❇❛r❜❡rà ❛♥❞ ▼♦r❡♥♦ ✭✷✵✶✶✮✳
✹❙❡❡ s❡❝t✐♦♥ ✻✳✶ ❢♦r ❛ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡s❡ r❡str✐❝t✐♦♥s ❛♥❞ t❤♦s❡ ✐♠♣♦s❡❞ ✐♥ t❤✐s ♣❛♣❡r✳
✺❲✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❛rt✐❛❧ ♦r❞❡r ♦✈❡r t❤❡ ♣♦❧✐❝② s♣❛❝❡✳
✻■✳❡✳✱ ❛ ❧❡❣✐s❧❛t♦r✬s ♠♦st ♣r❡❢❡rr❡❞ ♣♦❧✐❝②✳ ❚❤❡r❡ ♠❛② ❜❡ ♠♦r❡ t❤❛♥ ♦♥❡ s✉❝❤ ♣♦❧✐❝②✳
✸
t❤❡ ♦♥❡ t❤❛t ✇♦✉❧❞ ♣r❡✈❛✐❧ ✐❢ ♣♦❧✐t✐❝✐❛♥s ❝♦✉❧❞ ♥♦t ❝♦♠♣r♦♠✐s❡✳✼ ■♥ ❞❡t❛✐❧✱ t❤❡ s❡t ♦❢
❛❧❧ ♣♦ss✐❜❧❡ ♣♦❧✐❝② ♦✉t❝♦♠❡s s❛t✐s✜❡s ❛ q✉❛s✐✲♠❡❞✐❛♥ ✈♦t❡r t❤❡♦r❡♠✱ ❛♥❞ ♣♦ss❡ss❡s
♠♦♥♦t♦♥❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ♣r♦♣❡rt✐❡s✳ ▼♦r❡♦✈❡r✱ ■ s❤♦✇ t❤❛t t❤✐s ❝❛s❡ t②♣✐❝❛❧❧②
r❡s✉❧ts ✐♥ ❛ ♠❛❥♦r✐t❛r✐❛♥ ♣❛rt② str✉❝t✉r❡ ✕ ✐✳❡✳✱ ❛ ♣♦❧✐t✐❝❛❧ s②st❡♠ ✐♥ ✇❤✐❝❤ t✇♦ ♦r
♠♦r❡ ♣❛rt✐❡s ❛r❡ ❞✐str✐❜✉t❡❞ ❛❧♦♥❣ ❛ ❧❡❢t ✈s✳ r✐❣❤t ❞✐♠❡♥s✐♦♥✱ ❛♥❞ ♦♥❧② ♦♥❡ ♣❛rt②✱
❝❧❡❛r❧② ✐❞❡♥t✐✜❡❞ ❛s ❧❡❢t✲✇✐♥❣ ♦r r✐❣❤t✲✇✐♥❣✱ r✉❧❡s✳
❈♦♥✈❡rs❡❧②✱ ✐❢ ✭✐✐✮ t❤❡ st❛t✉s q✉♦ ✐s ♥❡✐t❤❡r ❧♦✇❡r ♥♦r ❤✐❣❤❡r t❤❛♥ t❤❡ ✐❞❡❛❧ ♣♦❧✐❝②
♦❢ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r✱ t❤❡♥ ♣♦❧✐t✐❝❛❧ ♣❛rt✐❡s ❝❛♥ ❜❡ ❡✛❡❝t✐✈❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ■
❝❤❛r❛❝t❡r✐③❡ ❛ st❛❜❧❡ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦ ✕ ✐✳❡✳✱ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ✇❤✐❝❤ ♥♦ r❡❢♦r♠
♣r♦♣♦s❛❧s ❝❛♥ ❣❛✐♥ st❛❜❧❡ s✉♣♣♦rt ✐♥ t❤❡ ❧❡❣✐s❧❛t✉r❡✱ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ st❛t✉s q✉♦
r❡♠❛✐♥s ✐♥ ♣❧❛❝❡✳ ❚❤✐s ♦✉t❝♦♠❡ ✐s t❤❡ r❡s✉❧t ♦❢ ❛ ♣❛rt② str✉❝t✉r❡ ✐♥ ✇❤✐❝❤ t❤❡r❡ ✐s
♦♥❡ ❛❝t✐✈❡ ♣❛rt② t❤❛t ✐♥❝❧✉❞❡s ♣♦❧✐t✐❝✐❛♥s ❢r♦♠ ❜♦t❤ t❤❡ ❤❛r❞ ❧❡❢t ❛♥❞ ❤❛r❞ r✐❣❤t✱ ❛♥❞
♥♦ ♠♦❞❡r❛t❡ ♦♥❡s ✕ ✐✳❡✳✱ ❛ ❝♦❛❧✐t✐♦♥ ♦❢ ❡①tr❡♠❡s ✭P♦♦❧❡ ❛♥❞ ❘♦s❡♥t❤❛❧ ✶✾✾✼✱ ❍✉ss❡②
✷✵✵✽✮✳✽ ❚❤✉s✱ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♣♦❧✐t✐❝❛❧ ♣❛rt✐❡s ❝❛♥ ❛❝t✉❛❧❧② ❜❧♦❝❦ r❡❢♦r♠s t❤❛t ✇♦✉❧❞
❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✐❢ s✉❝❤ ✐♥st✐t✉t✐♦♥s ❞✐❞ ♥♦t ❡①✐st✳
▲❛st❧②✱ ✭✐✐✐✮ ■ s❤♦✇ t❤❛t ❡✈❡♥ ✐❢ ♣❛rt✐❡s ❞♦ ♠❛tt❡r ✐♥ ♣♦❧✐❝②♠❛❦✐♥❣✱ t❤❡ ❡①t❡♥t t♦
✇❤✐❝❤ t❤❡② ❝❛♥ ❛✛❡❝t ❛ ♣♦❧✐❝② ♦✉t❝♦♠❡ ❞❡♣❡♥❞s ♦♥ ❤♦✇ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r r❛♥❦s
t❤❡ st❛t✉s q✉♦ ❛♠♦♥❣ t❤❡ s❡t ♦❢ ❛❧t❡r♥❛t✐✈❡s✳ ◆❛♠❡❧②✱ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r ❝❛♥♥♦t
❜❡ ♠❛❞❡ ✇♦rs❡ ♦✛ r❡❧❛t✐✈❡ t♦ t❤❡ st❛t✉s q✉♦ ✐♥ ❛♥② st❛❜❧❡ ♣❛rt② s②st❡♠✳ ❚❤✉s✱
s✉❜st❛♥t✐❛❧ ❞❡♣❛rt✉r❡s ❢r♦♠ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r✬s ✐❞❡❛❧ ♣♦❧✐❝② ❝❛♥ ♣r❡✈❛✐❧ ♦♥❧② ✐❢
t❤❡ s❤❡✴❤❡ ✐s str♦♥❣❧② ❛✈❡rs❡ t♦ t❤❡ st❛t✉s q✉♦✳✾
■♥ ❞❡t❛✐❧✱ ■ ♣r♦♣♦s❡ ❛ ♠♦❞❡❧ ♦❢ ❧❡❣✐s❧❛t✐✈❡ ❜❛r❣❛✐♥✐♥❣ ✇✐t❤✐♥ ❛♥ ❛ss❡♠❜❧② ✐♥ ✇❤✐❝❤
❧❡❣✐s❧❛t♦rs ❛r❡ ♦r❣❛♥✐③❡❞ ✐♥t♦ ♣❛rt✐❡s✳ ❆ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ s❡t ♦❢ ❧❡❣✐s❧❛t♦rs ✐♥t♦ ♣❛rt✐❡s
❝♦♥st✐t✉t❡s ❛ ♣❛rt② str✉❝t✉r❡✳ ❚❤❡ ♣♦❧✐❝② s♣❛❝❡ ✐s ❛ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ♣❛rt✐❛❧❧② ♦r✲
❞❡r❡❞ s❡t✳ P❛rt✐❡s ❡♥❣❛❣❡ ✐♥ ❧❡❣✐s❧❛t✐✈❡ ❜❛r❣❛✐♥✐♥❣ ✇✐t❤ t❤❡ ❛✐♠ ♦❢ s❡❧❡❝t✐♥❣ ❛ ♣♦❧✐❝②
t♦ ✐♠♣❧❡♠❡♥t ❢r♦♠ s✉❝❤ ❛ s❡t✳
▲❡❣✐s❧❛t♦rs✬ ♣r❡❢❡r❡♥❝❡s ♦✈❡r ♣♦❧✐❝✐❡s s❛t✐s❢② s♦♠❡ ♦r❞✐♥❛❧ ♣r♦♣❡rt✐❡s✿ ♥❛♠❡❧②✱
❧❡❣✐s❧❛t♦rs ❝❛♥ ❜❡ ♦r❞❡r❡❞ ❛❧♦♥❣ ❛ ❣❡♥❡r❛❧✐③❡❞ ❧❡❢t ✈s✳ r✐❣❤t ♣r❡❢❡r❡♥❝❡ ❞✐♠❡♥s✐♦♥✳
✼■♥ t❤✐s ✜rst ❝❛s❡ ♦♥❧②✱ t❤❡ r❡s✉❧t ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✈✐❡✇ ♦❢ ❑r❡❤❜✐❡❧ ✭✶✾✾✽✮✱ ✇❤♦ ❛r❣✉❡s
❛❣❛✐♥st ✉s✐♥❣ ♣❛rt②✲❝❡♥t❡r❡❞ t❤❡♦r✐❡s t♦ ❡①♣❧❛✐♥ ♣♦❧✐❝② ❝❤♦✐❝❡s✳
✽❚❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ t❤✐s ♥♦♥✲st❛♥❞❛r❞ ❦✐♥❞ ♦❢ ❝♦❛❧✐t✐♦♥ ✇✐t❤✐♥ t❤❡ ❈♦♥❣r❡ss ❤❛s ❜❡❡♥ ❡①t❡♥s✐✈❡❧②
❞♦❝✉♠❡♥t❡❞ ✐♥ t❤❡ P♦❧✐t✐❝❛❧ ❙❝✐❡♥❝❡ ❧✐t❡r❛t✉r❡✳ ❙❡❡ s❡❝t✐♦♥ ✸✳✸ ❢♦r ❞❡t❛✐❧s✳
✾Pr♦✈✐❞❡❞ t❤❛t t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r✬s ♣r❡❢❡r❡♥❝❡s ♦✈❡r ♣♦❧✐❝✐❡s ❛r❡ str✐❝t❧② ❝♦♥✈❡①✳
✹
❚❤✐s ❛ss✉♠♣t✐♦♥ ✐♠♣❧✐❡s t❤❛t ❛ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ❡✈❡♥ ✐❢ ♥❡✐t❤❡r
s✐♥❣❧❡✲♣❡❛❦❡❞♥❡ss ♥♦r t❤❡ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ s✐♥❣❧❡✲❝r♦ss✐♥❣ ❝♦♥❞✐t✐♦♥ ✭●❛♥s ❛♥❞ ❙♠❛rt
✶✾✾✻✮ ❤♦❧❞✱ ❛♥❞ ♥♦ ❈♦♥❞♦r❝❡t ✇✐♥♥❡r ❡①✐sts✳
❚❤❡ ♣♦❧✐t✐❝❛❧ s❝✐❡♥❝❡ ❧✐t❡r❛t✉r❡ ♣r♦✈✐❞❡s s✉❜st❛♥t✐❛❧ s✉♣♣♦rt ❢♦r t❤✐s r❡str✐❝t✐♦♥
♦♥ ❡♠♣✐r✐❝❛❧ ❣r♦✉♥❞s✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡r❡ ✐s ❝♦♥✈✐♥❝✐♥❣ ❡✈✐❞❡♥❝❡ t❤❛t ✐♥ ❛❧♠♦st
❛❧❧ ❲❡st❡r♥ ❞❡♠♦❝r❛❝✐❡s✱ t❤❡ ♣❡r❝❡♣t✐♦♥ ♦❢ ♣♦❧✐t✐❝❛❧ ❝♦♠♣❡t✐t✐♦♥ ✐s ❝❡♥t❡r❡❞ ♦♥ ♦♥❡
✈❡rs✐♦♥ ♦r ❛♥♦t❤❡r ♦❢ t❤❡ ❧❡❢t✕r✐❣❤t ❞✐✈✐❞❡ ✭▼❛✐r ✷✵✵✼✮✳✶✵
■ ❞♦ ♥♦t ♠♦❞❡❧ ❤♦✇ ♣❛rt✐❡s ❛r❡ ❢♦r♠❡❞ ✉s✐♥❣ ❛ ♥♦♥✲❝♦♦♣❡r❛t✐✈❡ ❛♣♣r♦❛❝❤✳ ■♥✲
st❡❛❞✱ ❢♦❧❧♦✇✐♥❣ ✐♥✢✉❡♥t✐❛❧ ❧✐t❡r❛t✉r❡ ✭▲❡✈② ✷✵✵✹✱ ❆♥❡s✐ ❛♥❞ ❉❡ ❉♦♥❞❡r ✷✵✵✾✱ ✷✵✶✸✮✱
■ ❛♥❛❧②③❡ ❛♥② ♣❛rt② str✉❝t✉r❡ t❤❛t s❛t✐s✜❡s ❛ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥✳ ❚❤❡ ❝♦♥❝❡♣t ♦❢
st❛❜✐❧✐t② ✐s t❤❛t ♣r♦♣♦s❡❞ ❜② ❘❛② ❛♥❞ ❱♦❤r❛ ✭✶✾✾✼✮✳ ■t ❛♣♣❧✐❡s t♦ t❤❡ ♠♦❞❡❧ ♣r♦✲
♣♦s❡❞ ✐♥ t❤✐s ♣❛♣❡r ❛s ❢♦❧❧♦✇s✳ ❈♦♥s✐❞❡r ❛ ♣❛rt② str✉❝t✉r❡✱ ❛♥❞ ❢♦r ❡❛❝❤ ♣❛rt② ✐♥
t❤❡ str✉❝t✉r❡✱ ❝♦♥s✐❞❡r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣♦❧✐❝② ♣r♦♣♦s❛❧ ✭✐❢ ❛♥②✮✳ ●✐✈❡♥ ❧❡❣✐s❧❛t♦rs✬
♣r❡❢❡r❡♥❝❡s✱ ♣❛rt② ♠❡♠❜❡rs ❝❛♥ ❢✉❧❧② ❛♥t✐❝✐♣❛t❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝② ♦✉t❝♦♠❡ t❤❛t
✇✐❧❧ ♣r❡✈❛✐❧✳ ❆ ♣❛rt② str✉❝t✉r❡ ✐s st❛❜❧❡ ✐❢ ♥♦ s✉❜s❡t ♦❢ ♠❡♠❜❡rs ✇✐s❤❡s t♦ q✉✐t ✐ts
♣❛rt② ❛♥❞ ❢♦r♠ ❛ s♠❛❧❧❡r ♦♥❡ ✐♥ ♦r❞❡r t♦ ✐♥❞✉❝❡ ❛ ❞✐✛❡r❡♥t ❡q✉✐❧✐❜r✐✉♠ ♦✉t❝♦♠❡✳
❚❤❡ r♦❧❡ ♣❧❛②❡❞ ❜② ♣❛rt✐❡s ✐♥ t❤❡ ♠♦❞❡❧s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✐s ♦♥❡ ♦❢ ❡✐t❤❡r s❤❛r✲
✐♥❣ t❤❡ ❝♦st ♦❢ ♣❛rt✐❝✐♣❛t✐♥❣ ✐♥ ❡❧❡❝t✐♦♥s ✭❘✐✈✐❡r❡ ✶✾✾✾✱ ❖s❜♦r♥❡ ❛♥❞ ❚♦✉r❦② ✷✵✵✷✱
❍❛♥s❡♥ ✷✵✶✻✮✱ ♦r ✐♥❢♦r♠✐♥❣ ✈♦t❡rs ❛❜♦✉t t❤❡ ♣❛rt✐❡s✬ ♣♦❧✐❝② ♣♦s✐t✐♦♥s ✭❙♥②❞❡r ❛♥❞
❚✐♥❣ ✷✵✵✷✮✱ ♦r s❡❧❡❝t✐♥❣ ❝❛♥❞✐❞❛t❡s ✭❇❡r♥❤❛r❞t ❡t ❛❧✳ ✷✵✵✾✱ ❑r❛s❛ ❛♥❞ P♦❧❜♦r♥ ✷✵✶✽✮✱
♦r s♦❧✈✐♥❣ t❤❡ ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❝❛♥❞✐❞❛t❡s ✭▲❡✈② ✷✵✵✹✱ ❆♥❡s✐
❛♥❞ ❉❡ ❉♦♥❞❡r ✷✵✵✾✱ ✷✵✶✶✱ ✷✵✶✸✱ ❇❡❝❤❡r ✷✵✶✻✮✳
▲❛st❧②✱ s♦♠❡ ♣❛♣❡rs ♠♦❞❡❧ ♣❛rt✐❡s ❛s ❝♦❛❧✐t✐♦♥s ♦❢ ❧❡❣✐s❧❛t♦rs ❛✐♠✐♥❣ t♦ s❤❛♣❡
t❤❡ ❧❡❣✐s❧❛t✐✈❡ ♣r♦❝❡ss ✇✐t❤✐♥ ❛♥ ❛ss❡♠❜❧②✳✶✶ ■♥ t❤❡s❡ st✉❞✐❡s✱ ♣❛rt✐❡s ❛r❡ ❡✐t❤❡r
✈♦t✐♥❣ ❜❧♦❝s ✭❊❣✉✐❛ ✷✵✶✶❛✱ ✷✵✶✶❜✱ ✷✵✶✷✮ ♦r ❝❛rt❡❧s t❤❛t ❝♦♥tr♦❧ t❤❡ ❛❣❡♥❞❛ ♦❢ ♣♦❧✐❝②
♣r♦♣♦s❛❧s ❝♦♥s✐❞❡r❡❞ ❜② t❤❡ ❛ss❡♠❜❧② ✭❈♦① ❛♥❞ ▼❝❈✉❜❜✐♥s ✷✵✵✼✱ ❉✐❡r♠❡✐❡r ❛♥❞
❱❧❛✐❝✉ ✷✵✵✽✮✳
✶✵❚❤✐s ✐s ❛ ❝♦♥s✐st❡♥t ✜♥❞✐♥❣ ✐♥ ❡♠♣✐r✐❝❛❧ st✉❞✐❡s t❤❛t ✐♥✈❡st✐❣❛t❡ t❤❡ ♦♣✐♥✐♦♥ ♦❢ ❡①♣❡rts ❛♥❞
s❝❤♦❧❛rs ✭❍✉❜❡r ❛♥❞ ■♥❣❧❡❤❛rt ✶✾✾✺✱ ❇❡♥♦✐t ❛♥❞ ▲❛✈❡r ✷✵✵✻✮✱ ♦❢ t❤♦s❡ ❜❛s❡❞ ♦♥ t❤❡ t❡①t✉❛❧ ❛♥❛❧②s✐s
♦❢ ♣❛rt② ♣r♦❣r❛♠s ✭❇✉❞❣❡ ❡t ❛❧✳ ✷✵✵✶✮✱ ❛s ✇❡❧❧ ❛s t❤♦s❡ t❤❛t ❛♥❛❧②③❡ t❤❡ ✈♦t❡rs✬ s❡❧❢✲❛ss❡ss❡❞ ♣♦❧✐t✐❝❛❧
♣♦s✐t✐♦♥ ✭■♥❣❧❡❤❛rt ❛♥❞ ❑❧✐♥❣❡♠❛♥♥ ✶✾✼✻✮✳ ❚❤✐s r❡❣✉❧❛r✐t② ❛♣♣❡❛rs t♦ ❤♦❧❞ ❡✈❡♥ ✐❢ s✉❜st❛♥t✐❛❧
❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ❧❡❢t✕r✐❣❤t ❞✐♠❡♥s✐♦♥ ❛r❡ ❞♦❝✉♠❡♥t❡❞ ❛❝r♦ss ❝♦✉♥tr✐❡s ✭❑❧✐♥❣❡♠❛♥♥
✶✾✼✾✮ ❛♥❞ ♦✈❡r t✐♠❡ ✭▲✉❦❡s ✷✵✵✸✮✳
✶✶❆ r❡✈✐❡✇ ♦❢ t❤❡ ❡❛r❧② ❧✐t❡r❛t✉r❡ ✐s ♣r♦✈✐❞❡❞ ✐♥ ❉❤✐❧❧♦♥ ✭✷✵✵✺✮✳ ❙❡❡✱ ❛❧s♦✱ ❊❣✉✐❛ ✭✷✵✶✷✮✳
✺
❚❤✐s ♣❛♣❡r ✜ts ✐♥ t❤❡ ❧❛st ❝❧❛ss✳ ❍♦✇❡✈❡r✱ ✐♥ ❝♦♥tr❛st ✇✐t❤ t❤❡s❡ st✉❞✐❡s✱ ■ ♠♦❞❡❧
♣❛rt✐❡s ❛s ✐♥st✐t✉t✐♦♥s t❤❛t ❞✐s❝✐♣❧✐♥❡ ❛♥❞ ❝♦♥str❛✐♥ t❤❡ ❛❝t✐✈✐t② ♦❢ ❧❡❣✐s❧❛t♦rs ✇✐t❤✐♥
t❤❡ ❛ss❡♠❜❧②✳ ❙♣❡❝✐✜❝❛❧❧②✱ ♣❛rt✐❡s ♣r♦✈✐❞❡ ♠❡♠❜❡rs ✇✐t❤ ❛ ♣r♦t♦❝♦❧ ✕ ✐✳❡✳✱ ❛ s❡t ♦❢
r✉❧❡s ❛♥❞ ♣r♦❝❡❞✉r❡s ✕ t❤❛t s❡r✈❡s t✇♦ ♣✉r♣♦s❡s✿
✭✐✮ ■t tr❛♥s❧❛t❡s t❤❡ ❧❡❣✐s❧❛t♦rs✬ ♣r❡❢❡r❡♥❝❡s ❛♥❞ r❡❧❛t✐✈❡ ♣♦✇❡r ✇✐t❤✐♥ t❤❡ ♣❛rt②
✐♥t♦ ❛ s✐♥❣❧❡ ♣♦❧✐❝② ♣r♦♣♦s❛❧ ✕ ✐✳❡✳✱ ❛ ❜✉♥❞❧❡ ♦❢ r❡❢♦r♠s t❤❛t t❤❡ ♣❛rt② ♣❧❡❞❣❡s t♦
❜r✐♥❣ t♦ t❤❡ ✢♦♦r ❢♦r ❛ ✈♦t❡✳
✭✐✐✮ ■t ❡♥❢♦r❝❡s ❝♦♠♠✐t♠❡♥t✳ ❋♦r ✐♥st❛♥❝❡✱ ♣❛rt② ♠❡♠❜❡rs❤✐♣ ❛❧❧♦✇s ❛ ❧❡❣✐s❧❛t♦r
t♦ ❝r❡❞✐❜❧② ❝♦♠♠✐t t♦ ♠❛❦✐♥❣ ♥♦ ♣♦❧✐❝② ♣r♦♣♦s❛❧ ♦t❤❡r t❤❛♥ t❤❡ ♦♥❡ ❛❣r❡❡❞ ✉♣♦♥
❜② t❤❡ ♣❛rt②✳ ▼♦r❡♦✈❡r✱ ✐t ❝♦♥str❛✐♥s t❤❡ s❡t ♦❢ r❡❢♦r♠s t❤❛t ❧❡❣✐s❧❛t♦rs ❝❛♥ ♣r♦✲
♣♦s❡✳ ❙✉❝❤ ❝♦♠♠✐t♠❡♥t ✐s ❡♥❢♦r❝❡❞ t❤r♦✉❣❤ ♣❛rt② ❞✐s❝✐♣❧✐♥❡✱ ✇❤✐❝❤ ✐ts❡❧❢ r❡❧✐❡s ♦♥
✐♥st✐t✉t✐♦♥s ❛♥❞ ♣r♦❝❡❞✉r❡s s✉❝❤ ❛s ✇❤✐♣s ❛♥❞ ✈♦t✐♥❣ ❜② ❧✐st✳✶✷
❚❤✉s✱ ♣❛rt✐❡s ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ✐♥st✐t✉t✐♦♥s t❤❛t ❛❧❧♦✇ ❧❡❣✐s❧❛t♦rs t♦ ✇r✐t❡ ❛♥❞
❡♥❢♦r❝❡ ✏❝♦♥tr❛❝ts✑ ❜❡t✇❡❡♥ t❤❡♠s❡❧✈❡s ❛♥❞ t❤❡✐r ♣❛rt② ❧❡❛❞❡rs ❛♥❞✴♦r ❝♦♥st✐t✉❡♥ts
❜❡❢♦r❡ ❡♥❣❛❣✐♥❣ ✐♥ ❧❡❣✐s❧❛t✐✈❡ ❜❛r❣❛✐♥✐♥❣✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ ♣♦✲
❧✐t✐❝❛❧ ♣❛rt✐❡s ❛s ❜♦✉♥❞❡❞ ♦❧✐❣❛r❝❤✐❡s ✭❈❡r♦♥ ✷✵✶✷✮ ✕ ✐✳❡✳✱ ❝♦❛❧✐t✐♦♥s ♦❢ ❧❡❣✐s❧❛t♦rs
✇✐t❤✐♥ t❤❡ ❛ss❡♠❜❧② t❤❛t ❛r❡ ❝♦♥str❛✐♥❡❞ ✐♥ t❤❡✐r ❛❝t✐✈✐t② ❜② ❡①t❡r♥❛❧ ❢♦r❝❡s ✭s✉❝❤
❛s ❡❧❡❝t♦r❛❧ ✐♥❝❡♥t✐✈❡s✱ ❛❝t✐✈✐sts✱ ❛♥❞ ❧♦❜❜②✐♥❣✮✳✶✸
■♥ ❦❡❡♣✐♥❣ ✇✐t❤ t❤❡ ❧✐t❡r❛t✉r❡ ✭❘♦❡♠❡r ✶✾✾✾✱ ▲❡✈② ✷✵✵✹✱ ✷✵✵✺✮✱ ■ ❛ss✉♠❡ t❤❛t
❛ ♣❛rt②✬s ♣r♦♣♦s❛❧ ✐s ❝r❡❞✐❜❧❡ ♦♥❧② ✐❢ ✐t ❝♦♥s✐sts ♦❢ ❛ ♣♦❧✐❝② t❤❛t ✐s ✐♥ t❤❡ P❛r❡t♦ s❡t
♦❢ t❤❡ ♣❛rt② ♠❡♠❜❡rs✳ ❚❤✉s✱ ❛ ♣r♦♣♦s❛❧ r❡♣r❡s❡♥ts ❛ ❝♦♠♣r♦♠✐s❡ ❛♠♦♥❣ ✐♥t❡r♥❛❧
❢❛❝t✐♦♥s t❤❛t ❤♦❧❞ ❞✐✛❡r❡♥t ✐❞❡♦❧♦❣✐❝❛❧ ♣♦s✐t✐♦♥s✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s ❛❞♠✐tt❡❞❧②
r❡str✐❝t✐✈❡✱ ❜✉t ✐t ✐s ✐♠♣♦s❡❞ ❢♦r t✇♦ r❡❛s♦♥s✳ ❋✐rst❧②✱ ✐t ✐s ❝♦♥s✐st❡♥t ✇✐t❤ r❡❝❡♥t
❡♠♣✐r✐❝❛❧ ✜♥❞✐♥❣s s❤♦✇✐♥❣ t❤❛t ❡❛❝❤ ♣❛rt②✬s ✐❞❡♦❧♦❣✐❝❛❧ ♣♦s✐t✐♦♥ ✇✐t❤✐♥ ❛ ❧❡❣✐s❧❛t✉r❡
❝❛♥ ❜❡ ❧❛r❣❡❧② ❡①♣❧❛✐♥❡❞ ❛s ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ t❤❡ ♣♦s✐t✐♦♥s ♦❢ ✐ts ✐♥t❡r♥❛❧ ❢❛❝✲
t✐♦♥s ✭❈❡r♦♥ ✷✵✶✷✱ ❘♦♠❡✐❥♥ ✷✵✶✽✮✳ ❙❡❝♦♥❞❧②✱ ✐t ❡❛s❡s t❤❡ ✐♥t✉✐t✐✈❡ ✉♥❞❡rst❛♥❞✐♥❣
♦❢ t❤❡ ♠❡❝❤❛♥✐s♠s t❤❛t ✉♥❞❡r♣✐♥ t❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤❡ ♣❛♣❡r✳ ❆❧❧ t❤❡ r❡s✉❧ts ❛r❡
s❤♦✇♥ t♦ ❜❡ r♦❜✉st t♦ ❧❡ss r❡str✐❝t✐✈❡ ❛ss✉♠♣t✐♦♥s r❡❣❛r❞✐♥❣ t❤❡ ❝r❡❞✐❜✐❧✐t② ♦❢ r❡❢♦r♠
✶✷❚❤❡ ❡♠♣✐r✐❝❛❧ r❡s❡❛r❝❤ ♣r♦✈✐❞❡s ❝♦♥✈✐♥❝✐♥❣ ❡✈✐❞❡♥❝❡ ♦❢ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ s✉❝❤ ♣r♦❝❡❞✉r❡s ✐♥
❡♥❢♦r❝✐♥❣ ❞✐s❝✐♣❧✐♥❡ ✐♥ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❧❡❣✐s❧❛t♦rs ✭❇✉❞❣❡ ❡t ❛❧✳ ✶✾✽✼✮✳ ▲❡✈② ✭✷✵✵✹✮ ❡①t❡♥s✐✈❡❧②
❞✐s❝✉ss❡s ❤♦✇ t❤✐s ❧✐t❡r❛t✉r❡ ❥✉st✐✜❡s s✐♠✐❧❛r ♠♦❞❡❧✐♥❣ ❝❤♦✐❝❡s✳
✶✸❆s s✉❝❤✱ t❤✐s ❛♥❛❧②s✐s ❛❞♠✐ts ❛♥ ✐♥t❡r♣r❡t❛t✐♦♥ ✕ ❜r✐❡✢② ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✻✳✸ ✕ ♦❢ ❛ ♠♦❞❡❧
♦❢ ♣r❡✲❡❧❡❝t♦r❛❧ ❝♦❛❧✐t✐♦♥s ✇✐t❤ ♣♦st✲❡❧❡❝t✐♦♥ ❜❛r❣❛✐♥✐♥❣✱ s✐♠✐❧❛r t♦ ❇❛♥❞②♣❛❞❤②❛② ❡t ❛❧✳ ✭✷✵✶✶✮✳
✻
♣r♦♣♦s❛❧s✳✶✹
❉❡♣❛rt✐♥❣ ❢r♦♠ t❤❡ ❧✐t❡r❛t✉r❡✱ ■ ❛ss✉♠❡ t❤❛t ❛ ♣❛rt②✬s ♣r♦♣♦s❛❧ ✐s ❢❡❛s✐❜❧❡ ♦♥❧②
✐❢ ❛ ❣r♦✉♣ ❝❤♦✐❝❡ ❢✉♥❝t✐♦♥ ❡①✐sts t❤❛t tr❛♥s❧❛t❡s t❤❡ ♣r❡❢❡r❡♥❝❡s ♦❢ ✐♥t❡r♥❛❧ ❢❛❝t✐♦♥s
✐♥t♦ ♣♦❧✐❝② ♣r♦♣♦s❛❧s ❛♥❞ t❤❛t s❛t✐s✜❡s ♥❡✉tr❛❧✐t②✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦
st❛t✐♥❣ t❤❛t ❡❛❝❤ ❛✈❛✐❧❛❜❧❡ ♣♦❧✐❝②✱ ✇✐t❤ t❤❡ ♣♦ss✐❜❧❡ ❡①❝❡♣t✐♦♥ ♦❢ t❤❡ st❛t✉s q✉♦✱ ✐s
❡①✲❛♥t❡ ❡q✉❛❧ t♦ ❛♥② ♦t❤❡r ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❢♦r♠❛❧ ♣r♦❝❡❞✉r❡ t❤❛t ❞✐s❝✐♣❧✐♥❡s t❤❡
❝❤♦✐❝❡ ♦❢ t❤❡ r❡❢♦r♠ ♣r♦♣♦s❛❧✳
▲❛st❧②✱ ❢♦r♠❛❧ ♠♦❞❡❧s ♦❢ ♣♦❧✐t✐❝❛❧ ♣❛rt✐❡s t②♣✐❝❛❧❧② ❛✐♠ t♦ ♣r♦✈✐❞❡ ❛ ❝❤❛r❛❝t❡r✐③❛✲
t✐♦♥ ♦❢ ❡✐t❤❡r ✭✐✮ t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ ♦❢ t❤❡ ♣♦❧✐t✐❝❛❧ ♣r♦❝❡ss ❛♥❞ ❤♦✇ t❤✐s ✐s s❤❛♣❡❞ ❜②
t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♣❛rt✐❡s ✭❇❛r♦♥ ✶✾✾✸✱ ❘✐✈✐❡r❡ ✶✾✾✾✱ ▲❡✈② ✷✵✵✹✱ ❆♥❡s✐ ❛♥❞ ❉❡ ❉♦♥❞❡r
✷✵✵✾✱ ✷✵✶✶✱ ✷✵✶✸✮✱ ✭✐✐✮ t❤❡ ♣r♦♣♦s❛❧s ❛♥❞✴♦r ❝❛♥❞✐❞❛t❡s ❝❤♦s❡♥ ❜② ❡❛❝❤ ♣❛rt② ❛♥❞
t❤❡ ❡①t❡♥t ♦❢ t❤❡✐r ❤❡t❡r♦❣❡♥❡✐t②✴♣♦❧❛r✐③❛t✐♦♥ ✭❘♦❡♠❡r ✶✾✾✾✱ ✷✵✶✶✱ ▲❡❡ ❛♥❞ ❘♦❡♠❡r
✷✵✵✻✱ ❍❛♥s❡♥ ✷✵✶✻✱ ❑r❛s❛ ❛♥❞ P♦❧❜♦r♥ ✷✵✶✽✮✱ ♦r ✭✐✐✐✮ t❤❡ st❛❜❧❡ ♣❛rt② str✉❝t✉r❡s ♦r
♣♦❧✐t✐❝❛❧ ❝♦❛❧✐t✐♦♥s ✭▲❡✈② ✷✵✵✹✱ ❊❣✉✐❛ ✷✵✶✶❛✱ ✷✵✶✶❜✱ ✷✵✶✷✱ P❡❡t❡rs ❡t ❛❧✳ ✷✵✶✻✮✳
■♥ t❤✐s ♣❛♣❡r✱ ■ s✐♠✉❧t❛♥❡♦✉s❧② ❡♥❞♦❣❡♥✐③❡ ❛♥❞ ♣r♦✈✐❞❡ ❛ ❣❡♥❡r❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥
♦❢ ❛❧❧ t❤❡s❡ t❤r❡❡ ♦✉t❝♦♠❡s✿ ♥❛♠❡❧②✱ t❤❡ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ ❧❡❣✐s❧❛t✉r❡ ✐♥t♦ ♣❛rt✐❡s✱ t❤❡
♣♦❧✐❝✐❡s t❤❛t ♣❛rt✐❡s ♣r♦♣♦s❡✱ ❛♥❞ t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ ❛tt❛✐♥❡❞ ❢r♦♠ t❤❡s❡ ♣r♦♣♦s❛❧s✳
❚❤❡ ❦❡② ♠❡❝❤❛♥✐s♠s t❤❛t ✉♥❞❡r♣✐♥ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣❛♣❡r ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✳
✶✳✶ ▼♦t✐✈❛t✐♥❣ ❊①❛♠♣❧❡
❈♦♥s✐❞❡r ❛ s♣❛t✐❛❧ ♠♦❞❡❧ ♦❢ ❧❡❣✐s❧❛t✐✈❡ ❜❛r❣❛✐♥✐♥❣ ✉♥❞❡r ♠❛❥♦r✐t② r✉❧❡✳ ❚❤❡ s❡t
♦❢ ❧❡❣✐s❧❛t♦rs ✐s N = {1, 2, 3, 4, 5, 6, 7}✳ ❚❤❡ ♣♦❧✐❝② s♣❛❝❡ ✐s X = [0, 7]2✱ ❛♥❞ t❤❡
st❛t✉s q✉♦ ✐s x0✳ ▲❡❣✐s❧❛t♦r i✬s ♣r❡❢❡r❡♥❝❡s ❛r❡ ❊✉❝❧✐❞❡❛♥ ✇✐t❤ ✐❞❡❛❧ ♣♦✐♥t xi✳✶✺
❚❤❡ ❧❡❣✐s❧❛t♦rs✬ ✐❞❡❛❧ ♣♦✐♥ts ❛r❡ {(1, 1); (2, 3); (2, 3); (2, 6); (2, 6); (4, 6); (7, 7)}✳ ■❞❡❛❧
♣♦✐♥ts ❛r❡ t♦t❛❧❧② ♦r❞❡r❡❞ ✐♥ X ❜✉t ♥♦t ❛❧✐❣♥❡❞✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✳ ✶✳✶ ❛♥❞ ❋✐❣✳
✶✹◆♦t✐❝❡ t❤❛t ❘♦❡♠❡r ✶✾✾✾✱ ▲❡✈② ✷✵✵✹ ❛♥❞ ✷✵✵✺ ♠♦❞❡❧ t❤❡ r♦❧❡ ♦❢ ♣❛rt✐❡s ✐♥ ❡❧❡❝t✐♦♥s r❛t❤❡r
t❤❛♥ ✐♥ ❧❡❣✐s❧❛t✐✈❡ ❜❛r❣❛✐♥✐♥❣✳ ❖♥❡ ♠❛② ♦❜❥❡❝t t❤❛t t❤❡ ❦✐♥❞ ♦❢ ❝r❡❞✐❜✐❧✐t② ✐ss✉❡s t❤❛t ♣r❡✈❛✐❧ ✐♥ t❤❡
❢♦r♠❡r str❛t❡❣✐❝ ❡♥✈✐r♦♥♠❡♥t ❞✐✛❡r s✉❜st❛♥t✐❛❧❧② ❢r♦♠ t❤❛t ✐♥ t❤❡ ❧❛tt❡r✳ ❚❤✉s✱ ✐❢ ♦♥ ♦♥❡ ❤❛♥❞ t❤❡r❡
✐s ❡✈✐❞❡♥❝❡ t❤❛t ♣♦❧✐t✐❝✐❛♥s ❛r❡ ❝♦♥str✐❛♥❡❞ ✐♥ t❤❡✐r ❧❡❣✐s❧❛t✐✈❡ ❛❝t✐✈✐t② ❜② t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♣♦❧✐t✐❝❛❧
♣❛rt✐❡s✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤❡ s♣❡❝✐✜❝ ❛ss✉♠♣t✐♦♥ t❤❛t ❛ ♣❛rt②✬s ♣♦❧✐❝② ♣r♦♣♦s❛❧ ♠✉st ❧✐❡ ✇✐t❤✐♥
t❤❡ P❛r❡t♦ s❡t ♦❢ ✐ts ♠❡♠❜❡rs ✐s str♦♥❣✳ ◆❡✈❡rt❤❧❡ss✱ t❤✐s r❡str✐❝t✐♦♥ ❝❛♥ ❜❡ s✉❜st❛♥t✐❛❧❧② ✇❡❛❦❡♥❡❞
✇✐t❤ ♥♦ ❡✛❡❝t ♦♥ t❤❡ ♣r❡❞✐❝t✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧✳ ❚❤✐s r♦❜✉st♥❡ss r❡s✉❧t ✐s ♦✉t❧✐♥❡❞ ✐♥ s❡❝t✐♦♥ ✺✳
✶✺■✳❡✳✱ t❤❡② ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ui(x) = − [x− xi]T [x− xi]✳
✼
✷✳✶✳ ❚❤❡ ❧❛tt❡r ❛ss✉♠♣t✐♦♥ ✐s ♥❡❝❡ss❛r② t♦ r✉❧❡ ♦✉t t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❈♦♥❞♦r❝❡t
✇✐♥♥❡r ✭P❧♦tt ✶✾✻✼✮✳✶✻ ❚❤❡ ✐❞❡❛❧ ♣♦✐♥t ♦❢ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r ✐s x4 = (2, 6)✳
❆ ♣❛rt✐t✐♦♥ P ♦❢ N ✐s ❛ ♣❛rt② str✉❝t✉r❡✳ ❊❛❝❤ s❡t Cj ∈ P ✐s ❛ ♣❛rt②✳ ❚❤❡ ♣♦❧✐t✐❝❛❧
♣r♦❝❡ss ✐s ❞✐✈✐❞❡❞ ✐♥ t✇♦ st❛❣❡s✳ ■♥ t❤❡ ✜rst st❛❣❡✱ ❡❛❝❤ ♣❛rt② Cj s✐♠✉❧t❛♥❡♦✉s❧②
♠❛❦❡ ❛ ♣r♦♣♦s❛❧ aj✳ ❆ ♣r♦♣♦s❛❧ ❝❛♥ ❜❡ ❛♥② ♣♦❧✐❝② ✐♥ t❤❡ P❛r❡t♦ s❡t ♦❢ t❤❡ ♣❛rt②
♠❡♠❜❡rs✱ ♦r aj = ∅ ✐❢ ♣❛rt② Cj ✐s ✐♥❛❝t✐✈❡✳ ■♥ t❤❡ s❡❝♦♥❞ st❛❣❡✱ t❤❡ ❧❡❣✐s❧❛t♦rs ✉s❡
t❤❡ ♠❡t❤♦❞ ♦❢ ♠❛❥♦r✐t② r✉❧❡ t♦ s❡❧❡❝t ♦♥❡ ♣r♦♣♦s❛❧✱ ❝❛❧❧❡❞ ♣♦❧✐❝② ♦✉t❝♦♠❡✱ ❛♠♦♥❣
t❤♦s❡ ❛✈❛✐❧❛❜❧❡✳ ■❢ t❤❡ ♠❛❥♦r✐t② r✉❧❡ ❞♦❡s ♥♦t ❞❡❧✐✈❡r ❛ st❛❜❧❡ ♦✉t❝♦♠❡✱ t❤❡♥ t❤❡
♣♦❧✐❝② ♦✉t❝♦♠❡ ✐s t❤❡ st❛t✉s q✉♦ x0✳
▲❛st❧②✱ ❛ ♣❛rt② str✉❝t✉r❡ ✐s r❡q✉✐r❡❞ t♦ ❜❡ st❛❜❧❡✳ ■♥❢♦r♠❛❧❧②✱ ❛ ♣❛rt② str✉❝t✉r❡ P ✐s
st❛❜❧❡ ✐❢✱ ❣✐✈❡♥ A✱ ♥♦ s✉❜s❡t ♦❢ ♠❡♠❜❡rs ❤❛s ❛ str✐❝t ✐♥❝❡♥t✐✈❡ t♦ q✉✐t ❤✐s✴❤❡r ♣❛rt②
✐♥ ♦r❞❡r t♦ ✐♥❞✉❝❡ ❛ ❞✐✛❡r❡♥t ♣♦❧✐❝② ♦✉t❝♦♠❡✳✶✼
❈♦♠♣❛r❡ t✇♦ ❝❛s❡s✳ ■♥ ❝❛s❡ ✭✶✮✱ t❤❡ st❛t✉s q✉♦ x0 = (3, 6) ✐s ❤✐❣❤❡r t❤❛♥ t❤❡
✐❞❡❛❧ ♣♦✐♥t ♦❢ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r x4 ✭❋✐❣✳ ✶ ✮✳ ■♥ ❝❛s❡ ✭✷✮✱ t❤❡ st❛t✉s q✉♦ x0 =
(3.45, 5.45) ✐s ♥❡✐t❤❡r ❤✐❣❤❡r ♥♦r ❧♦✇❡r t❤❛♥ x4 ✭❋✐❣✳ ✷ ✮✳
❲❤❛t ❦✐♥❞ ♦❢ r❡❢♦r♠ ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✭✐❢ ❛♥②✮ ✐♥ t❤❡ t✇♦ ❝❛s❡s❄ ❲❤❛t ❦✐♥❞ ♦❢
♣❛rt② str✉❝t✉r❡ ❝❛♥ s✉♣♣♦rt ❛ r❡❢♦r♠❄ ❈❛♥ ❛♥② ♣♦❧✐t✐❝❛❧ ❛❧❧✐❛♥❝❡ s✉❝❝❡ss❢✉❧❧② ❜❧♦❝❦
❛♥② r❡❢♦r♠ ❛♥❞ ♠❛✐♥t❛✐♥ t❤❡ st❛t✉s q✉♦❄
❋✐rst✱ ♥♦t✐❝❡ t❤❛t ✐♥ ❜♦t❤ ❝❛s❡s ✭✶✮ ❛♥❞ ✭✷✮ x4 ✐s ♣r❡❢❡rr❡❞ t♦ x0 ❜② ❛ ♠❛❥♦r✐t②
♦❢ ❧❡❣✐s❧❛t♦rs✱ ❛♥❞ t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ♣❛rt② str✉❝t✉r❡ P t❤❛t ❛❧❧♦✇s t❤❡ ♠❡❞✐❛♥
❧❡❣✐s❧❛t♦r t♦ ❛❝❤✐❡✈❡ ❤✐s✴❤❡r ✐❞❡❛❧ ♣♦✐♥t x4✳ ❋♦r ✐♥st❛♥❝❡✱ ❝♦♥s✐❞❡r t❤❡ ♣❛rt✐t✐♦♥ P =
{{1, 2, 3, 4, 5}; {6, 7}}✳ ❚❤❡ P❛r❡t♦ s❡t ♦❢ ❡❛❝❤ ♦❢ t❤❡ t✇♦ ♣❛rt✐❡s ✐♥ P ✐s ✐❧❧✉str❛t❡❞ ✐♥
❋✐❣ ✶✳✷✳ ❚❤❡ ♣r♦♣♦s❛❧ ♠✉st ❧✐❡ ✇✐t❤✐♥ t❤❡ ❤✐❣❤❧✐❣❤t❡❞ ❛r❡❛ ✭♣❛rt② {1, 2, 3, 4, 5}✮ ❛♥❞
♦♥ t❤❡ s♦❧✐❞ ❧✐♥❡ ✭♣❛rt② {6, 7}✮✱ r❡s♣❡❝t✐✈❡❧②✳ ■❢ ♣❛rt② {1, 2, 3, 4, 5} ♣r♦♣♦s❡s x4✱ t❤❡♥
❛ ♠❛❥♦r✐t② ♦❢ ❧❡❣✐s❧❛t♦rs str✐❝t❧② ♣r❡❢❡rs t❤✐s ♣r♦♣♦s❛❧ t♦ t❤❡ st❛t✉s q✉♦ x0✳ ▼♦r❡♦✈❡r✱
t❤❡r❡ ✐s ♥♦ ♣♦✐♥t ♦♥ t❤❡ s♦❧✐❞ ❧✐♥❡ ❝♦♥♥❡❝t✐♥❣ x6 ❛♥❞ x7 t❤❛t ❝❛♥ ♦❜t❛✐♥ ❛ ♠❛❥♦r✐t②
♦❢ ✈♦t❡s ❛❣❛✐♥st x4✳ ▲❛st❧②✱ ✐❢ t❤❡ ♠❡♠❜❡rs ♦❢ ♣❛rt② {1, 2, 3, 4, 5} tr② t♦ ♣✉t ❢♦r✇❛r❞
❛ ♣r♦♣♦s❛❧ ♦t❤❡r t❤❛♥ x4✱ t❤❡♥ ✐♥❞✐✈✐❞✉❛❧s 4 ❛♥❞ 5 ❤❛✈❡ ❛ str✐❝t ✐♥❝❡♥t✐✈❡ t♦ q✉✐t
✶✻❋♦r♠❛❧❧② xj ≤ xk ❢♦r ❛❧❧ j ≤ k✱ ❛♥❞ ❢♦r ❛♥② t❤r❡❡ ❞✐st✐♥❝t ✐❞❡❛❧ ♣♦✐♥ts xk✱ xl✱ xj ✱ ♦♥❡ ❣❡ts[
xk − xl]T [xl − xj] 6= 0✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ❡♥s✉r❡s t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ r❛❞✐❛❧ s②♠♠❡tr② ✐♥ P❧♦tt
✭✶✾✻✼✮ ✐s ✈✐♦❧❛t❡❞ ❢♦r ❛♥② s✉❜s❡t ♦❢ t❤r❡❡ ❛❧t❡r♥❛t✐✈❡s✳
✶✼❆ ❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ st❛❜✐❧✐t② ✐s ♣r♦✈✐❞❡❞ ✐♥ s❡❝t✐♦♥ ✷✳
✽
❋✐❣✉r❡ ✶✳ ▼♦t✐✈❛t✐♥❣ ❡①❛♠♣❧❡✱ ❈❛s❡ ✭✶✮✳
❋✐❣✉r❡ ✷✳ ▼♦t✐✈❛t✐♥❣ ❡①❛♠♣❧❡✱ ❈❛s❡ ✭✷✮✳
t❤❡ ♣❛rt②✱ ✐♥❞✉❝✐♥❣ t❤❡ ♣❛rt✐t✐♦♥ P′ = {{1, 2, 3}; {4, 5}; {6, 7}}✱ ❛♥❞ s❡❝✉r✐♥❣ t❤❡✐r
♠♦st ♣r❡❢❡rr❡❞ ♣♦❧✐❝② ♦✉t❝♦♠❡ x4✳✶✽ ❆s ❛ r❡s✉❧t✱ ♣❛rt② str✉❝t✉r❡ P ✐s st❛❜❧❡ ♦♥❧② ✐❢
{1, 2, 3, 4, 5} ♣r♦♣♦s❡s x4 ❛♥❞ t❤❡ r❡❢♦r♠ ✐s ✐♠♣❧❡♠❡♥t❡❞✳ ❖♥❡ ❝❛♥ s❤♦✇ t❤❛t ✐❢ t❤❡
♣♦s✐t✐♦♥ ♦❢ t❤❡ st❛t✉s q✉♦ ✐s ❛s ❣✐✈❡♥ ✐♥ ❝❛s❡ ✭✶✮✱ t❤❡♥ ❛ r❡❢♦r♠ ✐s ❛♣♣r♦✈❡❞ ✐♥ ❛❧❧
st❛❜❧❡ ♣❛rt② str✉❝t✉r❡s✳✶✾
✶✽❯♥❞❡r ♣❛rt② str✉❝t✉r❡ P′✱ ♥❡✐t❤❡r ♣❛rt② {1, 2, 3} ♥♦r ♣❛rt② {6, 7} ❝❛♥ ♣r♦♣♦s❡ ❛ ♣♦❧✐❝② ❝❛♣❛❜❧❡
♦❢ ❞❡❢❡❛t✐♥❣ ♣r♦♣♦s❛❧ x4✳ ❚❤✉s✱ ♣❛rt② {4, 5} ❛❧✇❛②s ✇✐♥s ✐❢ ✐t ♣r♦♣♦s❡s x4✳
✶✾■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ✐s tr✉❡ ❢♦r P = {{i}7i=1}✱ ✐♥ ✇❤✐❝❤ ❡❛❝❤ ♣❛rt② ✐s ❛ s✐♥❣❧❡t♦♥✳ ❚❤✐s st❛❜❧❡
♣❛rt② str✉❝t✉r❡ r❡s❡♠❜❧❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ ❛ ❝✐t✐③❡♥✕❝❛♥❞✐❞❛t❡ ♠♦❞❡❧ ✭❇❡s❧❡② ❛♥❞ ❈♦❛t❡ ✶✾✾✼✮
✇✐t❤ ♥♦ ♣❛rt✐❡s✳ ❙❡❡ s❡❝t✐♦♥ ✻✳✷ ❢♦r ❞❡t❛✐❧s✳
✾
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♥ ❝❛s❡ ✭✷✮✱ ❛♥ ♦✉t❝♦♠❡ s✉❝❤ t❤❛t ♥♦ r❡❢♦r♠ ✐s ✐♠♣❧❡♠❡♥t❡❞
✐s ♣♦ss✐❜❧❡✳ ❈♦♥s✐❞❡r t❤❡ ♣❛rt✐t✐♦♥ P′′ = {{1, 7}; {2, 3}; {4, 5}; {6}}✳ ❚❤❡ P❛r❡t♦ s❡t
♦❢ ❡❛❝❤ ♣❛rt② ✐♥ P′′′ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✳ ✷✳✷✳ ◆♦t✐❝❡ t❤❛t ♣❛rt② {1, 7}✬s ♠❡♠❜❡rs
❡①❤✐❜✐t ❡①tr❡♠❡ ♦♣♣♦s✐t❡ ✐❞❡♦❧♦❣✐❝❛❧ ♣♦s✐t✐♦♥s ✕ ✐✳❡✳✱ {1, 7} ✐s ❛ ❝♦❛❧✐t✐♦♥ ♦❢ ❡①tr❡♠❡s✳
❙✉♣♣♦s❡ ♣❛rt✐❡s {4, 5} ❛♥❞ {6} ♣r♦♣♦s❡ t❤❡✐r ✐❞❡❛❧ ♣♦✐♥ts x4 ❛♥❞ x6✱ r❡s♣❡❝t✐✈❡❧②✱
♣❛rt② {2, 3} r❡♠❛✐♥s ✐♥❛❝t✐✈❡✱ ❛♥❞ ♣❛rt② {1, 7} ♣r♦♣♦s❡s ❛ ❝♦♠♣r♦♠✐s❡ ♣♦❧✐❝② s✉❝❤ ❛s
a1 = (3.99, 3.99)✳✷✵ ❋✐rst❧②✱ ♥♦t✐❝❡ t❤❛t✱ ❛s ✐♥ ❝❛s❡ ✭✶✮✱ ✐t ✐s st✐❧❧ tr✉❡ t❤❛t ❛ ♠❛❥♦r✐t②
♦❢ ❧❡❣✐s❧❛t♦rs str✐❝t❧② ♣r❡❢❡rs ♣r♦♣♦s❛❧ x4 t♦ t❤❡ st❛t✉s q✉♦ x0✳ ❙❡❝♦♥❞❧②✱ ✐t ✐s ❡❛s②
t♦ s❤♦✇ t❤❛t t❤❡r❡ ✐s ❛ ❈♦♥❞♦r❝❡t ❝②❝❧❡ ♦✈❡r ❛❧t❡r♥❛t✐✈❡s {x4, x6, a1}✱ ❜❡❝❛✉s❡ a1
❞❡❢❡❛ts x4✱ x4 ❞❡❢❡❛ts x6✱ ❛♥❞ x6 ❞❡❢❡❛ts a1 ❜② s✐♠♣❧❡ ♠❛❥♦r✐t② ✈♦t✐♥❣✳ ❚❤✉s✱ ♥♦
st❛❜❧❡ r❡❢♦r♠ ❝❛♥ ❜❡ ❝❤♦s❡♥ ❜② t❤❡ ♠❡t❤♦❞ ♦❢ ♠❛❥♦r✐t② r✉❧❡✱ ❛♥❞ t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡
✐s t❤❡ st❛t✉s q✉♦ x0✳
▼♦r❡♦✈❡r✱ ♥♦♥❡ ♦❢ t❤❡ ♠❡♠❜❡rs ♦❢ ❡❛❝❤ ♣❛rt② ❤❛s ❛ str✐❝t ✐♥❝❡♥t✐✈❡ t♦ ✐♥❞✉❝❡
❤✐s✴❤❡r ♣❛rt② t♦ ♣❧❛② ❛ ❞✐✛❡r❡♥t str❛t❡❣②✳ ❙♣❡❝✐✜❝❛❧❧②✱ ♣❛rt② {4, 5}✬s ♦♥❧② ❛✈❛✐❧❛❜❧❡
❛❧t❡r♥❛t✐✈❡ t♦ ♣r♦♣♦s✐♥❣ x4 ✐s ❜❡✐♥❣ ✐♥❛❝t✐✈❡✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ ♣r♦♣♦s❛❧ x6 ❜❡❝♦♠❡s
❛ ❈♦♥❞♦r❝❡t ✇✐♥♥❡r✱ ♠❛❦✐♥❣ ❜♦t❤ ♠❡♠❜❡rs ♦❢ ♣❛rt② {4, 5} ✇♦rs❡ ♦✛✳ ❚❤❡ s❛♠❡
❛r❣✉♠❡♥t ❛♣♣❧✐❡s t♦ ♣❛rt② {6}✳ P❛rt② {2, 3}✬s ♦♥❧② ❛❧t❡r♥❛t✐✈❡ ✐s ♣r♦♣♦s✐♥❣ x2✱ ❜✉t
t❤✐s ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ✜♥❛❧ ♣♦❧✐❝② ♦✉t❝♦♠❡✳
▲❛st❧②✱ t❤❡ ♠❡♠❜❡rs ♦❢ ♣❛rt② {1, 7} ❝❛♥ ♣r♦♣♦s❡ ♣♦❧✐❝② aˆ1 6= a1 ✭✐♥❝❧✉❞✐♥❣
aˆ1 = ∅✮ ❛♥❞ ✐♥❞✉❝❡ ❛ ♣♦❧✐❝② ♦✉t❝♦♠❡ x′✳ ❋♦r s✉❝❤ ❛♥ ♦✉t❝♦♠❡ t♦ ❜❡ st❛❜❧❡✱
x′ ♠✉st ❜❡ ✇❡❛❦❧② ♣r❡❢❡rr❡❞ t♦ x4 ❜② ❜♦t❤ ♠❡♠❜❡rs ♦❢ ♣❛rt② {1, 7}, ♦r ❡❧s❡ ❛t
❧❡❛st ♦♥❡ ♠❡♠❜❡r ❤❛s ❛ str✐❝t ✐♥❝❡♥t✐✈❡ t♦ q✉✐t t❤❡ ♣❛rt②✱ ✐♥❞✉❝✐♥❣ t❤❡ ♣❛rt✐t✐♦♥
P′′′ = {{1}; {2, 3}; {4, 5}; {6}; {7}} ❛♥❞ s❡❝✉r✐♥❣ x4 ✭s❡❡ ❝❛s❡ ✭✶✮✮✳ ❘❡❝❛❧❧ t❤❛t
aˆ1 ♠✉st ❧✐❡ ✐♥ t❤❡ P❛r❡t♦ s❡t ♦❢ ♣❛rt② {1, 7}✳ ❚❤✉s✱ t❤❡ st❛❜✐❧✐t② r❡q✉✐r❡♠❡♥t ✐s
s❛t✐s✜❡❞ ♦♥❧② ✐❢ aˆ1 ❧✐❡s ♦♥ t❤❡ t❤✐❝❦ ❧✐♥❡ ❜❡t✇❡❡♥ a2 = (1 − √13, 1 − √13) ❛♥❞
a3 = (1 +
√
13, 1 +
√
13)✱ ♦r ✐❢ aˆ1 = ∅✳ ❇✉t ✐♥ ❛❧❧ s✉❝❤ ❝❛s❡s t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ ✐s
st✐❧❧ x0✳ ❚❤✉s✱ ❜♦t❤ ♣❛rt② ♠❡♠❜❡rs ❛r❡ ✉❧t✐♠❛t❡❧② ✇❡❛❦❧② ✇♦rs❡ ♦✛ ✐❢ t❤❡✐r ♣❛rt②
s♣❧✐ts ♦r ♠❛❦❡s ❛ ♣r♦♣♦s❛❧ ♦t❤❡r t❤❛♥ a1✳ ■♥ t✉r♥✱ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ♣❛rt✐t✐♦♥ P′′
❣✐✈❡♥ ♣❛rt② ♣r♦♣♦s❛❧s {a1; ∅; x4; x6} ✐s ❛ st❛❜❧❡ ♣❛rt② str✉❝t✉r❡✳
❚❤✐s ❞❡s❝r✐♣t✐♦♥ ✐♥❢♦r♠❛❧❧② s❤♦✇s ❤♦✇ ❝❛s❡ ✭✷✮ ❝❛♥ r❡s✉❧t ✐♥ ❛ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦
✷✵❆♥② ♣r♦♣♦s❛❧ a˜1 ♦♥ t❤❡ t❤✐❝❦ ❧✐♥❡ ❜❡t✇❡❡♥ a1 ❛♥❞ a2 ✐♥ ❋✐❣✳ ✷✳✷ ❞❡❧✐✈❡rs t❤❡ s❛♠❡ r❡s✉❧t✳
✶✵
✕ ✐✳❡✳✱ ❛ st❛❜❧❡ ♣❛rt② str✉❝t✉r❡ s✉❝❤ t❤❛t ♥♦ r❡❢♦r♠ ✐s ✐♠♣❧❡♠❡♥t❡❞✳
▲❛st❧②✱ ♥♦t✐❝❡ t❤❛t t❤❡ ♠❡♠❜❡rs ♦❢ t❤❡ ❝♦❛❧✐t✐♦♥ ♦❢ ❡①tr❡♠❡s {1, 7} ✐♥ ❋✐❣✳ ✷✳✷ ❞♦
♥♦t ❝♦♦♣❡r❛t❡ ✐♥ ❤♦♣❡ ♦❢ ❤❛✈✐♥❣ t❤❡✐r ♣r♦♣♦s❛❧ ❛♣♣r♦✈❡❞ ❜② t❤❡ ❛ss❡♠❜❧②✳ ❈♦♥✈❡rs❡❧②✱
t❤❡ ❛❧❧✐❛♥❝❡ ❜❡t✇❡❡♥ ❡①tr❡♠✐sts ♦♥❧② s❡r✈❡s t❤❡ ♣✉r♣♦s❡ ♦❢ ♣r❡✈❡♥t✐♥❣ r❡❢♦r♠s t❤❛t
✇♦✉❧❞ ♦t❤❡r✇✐s❡ ❜❡ ✐♠♣❧❡♠❡♥t❡❞✱ ✐✳❡✳ ✐t ✐s ♣✉r❡❧② t❛❝t✐❝❛❧✳
■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ■ ♣r♦♣♦s❡ ❛ ♠♦❞❡❧ t❤❛t ❣❡♥❡r❛❧✐③❡s ❛♥❞ ❡①t❡♥❞s t❤✐s ❦❡② ✐♥s✐❣❤t✳
✷ ❚❤❡ ▼♦❞❡❧
❈♦♥s✐❞❡r ❛♥ ❛ss❡♠❜❧② t❤❛t ❝♦♥s✐sts ♦❢ ❛♥ ♦❞❞ ♥✉♠❜❡r N ≥ 3 ♦❢ ❧❡❣✐s❧❛t♦rs✳ ❚❤❡
s❡t ♦❢ ❧❡❣✐s❧❛t♦rs ✐s N = {1, 2, ..., i, ..., N}✳ ❚❤❡ ♠❡❞✐❛♥ ❡❧❡♠❡♥t ♦❢ N ✐s t❤❡ ♠❡❞✐❛♥
❧❡❣✐s❧❛t♦r✱ ❞❡♥♦t❡❞ ❜② m✳ ❚❤❡ ♣♦❧✐❝② s♣❛❝❡ X ✐s s✉❝❤ t❤❛t (X,≥) ✐s ❛ ❝♦♠♣❧❡t❡
s✉❜❧❛tt✐❝❡ ♦❢ (Rd,≥) ✉♥❞❡r t❤❡ ♣❛rt✐❛❧ ♦r❞❡r ≥✳ ❊①❛♠♣❧❡s ♦❢ ♣♦❧✐❝② s♣❛❝❡s t❤❛t
s❛t✐s❢② t❤❡s❡ ❛ss✉♠♣t✐♦♥s ❛r❡Rd ❛♥❞ ✐ts s✉❜s❡t [0, 1]d✳ ❆ ♣❛rt② str✉❝t✉r❡ ✐s ❛ ♣❛rt✐t✐♦♥
P ♦❢ t❤❡ s❡t N ✳ ❆ t②♣✐❝❛❧ ❡❧❡♠❡♥t Cj ∈ P ✐s ❝❛❧❧❡❞ ❛ ♣❛rt②✳
❊❛❝❤ ♣❛rt② Cj ♠❛❦❡s ❛ ♣r♦♣♦s❛❧ aj ∈ Xj ∪ {∅}✱ ✇❤❡r❡ Xj ⊆ X✱ ❛♥❞ aj = ∅ ♠❡❛♥s
t❤❛t ♣❛rt② Cj ♣r♦♣♦s❡s ♥♦ ♣♦❧✐❝② r❡❢♦r♠ ✕ ✐✳❡✳✱ ✐t ✐s ✐♥❛❝t✐✈❡✳ ❆♥ ❛❝t✐♦♥ ♣r♦✜❧❡
{aj}Cj∈P ✐s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ t❤❡ ♣r♦♣♦s❛❧s ♠❛❞❡ ❜② ❡❛❝❤ ♣❛rt② ✐♥ P✳ ❚❤❡ s❡t ♦❢
♣r♦♣♦s❛❧s A := {x ∈ X | aj = x for some Cj ∈ P} ✐s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡t ♦❢ ❛❧❧
♣♦❧✐❝② ♣r♦♣♦s❛❧s t❤❛t ♣❛rt✐❡s ❤❛✈❡ ❜r♦✉❣❤t t♦ t❤❡ ✢♦♦r✳✷✶
●✐✈❡♥ ❛ ♣❛rt② str✉❝t✉r❡ P✱ t❤❡ ❧❡❣✐s❧❛t♦rs ♣❧❛② ❛ t✇♦✲st❛❣❡ ❣❛♠❡✿
✶✳ t❤❡ ♠❡♠❜❡rs ♦❢ ❡❛❝❤ ♣❛rt② Cj ❝♦❧❧❡❝t✐✈❡❧② ♠❛❦❡ ❛ ♣r♦♣♦s❛❧ aj ✭♣r♦♣♦s❛❧ st❛❣❡✮❀
✷✳ ❡❛❝❤ ❧❡❣✐s❧❛t♦r ✈♦t❡s ❢♦r ♦♥❡ ♦❢ t❤❡ ❛✈❛✐❧❛❜❧❡ ♣r♦♣♦s❛❧s aj ∈ A ✭✈♦t✐♥❣ st❛❣❡✮✳
❆ ✈♦t✐♥❣ r✉❧❡ s❡❧❡❝ts t❤❡ ✇✐♥♥✐♥❣ ♣r♦♣♦s❛❧ ✭✐❢ ❛♥② ❡①✐sts✮✱ ✇❤✐❝❤ ✐s ❝❛❧❧❡❞ t❤❡ ♣♦❧✐❝②
♦✉t❝♦♠❡ ❞❡♥♦t❡❞ ❜② w✳
✷✳✶ Pr❡❢❡r❡♥❝❡s
Pr❡❢❡r❡♥❝❡s ♦✈❡r ♣♦❧✐❝② ♦✉t❝♦♠❡s✳ ❊❛❝❤ ❧❡❣✐s❧❛t♦r i ∈ N r❛♥❦s ♣♦❧✐❝② ♦✉t❝♦♠❡s ❛❝✲
❝♦r❞✐♥❣ t♦ ❛ ✇❡❛❦ ♣r❡❢❡r❡♥❝❡ ♦r❞❡r✐♥❣ i ♦✈❡r X✳ ■ ❞❡♥♦t❡ ✇✐t❤ ≻i t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
✷✶❚❤✉s✱ A ❞♦❡s ♥♦t ✐♥❝❧✉❞❡ ♥✉❧❧ ♣r♦♣♦s❛❧s ✐♥ {aj}Cj∈P ✱ ✐✳❡✳ ∅ /∈ A✱ ❛♥❞ ❡❛❝❤ ❡❧❡♠❡♥t ♦❢ A ✐s ❛
♣♦❧✐❝② x ∈ X t❤❛t ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ ❜② ❛t ❧❡❛st ♦♥❡ ❛❝t✐✈❡ ♣❛rt② ✐♥ P✳
✶✶
str✐❝t ♣r❡❢❡r❡♥❝❡ r❡❧❛t✐♦♥✳ ▲❡t I(i) ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ✐❞❡❛❧ ♣♦❧✐❝✐❡s ♦❢ ❧❡❣✐s❧❛t♦r i
✕ ✐✳❡✳✱ I(i) := {x|x i x′ ∀x′ ∈ X}✱✷✷ ✇✐t❤ t②♣✐❝❛❧ ❡❧❡♠❡♥t xi✳ ■ ❛ss✉♠❡ t❤❛t ❛
♠❛❥♦r✐t② ♦❢ ❧❡❣✐s❧❛t♦rs i ∈ N ❤❛s ♣r❡❢❡r❡♥❝❡s s✉❝❤ t❤❛t xm i x0 ❢♦r ❛❧❧ xm ∈ I(i)✱
✐✳❡✳ ❛♥② ✐❞❡❛❧ ♣♦❧✐❝② ♦❢ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r ✐s ❛ r❡❢♦r♠ t❤❛t ❤❛s t❤❡ s✉♣♣♦rt ♦❢ ❛
♠❛❥♦r✐t② ♦❢ t❤❡ ❛ss❡♠❜❧②✳✷✸
▲❡t Π ❞❡♥♦t❡ t❤❡ N ✲❢♦❧❞ ❈❛rt❡s✐❛♥ ♣r♦❞✉❝t ♦❢ t❤❡ s❡t ♦❢ ✐♥❞✐✈✐❞✉❛❧ ♣r❡❢❡r❡♥❝❡s✳ ❆♥
❡❧❡♠❡♥t ✭✮ ♦❢ Π ✐s ❝❛❧❧❡❞ ❛ ♣r❡❢❡r❡♥❝❡ ♣r♦✜❧❡ ✕ ✐✳❡✳✱ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ t❤❡ ♣r❡❢❡r❡♥❝❡
♦r❞❡r✐♥❣s ♦❢ ❛❧❧ i ∈ N ✳ ▲❡❣✐s❧❛t♦rs ❛r❡ ♦r❞❡r❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ♣r❡❢❡r❡♥❝❡ t②♣❡
θi ∈ Θ✱ ✇❤❡r❡ Θ ✐s ❛ t♦t❛❧❧② ♦r❞❡r❡❞ s❡t✳ ❚✇♦ ❧❡❣✐s❧❛t♦rs i, j ∈ N ❤❛✈❡ t❤❡ s❛♠❡ t②♣❡
θi ∈ Θ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ ♣r❡❢❡r❡♥❝❡s ✕ ✐✳❡✳✱ ✐❢ x i x′ ←→ x j x′
❢♦r ❛❧❧ x ∈ X✳✷✹
■ ✐♠♣♦s❡ t✇♦ ♦r❞✐♥❛❧ r❡str✐❝t✐♦♥s ♦♥ ❧❡❣✐s❧❛t♦rs✬ ♣r❡❢❡r❡♥❝❡s ♦✈❡r ♣♦❧✐❝✐❡s✳ ❋♦❧❧♦✇✐♥❣
▼✐❧❣r♦♠ ❛♥❞ ❙❤❛♥♥♦♥ ✭✶✾✾✹✮✱ ■ ❛ss✉♠❡ ◗✉❛s✐s✉♣❡r♠♦❞✉❧❛r✐t② ✭◗❙▼✮ ❛♥❞ ❙tr✐❝t
❙✐♥❣❧❡ ❈r♦ss✐♥❣ Pr♦♣❡rt② ✭❙❙❈✮✳✷✺ ❋♦r♠❛❧❧②✱ ♣r❡❢❡r❡♥❝❡s s❛t✐s❢②✿
✶✳ ✭◗❙▼ ✐♥ x✮ ✐❢✱ ❢♦r ❛❧❧ i ∈ N ❛♥❞ ❢♦r ❛❧❧ x′, x′′ ∈ X✿
✭❛✮ x′′ i x′ ∧ x′′ → x′ ∨ x′′ i x′
✭❜✮ x′ i x′ ∨ x′′ → x′ ∧ x′′ i x′′
✷✳ ✭❙❙❈ ✐♥ x, θ✮ ✐❢✱ ❢♦r ❛❧❧ x′, x′′ ∈ X s✉❝❤ t❤❛t x′ > x′′✿✷✻
✭❛✮ x′ i x′′ → x′ j x′′ ❢♦r ❛❧❧ j ≥ i✱ ❛♥❞
✭❜✮ x′ i x′′ → x′ ≻j x′′ ❢♦r ❛❧❧ j > i s✉❝❤ t❤❛t θj > θi✳
✇❤❡r❡ ∧,∨ ❛r❡ t❤❡ ♠❡❡t ❛♥❞ ❥♦✐♥ ♦♣❡r❛t♦rs✳ ❚❤❡s❡ t✇♦ r❡str✐❝t✐♦♥s ✐♠♣❧② t❤❛t
❧❡❣✐s❧❛t♦rs ❛r❡ t♦t❛❧❧② ♦r❞❡r❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡✐r ♣r❡❢❡r❡♥❝❡ t②♣❡ θi✱ ❛♥❞ t❤❛t
✷✷◆♦t✐❝❡ t❤❛t t❤❡ ❝♦♠♣❧❡t❡♥❡ss ♦❢ X ✐♠♣❧✐❡s ❝♦♠♣❛❝t♥❡ss ✐♥ t❤❡ ♦r❞❡r✲✐♥t❡r✈❛❧ t♦♣♦❧♦❣② ✭❇✐r❦❤♦✛
✶✾✻✼✮✳ ❍❡♥❝❡✱ I(i) 6= ∅ ❢♦r ❛❧❧ i✳
✷✸❚❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤✐s ❛ss✉♠♣t✐♦♥ ✐s r❡❧❛①❡❞ ✐s ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✺✳
✷✹■ ❞❡♥♦t❡ ❡❛❝❤ t②♣❡ ✇✐t❤ t❤❡ ✐♥❞❡① ♦❢ t❤❡ ❧❡❣✐s❧❛t♦r ♦❢ t❤❛t t②♣❡ ✇✐t❤ t❤❡ ❧♦✇❡st ✐♥❞❡① ✐♥ N ✕
❡✳❣✳✱ ✐❢ ❧❡❣✐s❧❛t♦rs ✇✐t❤ ✐♥❞❡① 3✱ 4 ❛♥❞ 5 ❛r❡ ♦❢ t❤❡ s❛♠❡ t②♣❡✱ ❛♥❞ ♥♦ ♦t❤❡r i ∈ N ✐s ♦❢ t❤❛t t②♣❡✱
t❤❡♥ ■ ❞❡♥♦t❡ t❤❡✐r t②♣❡ ✇✐t❤ θ3✳ ◆♦t✐❝❡ t❤❛t t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ❧❡❣✐s❧❛t♦rs ✐♥ N ❛r❡ ♦r❞❡r❡❞
s✉❝❤ t❤❛t t❤❡✐r t②♣❡ θi ✐s ✇❡❛❦❧② ✐♥❝r❡❛s✐♥❣ ✐♥ t❤❡ ❧❡❣✐s❧❛t♦rs✬ ✐♥❞❡① i✳
✷✺❚❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ❝♦♥❝❡♣ts ♦❢ ◗❙▼ ❛♥❞ ❙❙❈ ✐♥ ▼✐❧❣r♦♠ ❛♥❞ ❙❤❛♥♥♦♥ ✭✶✾✾✹✮✳
✷✻❚❤❡ str✐❝t ♦r❞❡r x′ > x′′ ✐♥❞✐❝❛t❡s t❤❛t x′ ≥ x′′ ❛♥❞ x′k > x′′k ❢♦r ❛t ❧❡❛st ♦♥❡ ♣♦❧✐❝② ❞✐♠❡♥s✐♦♥
k✳
✶✷
t❤❡r❡ ✐s ❛ ❢♦r♠ ♦❢ ✇❡❛❦ ❝♦♠♣❧❡♠❡♥t❛r✐t② ❜❡t✇❡❡♥ ❡❛❝❤ ♣❛✐r ♦❢ ♣♦❧✐❝② ❞✐♠❡♥s✐♦♥s✳✷✼
■❢ ♣r❡❢❡r❡♥❝❡s ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛♥ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ V : X × Θ × Φ → R✱
✐♥ ✇❤✐❝❤ Φ ✐s t♦t❛❧❧② ♦r❞❡r❡❞ s❡ts ♦❢ ✐♥❞✐✈✐❞✉❛❧ t❛st❡ ♣❛r❛♠❡t❡rs✱ t❤❡♥ t❤❡s❡ t✇♦
❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞ ✐❢ V ✐s q✉❛s✐s✉♣❡r♠♦❞✉❧❛r ✐♥ x ❛♥❞ s❛t✐s✜❡s t❤❡ str✐❝t s✐♥❣❧❡
❝r♦ss✐♥❣ ♣r♦♣❡rt② ✐♥ x, θ ✉♥❞❡r t❤❡ ❞❡✜♥✐t✐♦♥ ✐♥ ▼✐❧❣r♦♠ ❛♥❞ ❙❤❛♥♥♦♥ ✭✶✾✾✹✮✳
▲❛st❧②✱ ♥♦t✐❝❡ t❤❛t ✇❤❡♥❡✈❡r X ✐s ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ✭❙❙❈ ✐♥ x, θ✮ ✐s ❛ ♠✉❝❤
✇❡❛❦❡r ❛ss✉♠♣t✐♦♥ t❤❛♥ ❜♦t❤ t❤❡ ✭✉♥✐❞✐♠❡♥s✐♦♥❛❧✮ s✐♥❣❧❡ ❝r♦ss✐♥❣ ❝♦♥❞✐t✐♦♥ ✭●❛♥s
❛♥❞ ❙♠❛rt ✶✾✾✻✮ ❛♥❞ s✐♥❣❧❡✲♣❡❛❦❡❞♥❡ss✳✷✽
❈♦♥❞✐t✐♦♥❛❧ ♣r❡❢❡r❡♥❝❡s ♦✈❡r ♣♦❧✐❝② ♣r♦♣♦s❛❧s✳ ❊❛❝❤ ❧❡❣✐s❧❛t♦r i ♠❡♠❜❡r ♦❢ ♣❛rt②
Cj ∈ P ❛❧s♦ ❤❛s ♣r❡❢❡r❡♥❝❡s ♦✈❡r Xj ✐♥ r❡❧❛t✐♦♥ t♦ ✇❤✐❝❤ ♣r♦♣♦s❛❧ ✐♥ Xj ❤✐s✴❤❡r
♣❛rt② s❤♦✉❧❞ ♣✉t ❢♦r✇❛r❞ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ ♣r♦♣♦s❛❧s ♦❢ ♦t❤❡r ♣❛rt✐❡s a−j✳✷✾ ■
❞❡✜♥❡ ❢♦r ❡❛❝❤ ❧❡❣✐s❧❛t♦r i ∈ Cj ❛♥❞ ❡❛❝❤ ♣❛✐r ♦❢ ♣r♦♣♦s❛❧s x′, x′′ ∈ Xj t❤❡ ❝♦♥❞✐t✐♦♥❛❧
♣r❡❢❡r❡♥❝❡ r❡❧❛t✐♦♥ Rj,i(a−j) ✭✇✐t❤ str✐❝t ♣r❡❢❡r❡♥❝❡s ❞❡♥♦t❡❞ ❜② P j,i(a−j)✮ ♦✈❡r Xj×
Xj✳ ❋♦r ✐♥st❛♥❝❡✱ x′Rj,i(a−j)x′′ ♠❡❛♥s t❤❛t ❧❡❣✐s❧❛t♦r i✱ ♠❡♠❜❡r ♦❢ ♣❛rt② Cj ∈
P✱ ♣r❡❢❡rs ❤✐s✴❤❡r ♣❛rt② t♦ ♣r♦♣♦s❡ x′ r❛t❤❡r t❤❛♥ x′′ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ♦t❤❡r ♣❛rt✐❡s
♣r♦♣♦s✐♥❣ a−j✳ ■ ✐♠♣♦s❡ ♥♦ ❢✉rt❤❡r r❡str✐❝t✐♦♥s ♦♥ Rj,i(a−j)✳ ■♥ s❡❝t✐♦♥ ✷✳✹✱ ■ r❡str✐❝t
t❤❡ t②♣❡ ♦❢ Rj,i(a−j) t❤❛t ❝❛♥ ❜❡ ♣❛rt ♦❢ ❛♥ ❡q✉✐❧✐❜r✐✉♠ t♦ t❤♦s❡ t❤❛t ❛r❡ ❝♦♥s✐st❡♥t
✇✐t❤ ♣✉r❡❧② ♣♦❧✐❝②✲♠♦t✐✈❛t❡❞ ❧❡❣✐s❧❛t♦rs✳
▲❛st❧②✱ ❧❡t Rj(a−j) ❞❡♥♦t❡ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣r❡❢❡r❡♥❝❡ ♣r♦✜❧❡ ♦❢ ❛❧❧ i ∈ Cj✱ ❛♥❞ Rj
❜❡ t❤❡ |Cj|✲❢♦❧❞ ❈❛rt❡s✐❛♥ ♣r♦❞✉❝t ♦❢ t❤❡ s❡t ♦❢ ✐♥❞✐✈✐❞✉❛❧ ♣r❡❢❡r❡♥❝❡s ♦✈❡r ♣♦❧✐❝②
♣r♦♣♦s❛❧s ✐♥ Xj✳✸✵
✷✳✷ Pr♦♣♦s❛❧ ❙t❛❣❡
❋♦❧❧♦✇✐♥❣ ▲❡✈② ✭✷✵✵✹✮✱ ■ ❛ss✉♠❡ t❤❛t t❤❡ ♣r♦♣♦s❛❧ ♦❢ ❡❛❝❤ ♣❛rt② Cj ♠✉st ❧✐❡ ✐♥ t❤❡
P❛r❡t♦ s❡t ♦❢ ✐ts ♠❡♠❜❡rs✱ s✉❝❤ t❤❛t t❤❡ s❡t ♦❢ ❛✈❛✐❧❛❜❧❡ ♣r♦♣♦s❛❧s ✐s Xj := {x ∈
X| ∄x′ ∈ X s.t. x′ i x ∀i ∈ Cj and x′ ≻k x for some k ∈ Cj}✳✸✶ ❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s
✷✼❙✐♠✐❧❛r r❡str✐❝t✐♦♥s ❛r❡ ❝♦♠♠♦♥ ✐♥ ♠❛♥② ✜❡❧❞s ♦❢ ❡❝♦♥♦♠✐❝ t❤❡♦r②✱ ♣❛rt✐❝✉❧❛r❧② ✐♥ t❤❡ ❛♥❛❧②s✐s
♦❢ ❣❛♠❡s ✇✐t❤ str❛t❡❣✐❝ ❝♦♠♣❧❡♠❡♥t❛r✐t✐❡s ✭▼✐❧❣r♦♠ ❛♥❞ ❙❤❛♥♥♦♥ ✶✾✾✹✮✳ ◆♦t✐❝❡ t❤❛t✱ ✐♥ ❝♦♥tr❛st
t♦ ▲❡✈② ✭✷✵✵✹✮ ❛♥❞ ▼♦r❡❧❧✐ ✭✷✵✵✹✮✱ ■ ❞♦ ♥♦t ❛ss✉♠❡ s✐♥❣❧❡✲♣❡❛❦❡❞♥❡ss✳
✷✽❉❡t❛✐❧s ♦❢ ❤♦✇ t❤❡s❡ t✇♦ ❛ss✉♠♣t✐♦♥s ❝♦♠♣❛r❡ t♦ ✭❙❙❈✮ ❛r❡ ♣r♦✈✐❞❡❞ ✐♥ s❡❝t✐♦♥ ✻✳✶✳
✷✾◆♦t✐❝❡ t❤❛t a−j ❧✐sts ❛❧❧ t❤❡ ♣r♦♣♦s❛❧s ♦❢ ♦t❤❡r ♣❛rt✐❡s✱ ✐♥❝❧✉❞✐♥❣ ♥✉❧❧ ♣r♦♣♦s❛❧s ∅✳
✸✵❇♦t❤ Rj(a−j) ❛♥❞ Rj ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ♣❛rt② str✉❝t✉r❡ P✳
✸✶◆♦t✐❝❡ t❤❛t ✐❢ ❛ ♣❛rt② ✐s ❛ s✐♥❣❧❡t♦♥✱ t❤❡♥ Xj r❡❞✉❝❡s t♦ t❤❡ s❡t ♦❢ ✐❞❡❛❧ ♣♦❧✐❝✐❡s ♦❢ ✐ts ✉♥✐q✉❡
♠❡♠❜❡r ✭❛s ✐♥ ❛ ❝✐t✐③❡♥✕❝❛♥❞✐❞❛t❡ ♠♦❞❡❧✮✳
✶✸
❝♦♠♠♦♥ ✐♥ ♠♦❞❡❧s ♦❢ ❡♥❞♦❣❡♥♦✉s ♣❛rt✐❡s ✭❡✳❣✳✱ ❘♦❡♠❡r ✶✾✾✾✱ ▲❡✈② ✷✵✵✹✮✱ ❛♥❞ ✐t ✐s
❢✉rt❤❡r ❞✐s❝✉ss❡❞ ✐♥ ▲❡✈② ✭✷✵✵✹✮✳✸✷ ■ ❛♠ ❣♦✐♥❣ t♦ r❡❧❛① ✐t ✐♥ s❡❝t✐♦♥ ✺✳
❉❡♣❛rt✐♥❣ ❢r♦♠ ▲❡✈② ✭✷✵✵✹✮✱ ■ ❛ss✉♠❡ t❤❛t ❡❛❝❤ ♣❛rt② ❝❤♦♦s❡s ✐ts ♣r♦♣♦s❛❧ aj ❛❝✲
❝♦r❞✐♥❣ t♦ ❛ ♣r♦t♦❝♦❧ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ s✉r❥❡❝t✐✈❡ ❝♦♥❞✐t✐♦♥❛❧ ❣r♦✉♣ ❝❤♦✐❝❡ ❢✉♥❝t✐♦♥✿
gj
a−j
: Rj → Xj ∪ {∅}
t❤❛t ♠✉st s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝♦♥❞✐t✐♦♥s✳
✶✳ ▼♦♥♦t♦♥✐❝✐t② ✭▼✮✳ ❈♦♥s✐❞❡r ❛♥② t✇♦ ❝♦♥❞✐t✐♦♥❛❧ ♣r❡❢❡r❡♥❝❡ ♣r♦✜❧❡s Rj(a−j),
R̂j(a−j) ∈ Rj s✉❝❤ t❤❛t ❢♦r ❛❧❧ i ∈ Cj ❛♥❞ ❛❧❧ x′, x′′ ∈ Xj✱ x′′R̂j,i(a−j)x′ →
x′′Rj,i(a−j)x′✱ ❛♥❞ x′′P̂ j,i(a−j)x′ → x′′P j,i(a−j)x′✳ ❚❤❡♥ gj
a−j
(Rˆj(a−j)) = x′′
✐♠♣❧✐❡s gj
a−j
(Rj(a−j)) 6= x′✳✸✸
✷✳ ◆❡✉tr❛❧✐t② ✭◆✮✳ ❋♦r ❛♥② ❝♦♥❞✐t✐♦♥❛❧ ♣r❡❢❡r❡♥❝❡ ♣r♦✜❧❡ Rj(a−j) ∈ Rj✱ ❧❡t ρ :
Xj → Xj ❜❡ ❛ ♣❡r♠✉t❛t✐♦♥ ♦❢ Xj ❛♥❞ ❧❡t Rjρ(a−j) ∈ Rj ❜❡ s✉❝❤ t❤❛t ❢♦r ❛❧❧ i ∈
Cj ❛♥❞ ❛❧❧ x, x′ ∈ Xj ✇✐t❤ x 6= x′✱ xRj,iρ (a−j)x′ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ρ(x)Rj,i(a−j)ρ(x′)✳
❚❤❡ ❢✉♥❝t✐♦♥ gj
a−j
✐s ♥❡✉tr❛❧ ✐❢ ρ(gj
a−j
(Rj(a−j))) = gj
a−j
(Rjρ(a
−j))✳
▲❡t w(A,) ❞❡♥♦t❡ t❤❡ ❡①♣❡❝t❡❞ ♣♦❧✐❝② ♦✉t❝♦♠❡ ❣✐✈❡♥ ♣♦❧✐❝② ♣r♦♣♦s❛❧s A ❛♥❞ ♣r❡❢✲
❡r❡♥❝❡ ♣r♦✜❧❡ ✱ ❛♥❞ ❞❡✜♥❡ A−j = A \ {aj}✳ ■ ✐♠♣♦s❡ ❛ t✐❡✲❜r❡❛❦ r✉❧❡ ♦♥ gj
a−j
t❤❛t
s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✳
✶✳ ❚❇✶ ✭■♥❛❝t✐♦♥ ♦❢ ✐rr❡❧❡✈❛♥t ♣❛rt✐❡s✮✳ ■❢ w({∅} ∪ A−j,) = w({x} ∪ A−j,)
❢♦r s♦♠❡ x ∈ Xj✱ t❤❡♥ gj
a−j
(Rj(a−j)) 6= x✳
✷✳ ❚❇✷ ✭❘♦❜✉st♥❡ss t♦ tr✐✈✐❛❧ ❝❤❛❧❧❡♥❣❡s✮✳ ■❢ ∃x′ ∈ Xj s✉❝❤ t❤❛t w({x′} ∪ A,
) = x′ ❛♥❞ w({x′} ∪ A−j,) i w(A,) ∀i ∈ Cj✱ t❤❡♥ gj
a−j
(Rj(a−j)) 6= aj✳
❚❤❡ ❝♦♥❞✐t✐♦♥s ✭▼✮ ❛♥❞ ✭◆✮✸✹ ❞✐s❝✐♣❧✐♥❡ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ♣❛rt② ♣r♦♣♦s❛❧✳ ■♥ ♣❛r✲
t✐❝✉❧❛r✱ ✭▼✮ ❡♥s✉r❡s t❤❛t ✭❝♦♥❞✐t✐♦♥❛❧✮ P❛r❡t♦ ✐♥❢❡r✐♦r ♣r♦♣♦s❛❧s ❛r❡ ♥❡✈❡r ❝❤♦s❡♥✳✸✺
✸✷❚❤❡ ❛✉t❤♦r s✉❣❣❡sts s♦♠❡ ♣♦ss✐❜❧❡ ✐♥t❡r♣r❡t❛t✐♦♥s ♦❢ t❤✐s ❛ss✉♠♣t✐♦♥✱ ✇❤✐❝❤ ❛r❡ ❝♦♥s✐st❡♥t
✇✐t❤ t❤❡ s❡tt✐♥❣ ♦❢ t❤✐s ♣❛♣❡r✳
✸✸▼♦♥♦t♦♥✐❝✐t② ✐♠♣❧✐❡s t❤❡ ✇❡❛❦ P❛r❡t♦ ♣r✐♥❝✐♣❧❡ ✭✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣r❡❢❡r❡♥❝❡s✮
❜❡❝❛✉s❡ t❤❡ ❢✉♥❝t✐♦♥ gj
a−j
✐s s✉r❥❡❝t✐✈❡✳
✸✹❈♦♥❞✐t✐♦♥s ✭▼✮ ❛♥❞ ✭◆✮ ❛r❡ ✇✐❞❡❧② ❛❞♦♣t❡❞ ✕ ❛♥❞ ♦❢t❡♥ ❞❡❡♠❡❞ ❞❡s✐r❛❜❧❡ ✕ ✐♥ s♦❝✐❛❧ ❝❤♦✐❝❡
❧✐t❡r❛t✉r❡✳ ❚❤❡② ❛r❡ s❛t✐s✜❡❞ ❜② ❛♥② ✇❡✐❣❤t❡❞ ♠❛❥♦r✐t② ✈♦t✐♥❣ r✉❧❡✳ ❙❡❡ ❉❛s❣✉♣t❛ ❛♥❞ ▼❛s❦✐♥
✭✷✵✵✽✮✳
✸✺✭▼✮ ✐♠♣❧✐❡s ❝♦♥❞✐t✐♦♥❛❧ ✇❡❛❦ P❛r❡t♦ ❡✣❝✐❡♥❝②✱ ❛♥❞ ✐t ✐s ♠♦t✐✈❛t❡❞ ❜② st❛♥❞❛r❞ s♦❝✐❛❧ ❝❤♦✐❝❡
✶✹
▼♦♥♦t♦♥✐❝✐t② ✐s ❛❞♠✐tt❡❞❧② ❛ str♦♥❣ ❛ss✉♠♣t✐♦♥✱ ❜✉t ✐s ❞❡❡♠❡❞ t♦ ❜❡ ❝r❡❞✐❜❧❡ ❢♦r
t❤✐s ❛♣♣❧✐❝❛t✐♦♥✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✐t ✐s t②♣✐❝❛❧❧② s❛t✐s✜❡❞ ❜② t❤❡ ❝❤♦✐❝❡ ♠❡t❤♦❞s ❛❞♦♣t❡❞
❜② ♠♦st ♣♦❧✐t✐❝❛❧ ♣❛rt✐❡s ✐♥ ❲❡st❡r♥ ❝♦✉♥tr✐❡s s✉❝❤ ❛s ✭✐✮ ✈♦t✐♥❣ ✇✐t❤✐♥ t❤❡ ♣❛rt②
❝♦♥❣r❡ss✱ ✭✐✐✮ t❤❡ ❞✐❝t❛t♦rs❤✐♣ ♦❢ t❤❡ ❧❡❛❞❡r✱ ❛♥❞ ✭✐✐✐✮ ♠❛♥② ❢♦r♠s ♦❢ ❜❛r❣❛✐♥✐♥❣ ✇✐t❤✐♥
❛ s♠❛❧❧ ❝♦♠♠✐tt❡❡ ✭❈❡r♦♥ ✷✵✶✷✮✳
❈♦♥❞✐t✐♦♥ ✭◆✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ❝❤♦✐❝❡ ♣r♦t♦❝♦❧ tr❡❛ts ❛❧❧ ❛❧t❡r♥❛t✐✈❡s ✐♥ Xj s②♠✲
♠❡tr✐❝❛❧❧②✿ ✐❢ t❤❡ ❛❧t❡r♥❛t✐✈❡s ❛r❡ r❡❧❛❜❡❧❡❞ ✈✐❛ ρ✱ t❤❡♥ t❤❡ ❝❤♦s❡♥ ♣r♦♣♦s❛❧ ✐s r❡❧❛✲
❜❡❧❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛②✳ ❚❤✉s✱ ✭◆✮ ✐♠♣❧✐❡s t❤❛t t❤❡ ❝❤♦✐❝❡ ♦✈❡r ♣♦❧✐❝② ♣r♦♣♦s❛❧s ✐s
s♦❧❡❧② ❞r✐✈❡♥ ❜② t❤❡ ♣❛rt② ♠❡♠❜❡rs✬ ♣r❡❢❡r❡♥❝❡s ♦✈❡r ♣♦❧✐❝② ♣r♦♣♦s❛❧s✱ ❛♥❞ ❜② t❤❡✐r
r❡❧❛t✐✈❡ ♣♦❧✐t✐❝❛❧ ♣♦✇❡r ✇✐t❤✐♥ t❤❡ ♣❛rt②✳
❈♦♥❞✐t✐♦♥ ❚❇✶ ❝❛♥ ❜❡ r❛t✐♦♥❛❧✐③❡❞ ❛s t❤❡ ❡✛❡❝t ♦❢ ❛ s♠❛❧❧ ❝♦st ♦❢ ♣❛rt✐❝✐♣❛t✐♥❣ ✐♥
t❤❡ ❧❡❣✐s❧❛t✐✈❡ ♣r♦❝❡ss ❛♥❞✴♦r ♦❢ ❡✈❛❧✉❛t✐♥❣ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❛❧t❡r♥❛t✐✈❡✱ ✇❤✐❝❤ ✐s ♥♦t
❡①♣❧✐❝✐t❧② ♠♦❞❡❧❡❞ ✐♥ t❤❡ ♣r♦♣♦s❡❞ s❡tt✐♥❣✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✐t st❛t❡s t❤❛t ❛ ♣❛rt② ❝❤♦♦s❡s
t♦ ❜❡ ✐♥❛❝t✐✈❡ r❛t❤❡r t❤❛♥ ♠❛❦✐♥❣ ❛ ♣r♦♣♦s❛❧ t❤❛t ❤❛s ♥♦ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ♣♦❧✐❝②
♦✉t❝♦♠❡✳ ❆ ✈❡r② s✐♠✐❧❛r ❛ss✉♠♣t✐♦♥ ✐s ✐♠♣♦s❡❞ ✐♥ ▲❡✈② ✭✷✵✵✺✮✳
▲❛st❧②✱ ❝♦♥❞✐t✐♦♥ ❚❇✷ st❛t❡s t❤❛t ♥♦ ♣❛rt② ❡✈❡r ❝❤♦♦s❡s ❛ ♣r♦♣♦s❛❧ aj ✭♦r ♥♦ ♣r♦✲
♣♦s❛❧✮ ✐❢ t❤❡r❡ ❡①✐sts ❛♥ ❛❧t❡r♥❛t✐✈❡ ✐♥ Xj t❤❛t ✐s ❛ ✇✐♥♥✐♥❣ ♣♦❧✐❝② ♦✈❡r {x′}∪A ❛♥❞
t❤❛t ✐♥❞✉❝❡s ❛ P❛r❡t♦✲s✉♣❡r✐♦r ♦✉t❝♦♠❡ ❢♦r ❛❧❧ t❤❡ ♣❛rt② ♠❡♠❜❡rs✳ ❚❤✐s ❛ss✉♠♣t✐♦♥
♣r❡✈❡♥ts ✐♥st❛❜✐❧✐t② ✐♥ ❝❛s❡s ✐♥ ✇❤✐❝❤ ❛❧❧ ♣❛rt② ♠❡♠❜❡rs ❛r❡ ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ t✇♦
♣r♦♣♦s❛❧s ❣✐✈❡♥ ♦t❤❡r ♣❛rt② ♣r♦♣♦s❛❧s A−j✳
✷✳✸ ❱♦t✐♥❣ ❙t❛❣❡
■♥ t❤❡ s❡❝♦♥❞ st❛❣❡✱ ❧❡❣✐s❧❛t♦rs ♠✉st s❡❧❡❝t ❛ ♣r♦♣♦s❛❧ ✐♥ A✳ ❚❤❡ ❛ss❡♠❜❧② r❛♥❦s t❤❡
❛❧t❡r♥❛t✐✈❡s ✐♥ A ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ ♠❛❥♦r✐t② r✉❧❡ ✇❤❡♥❡✈❡r t❤✐s ♠❡t❤♦❞ ❞❡❧✐✈❡rs ❛♥
♦✉t❝♦♠❡✱ ❛♥❞ s❡❧❡❝ts t❤❡ st❛t✉s q✉♦ x0 ♦t❤❡r✇✐s❡✳ ❊❛❝❤ ❧❡❣✐s❧❛t♦r i✬s ✈♦t✐♥❣ ❜❡❤❛✈✐♦r
✐s ❞r✐✈❡♥ s♦❧❡❧② ❜② ❤✐s✴❤❡r ♣r❡❢❡r❡♥❝❡s ♦✈❡r ♣♦❧✐❝② ♦✉t❝♦♠❡s i✱ ❛♥❞ ✐t ✐s ♥♦t ❛✛❡❝t❡❞
❜② ♣❛rt② ♠❡♠❜❡rs❤✐♣✳✸✻
❋♦r♠❛❧❧②✱ ❧❡t MV () ❜❡ t❤❡ ❝♦♠♣❧❡t❡ s♦❝✐❛❧ ♣r❡❢❡r❡♥❝❡ r❡❧❛t✐♦♥ ✐♥❞✉❝❡❞ ❜② t❤❡
❝♦♥s✐❞❡r❛t✐♦♥s✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ❝♦❞♦♠❛✐♥ ♦❢ gj
a−j
❝♦rr❡s♣♦♥❞s t♦ ✉♥❝♦♥❞✐t✐♦♥❛❧ P❛r❡t♦
❡✣❝✐❡♥❝②✱ ❛♥❞ ✐t ✐s ❥✉st✐✜❡❞ ❜② ❝♦♠♠✐t♠❡♥t ✐ss✉❡s✳
✸✻❚❤❡ r❡s✉❧ts ❛r❡ ✉♥❛✛❡❝t❡❞ ✐❢ ♦♥❡ r❡str✐❝ts t❤❡ ❛tt❡♥t✐♦♥ t♦ ❡q✉✐❧✐❜r✐❛ ✐♥ ✇❤✐❝❤ ♥♦ ❧❡❣✐s❧❛t♦r ✈♦t❡s
❛❣❛✐♥st t❤❡ ♣r♦♣♦s❛❧ ♠❛❞❡ ❜② ❤✐s✴❤❡r ♣❛rt②✳
✶✺
♠❛❥♦r✐t② r✉❧❡ ✉♥❞❡r ❛ ♣r❡❢❡r❡♥❝❡ ♣r♦✜❧❡ ✳✸✼ ●✐✈❡♥ t❤✐s s♦❝✐❛❧ ♣r❡❢❡r❡♥❝❡ r❡❧❛t✐♦♥
MV () ❛♥❞ ❛ s✉❜s❡t A ⊆ X✱ ■ ❞❡✜♥❡ K(A,) := {x ∈ A| xMV ()x′ ∀x′ ∈ A} t♦
❜❡ t❤❡ s❡t ♦❢ ▼❱✲♠❛①✐♠❛❧ ❛❧t❡r♥❛t✐✈❡s ✐♥ A✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝♦r❡ ♦❢ t❤❡
♠❛❥♦r✐t② ✈♦t✐♥❣ ❣❛♠❡ ♦✈❡r A✳
❚❤❡ ❛ss❡♠❜❧② ❝❤♦♦s❡s t❤❡ ♦✉t❝♦♠❡ ❢r♦♠ ❛ s❡t ♦❢ ❛✈❛✐❧❛❜❧❡ ❛❧t❡r♥❛t✐✈❡s A ⊆ X
❛❝❝♦r❞✐♥❣ t♦ ❛ s♦❝✐❛❧ ❝❤♦✐❝❡ ❢✉♥❝t✐♦♥✿
W : P(X)× Π→ X ∪ {x0}
❚❤✉s✱ t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ w ✐s t❤❡ ♦✉t❝♦♠❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ W ✳ ❚❤❡ s♦❝✐❛❧ ❝❤♦✐❝❡
❢✉♥❝t✐♦♥ W s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✳
✶✳ ▼❛❥♦r✐t② ❘✉❧❡ ✭▼❘✮✳ ■❢ K(A,) ✐s ♥♦♥❡♠♣t②✱ t❤❡♥ W (A,) = w ❢♦r s♦♠❡
w ∈ K(A,)✳
✷✳ ■♥❡rt✐❛ ✭■✮✳ ■❢ K(A,) = {∅}✱ t❤❡♥ W (A,) = x0 ✕ ✐✳❡✳✱ t❤❡ st❛t✉s q✉♦ ✐s
♠❛✐♥t❛✐♥❡❞✳
✸✳ ❘❡✈❡❛❧❡❞ ❙♦❝✐❛❧ Pr❡❢❡r❡♥❝❡s ✭❘❙P✮✳ ❋♦r ❛♥② A′ ⊆ A✱ s✉❝❤ t❤❛t x ∈ A′✱ ✐❢
W (A′,) = x′✱ W (A,) = x✱ ❛♥❞ x ∈ K(A,)✱ t❤❡♥ x′ = x✳
❆ss✉♠♣t✐♦♥s ✭▼❘✮ ❛♥❞ ✭■✮ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ s♦❝✐❛❧ ❝❤♦✐❝❡ ♣r♦❝❡❞✉r❡ t❤❛t r❡s✉❧ts
❢r♦♠ t❤❡ ♠❡t❤♦❞ ♦❢ ♠❛❥♦r✐t② r✉❧❡✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ ✐❢ t❤❡r❡ ✐s ❛ ✭✇❡❛❦✮ ❈♦♥❞♦r❝❡t
✇✐♥♥❡r ❛♠♦♥❣ t❤❡ s❡t ♦❢ ❛❧t❡r♥❛t✐✈❡s✱ t❤❡♥ t❤❡ ❝♦r❡ ♦❢ t❤❡ ✈♦t✐♥❣ ❣❛♠❡ ✐s ♥♦♥❡♠♣t②✸✽
❛♥❞ t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ ❧✐❡s ✐♥ t❤❡ ❝♦r❡✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ ♥♦ ❈♦♥❞♦r❝❡t ✇✐♥♥❡r ❡①✐sts✱
t❤❡♥ ♥♦ r❡❢♦r♠ ♣r♦♣♦s❛❧ ❝❛♥ ❣❛✐♥ ❛ st❛❜❧❡ s✉♣♣♦rt✳
❆ss✉♠♣t✐♦♥ ✭❘❙P✮ ❞✐s❝✐♣❧✐♥❡s t❤❡ ❝♦❧❧❡❝t✐✈❡ ❝❤♦✐❝❡ ✇❤❡♥❡✈❡r t❤❡ ❝♦r❡ ♦❢ t❤❡ ✈♦t✐♥❣
❣❛♠❡ ✐s ♥♦t ❛ s✐♥❣❧❡t♦♥✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ st❛t❡s t❤❛t ✐❢ t❤❡ s♦❝✐❛❧ ❝❤♦✐❝❡ ❢✉♥❝t✐♦♥ W
s❡❧❡❝ts x ∈ K(A,) ♦✈❡r s❡t A✱ t❤❡♥ x ✐s r❡✈❡❛❧❡❞ ❛s ❜❡✐♥❣ ❝♦❧❧❡❝t✐✈❡❧② ♣r❡❢❡rr❡❞
t♦ ❛♥② ♦t❤❡r ♣r♦♣♦s❛❧ ✐♥ K(A,)✳ ❚❤❡ ❝♦r❡ ♦❢ t❤❡ ❣❛♠❡ ✐s ♣❧❛②❡❞ ♦✈❡r ❛ s✉❜s❡t
A′ ⊆ A✱ s✉❝❤ t❤❛t x ∈ A′ ✐s ❛ s✉❜s❡t ♦❢ K(A,)✳ ❚❤✉s✱ x ✐s ❛❧s♦ r❡✈❡❛❧❡❞ ❛s ❜❡✐♥❣
✸✼❚❤✉s✱ x′MV ()x′′ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ∑Ni=1 1[x′ i x′′] ≥ N/2✳ ❚❤✐s ❞❡✜♥✐t✐♦♥ ❝❛♥ ❜❡ ❡❛s✐❧②
❡①t❡♥❞❡❞ t♦ t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡ s❡t ♦❢ ✈♦t❡rs ✐s ❛ ❝♦♥t✐♥✉✉♠✳ ◆♦t✐❝❡ t❤❛t MV () ✐s ❝♦♠♣❧❡t❡✱
r❡✢❡①✐✈❡✱ ❜✉t ♥♦t ♥❡❝❡ss❛r✐❧② tr❛♥s✐t✐✈❡✳
✸✽❚❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ❝♦♥❝❡♣ts ♦❢ ✭str♦♥❣✮ ❝♦r❡ ❛♥❞ ❈♦♥❞♦r❝❡t ✇✐♥♥❡r ✐s ❞❡s❝r✐❜❡❞ ✐♥
❖r❞❡rs❤♦♦❦ ✭✶✾✽✻✱ ♣♣✳ ✸✹✼✕✸✹✾✮✳
✶✻
❝♦❧❧❡❝t✐✈❡❧② ♣r❡❢❡rr❡❞ t♦ ❛♥② ♦t❤❡r ♣r♦♣♦s❛❧ ✐♥K(A′,)✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ ✭❘❙P✮ st❛t❡s
t❤❛t W ♠✉st ❛❧s♦ s❡❧❡❝t x ♦✈❡r A′✳✸✾ ◆♦t✐❝❡ t❤❛t ✐❢ t❤❡ ♠❛❥♦r✐t② ❝♦r❡ K(A,) ✐s
♥♦t ❛ s✐♥❣❧❡t♦♥✱ t❤❡♥ t❤❡r❡ ♠❛② ❜❡ ♠♦r❡ t❤❛♥ ♦♥❡ ❢✉♥❝t✐♦♥ W t❤❛t s❛t✐s✜❡s t❤❡s❡
❝♦♥❞✐t✐♦♥s✳ ■ ❝♦♥s✐❞❡r ❛❧❧ s✉❝❤ ❢✉♥❝t✐♦♥s✳ ❙♣❡❝✐✜❝❛❧❧②✱ ■ ❞❡♥♦t❡ ✇✐t❤W(A,) t❤❡ s❡t
♦❢ ❛❧❧ ❢✉♥❝t✐♦♥s✹✵ W t❤❛t s❛t✐s❢② ✭▼❘✮✱ ✭■✮✱ ❛♥❞ ✭❘❙P✮✱ ❢♦r ❛ ❣✐✈❡♥ s❡t ♦❢ ♣r♦♣♦s❛❧s
A ⊆ X ❛♥❞ ♣r❡❢❡r❡♥❝❡ ♣r♦✜❧❡ ∈ Π✳
■ ❛❜str❛❝t ❢r♦♠ t❤❡ s♣❡❝✐✜❝ ♣r♦t♦❝♦❧ ❛❞♦♣t❡❞ ❜② t❤❡ ❛ss❡♠❜❧② r❡❣❛r❞✐♥❣ t❤❡
❞❡❝✐s✐♦♥ ♦❢ st❛rt✐♥❣ ❛ r❡❢♦r♠ ♣r♦❝❡ss ✭❡✳❣✳ t❤❡ ✐♥✐t✐❛❧ ✈♦t❡ ♦❢ ❛ ✜rst ❛♠❡♥❞❛❜❧❡ ❜✐❧❧
❛❣❛✐♥st t❤❡ st❛t✉s q✉♦✮✱ ♦r t♦ ❝♦♥❝❧✉❞❡ ✐t ✭❡✳❣✳ ✜♥❛❧ ❛♣♣r♦✈❛❧ ✈♦t❡✮✳ ❆s ❛ r❡s✉❧t✱ t❤❡
st❛t✉s q✉♦ x0 ♠❛② ♥♦t ❜❡ ❛♥ ❡❧❡♠❡♥t ♦❢ A✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ ❛ s✐♥❣❧❡
♣❛rt② ❡①✐sts ✕ ✐✳❡✳ P ={Cj} ✇✐t❤ Cj = N ✱ t❤❡♥ A = {aj} ❛♥❞ t②♣✐❝❛❧❧② aj 6= x0✳ ❚❤✐s
✐s ❛❞♠✐tt❡❞❧② ❛♥ ✉♥r❡❛❧✐st✐❝ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛ t②♣✐❝❛❧ ❧❡❣✐s❧❛t✐✈❡ ♣r♦❝❡ss✳ ◆❡✈❡rt❤❡❧❡ss✱
t❤✐s ❛ss✉♠♣t✐♦♥ s✐♠♣❧✐✜❡s t❤❡ ❛♥❛❧②s✐s ❛♥❞ ✐t ✐s ♠♦st❧② ✐♥♥♦❝✉♦✉s ✐♥ t❤✐s ❢r❛♠❡✇♦r❦✱
✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ❛ ♠❛❥♦r✐t② ♦❢ ❧❡❣✐s❧❛t♦r ♣r❡❢❡rs t❤❡ ✐❞❡❛❧ ♣♦❧✐❝② ♦❢ t❤❡
♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r t♦ x0✳✹✶ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐♥ ❛♥② ❡q✉✐❧✐❜r✐✉♠ ✐♥ ✇❤✐❝❤ t❤❡ r❡❢♦r♠
♣r❡❢❡rr❡❞ ❜② t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r ✐s ❛♣♣r♦✈❡❞✱ s✉❝❤ r❡❢♦r♠ ♠✉st ❜❡ t❤❡ ♦✉t❝♦♠❡ ♦❢
❛ ♣r♦♣♦s❛❧ t❤❛t ❝❛♥ ❞❡❢❡❛t t❤❡ st❛t✉s q✉♦ ✐♥ ♣❛✐r✇✐s❡ ✈♦t✐♥❣ ❜♦t❤ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣
❛♥❞ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❧❡❣✐s❧❛t✐✈❡ ♣r♦❝❡ss✳ ❙✐♠✐❧❛r❧②✱ ❛♥② ♦✉t❝♦♠❡ ✐♥ ✇❤✐❝❤ ♥♦ ♣r♦♣♦s❛❧
❣❛✐♥s ❛ st❛❜❧❡ s✉♣♣♦rt ✇✐t❤✐♥ t❤❡ ❛ss❡♠❜❧② ✭❛ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦✮ ❝❛♥ ❜❡ tr✐❣❣❡r❡❞
❜② ❛♥ ✐♥✐t✐❛❧ ♣r♦♣♦s❛❧ ❝♦♥s✐st✐♥❣ ✐♥ t❤❡ ✐❞❡❛❧ ♣♦❧✐❝② ♦❢ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r✳
✷✳✹ ❊q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ Pr♦♣♦s❛❧ ●❛♠❡
❋♦r ❛ ❣✐✈❡♥ ♣❛rt② str✉❝t✉r❡ P✱ ❧❡t a(P) ❞❡♥♦t❡ t❤❡ ❛❝t✐♦♥ ♣r♦✜❧❡ ✐♥ ❛♥ ❡q✉✐❧✐❜r✐✉♠
♦❢ t❤❡ ♣r♦♣♦s❛❧ ❣❛♠❡ ❛♥❞ A(P) t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡t ♦❢ ♣r♦♣♦s❛❧s✳ ■ ❞❡✜♥❡ ❛♥
❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦♣♦s❛❧ ❣❛♠❡ ❛s ❢♦❧❧♦✇s✳
❉❡✜♥✐t✐♦♥ ✶✳ ✭❊q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ Pr♦♣♦s❛❧ ●❛♠❡✮✳ ❆ ❝♦❧❧❡❝t✐♦♥ {aj}Cj∈P ≡ a(P) ✐s
❛♥ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦♣♦s❛❧ ❣❛♠❡ ✐❢ t❤❡r❡ ❡①✐sts {Rj(a−j), gj
a−j
}Cj∈P✱ s✉❝❤ t❤❛t ❢♦r
❛❧❧ Cj ∈ P✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞✿ ✭✐✮ Rj(a−j) ∈ Rj❀ ✭✐✐✮ ❢♦r ❛♥② i ∈ Cj✱ ❛♥❞ ❢♦r
✸✾◆♦t✐❝❡ t❤❛t ✐❢ t❤❡ ❝♦r❡ ♦❢ t❤❡ ❣❛♠❡ ✐s ❛ s✐♥❣❧❡t♦♥ t❤❡ ❝♦♥❞✐t✐♦♥ ✐s ❛❧✇❛②s tr✐✈✐❛❧❧② s❛t✐s✜❡❞✳
✹✵◆♦t✐❝❡ t❤❛t W ✐s ❛❧✇❛②s ♥♦♥❡♠♣t② ✉♥❞❡r ✭◗❙▼✮ ❛♥❞ ✭❙❙❈✮✳
✹✶❚❤❡ ❡✛❡❝ts ♦❢ r❡❧❛①✐♥❣ t❤✐s ❛ss✉♠♣t✐♦♥ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ✜♥❛❧ ❛♣♣r♦✈❛❧ ✈♦t❡ ❛r❡ ❞❡s❝r✐❜❡❞ ❛♥❞
❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✺✳
✶✼
❛♥② x, x′ ∈ Xj✱ xRj,i(a−j)x′ ⇐⇒ w({x}∪A(P)\{aj},) i w({x′}∪A(P)\{aj},)❀
✭✐✐✐✮ gj
a−j
(Rj(a−j)) = aj✳ ❆♥ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦♣♦s❛❧ ❣❛♠❡ a(P) ✐s ❡✐t❤❡r ✭✐✮ ❛
r❡❣✉❧❛r ❡q✉✐❧✐❜r✐✉♠ ✐❢ K(A(P),) 6= {∅}✱ ♦r ✭✐✐✮ ❛ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦ ✐❢ K(A(P),
) = {∅}✳
❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❞✐t✐♦♥ ♦♥ Rj(a−j) ✐♠♣❧✐❡s t❤❛t ❡❛❝❤ ❧❡❣✐s❧❛t♦r i ♠❡♠❜❡r ♦❢
♣❛rt② Cj✱ ❢♦r t❤❡ ♣✉r♣♦s❡ ♦❢ ❝❤♦♦s✐♥❣ t❤❡ ♣❛rt② ♣r♦♣♦s❛❧✱ r❛♥❦s t❤❡ ♣♦❧✐❝✐❡s ✐♥ Xj
s♦❧❡❧② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ t❤❡② ✐♥❞✉❝❡ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ ♣r♦♣♦s❛❧s ♦❢
♦t❤❡r ♣❛rt✐❡s✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ♣♦❧✐❝② x′ ✐s ✭❝♦♥❞✐t✐♦♥❛❧✮ ✇❡❛❦❧② ♣r❡❢❡rr❡❞ t♦ x′′ ❜②
❧❡❣✐s❧❛t♦r i ✐❢ ❛♥❞ ♦♥❧② ✐❢✱ ❣✐✈❡♥ ♦t❤❡r ♣❛rt② ♣r♦♣♦s❛❧s a−j✱ ❤❡✴s❤❡ ✭✉♥❝♦♥❞✐t✐♦♥❛❧❧②✮
♣r❡❢❡rs t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ w({x′} ∪ A(P) \ {aj},) t♦ w({x′′} ∪ A(P) \ {aj},)✳
◆♦t✐❝❡ t❤❛t✱ ✐♥ ❝♦♥tr❛st t♦ ▲❡✈② ✭✷✵✵✹✮✱ ✐♥ t❤✐s s❡tt✐♥❣ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦♣♦s❛❧
❣❛♠❡ ♠❛② ♥♦t ❛❧✇❛②s ❡①✐st✳ ❚❤✐s s❝❡♥❛r✐♦ ♦❝❝✉rs ✐❢ ❢♦r ❛♥② A ⊆ X t❤❡r❡ ✐s ♥♦
❝♦❧❧❡❝t✐♦♥ {Rj(a−j), gj
a−j
}Cj∈P✱ s✉❝❤ t❤❛t gja−j(Rj(a−j), ) = aj ❢♦r ❛❧❧ Cj ∈ P✳
■♥ s✉❝❤ ❛ ❝❛s❡✱ ■ ❛ss✉♠❡ A(P) = {∅}✳✹✷ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♦❢
t❤❡ ♦✈❡r❛❧❧ ❣❛♠❡✱ ✇❤✐❝❤ ■ ❞❡s❝r✐❜❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ❛❧✇❛②s ❡①✐sts✳
✷✳✺ ❙t❛❜❧❡ P❛rt② ❙tr✉❝t✉r❡s
❚❤❡ ❝♦♥❝❡♣t ♦❢ st❛❜✐❧✐t② ✐s ❜♦rr♦✇❡❞ ❢r♦♠ ❘❛② ❛♥❞ ❱♦❤r❛ ✭✶✾✾✼✮✱ ❛♥❞ ✐t ❤❛s ❜❡❡♥
✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❛ ♠♦❞❡❧ ♦❢ ♣♦❧✐t✐❝❛❧ ♣❛rt✐❡s ❜② ▲❡✈② ✭✷✵✵✹✱ ✷✵✵✺✮✳ ❇❡❧♦✇✱ ■ ❜r✐❡✢②
s✉♠♠❛r✐③❡ t❤❡ st❛❜✐❧✐t② ❝♦♥❝❡♣t✱ ❤✐❣❤❧✐❣❤t✐♥❣ t❤❡ ❦❡② ❞✐✛❡r❡♥❝❡s ✇✐t❤ ▲❡✈②✬s ✭✷✵✵✹✮
❢r❛♠❡✇♦r❦✳
P❧❛②❡rs st❛rt ❢r♦♠ s♦♠❡ ♣❛rt② str✉❝t✉r❡ P✱ ❛♥❞ ❛r❡ ♦♥❧② ❛❧❧♦✇❡❞ t♦ ❜r❡❛❦ ♣❛rt✐❡s
❜② ✐♥❞✉❝✐♥❣ ✜♥❡r ♣❛rt✐t✐♦♥s✳ ▲❡t R(P) ❞❡♥♦t❡ ❛❧❧ t❤❡ ♣❛rt② str✉❝t✉r❡s t❤❛t ❛r❡
r❡✜♥❡♠❡♥ts ♦❢ P✳ ❆ ♣❛rt✐t✐♦♥ P′ ∈ R(P) ✐s ✐♥❞✉❝❡❞ ❢r♦♠ P ✐❢ ✐t ✐s ❣❡♥❡r❛t❡❞ ❜②
❜r❡❛❦✐♥❣ ❛ ♣❛rt② Cj ∈ P ✐♥t♦ t✇♦✳ ❈♦♥s✐❞❡r ❛ ♣❛rt② Cj ∈ P✳ ❆ ♣❛rt② Cd ⊆ Cj ✐s ❛
❞❡✈✐❛t♦r ✐❢ ✐t ❝❛♥ ✐♥❞✉❝❡ P′ ∈ R(P) ❢r♦♠ P✳ ❚❤❡ ♠❡♠❜❡rs ♦❢ ❛ ❞❡✈✐❛t♦r Cd ⊆ Cj
t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ❢✉t✉r❡ ❞❡✈✐❛t✐♦♥s✱ ❜♦t❤ ❜② ♠❡♠❜❡rs ♦❢ t❤❡✐r ♦✇♥ ♣❛rt② Cd ❛♥❞ ❜②
♠❡♠❜❡rs ♦❢ ♦t❤❡r ♣❛rt✐❡s Cs ∈ P′✱ s 6= d✳✹✸ ❈r❡❞✐❜❧❡ t❤r❡❛ts ❛r❡ ❞❡✈✐❛t✐♦♥s t♦ ✜♥❡r
✹✷❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s ♦♥❧② r❡❧❡✈❛♥t t♦ ❡✈❛❧✉❛t❡ t❤❡ ♣r♦✜t❛❜✐❧✐t② ♦❢ ❛ ❞❡✈✐❛t✐♦♥ t❤❛t ✐♥❞✉❝❡s ❛ ♥❡✇
♣r♦♣♦s❛❧ ❣❛♠❡ ✐♥ ✇❤✐❝❤ ♥♦ ❡q✉✐❧✐❜r✐✉♠ ❡①✐sts✳ ❙❡❡ ♥❡①t s❡❝t✐♦♥✳
✹✸❇❡❝❛✉s❡ ♦❢ t❤❛t✱ t❤✐s st❛❜✐❧✐t② ❝♦♥❝❡♣t s❛t✐s✜❡s ❝♦♥s✐st❡♥❝② ❛♥❞ ❢❛rs✐❣❤t❡❞♥❡ss ✐♥ t❤❡ s❡♥s❡ ♦❢
✶✽
♣❛rt✐t✐♦♥s ✇❤✐❝❤ ❛r❡ st❛❜❧❡ ✕ ✐✳❡✳✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ st❛❜✐❧✐t② ✐s r❡❝✉rs✐✈❡✳
❚❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ st❛❜✐❧✐t② r❡❧❛t✐✈❡ t♦ ▲❡✈② ✭✷✵✵✹✮ ✐s t❤❛t ■
❛❧❧♦✇ ❢♦r t❤❡ ♦✉t❝♦♠❡ ♦❢ ❞✐s❛❣r❡❡♠❡♥t✱ ✇❤✐❝❤ ■ r❡❢❡r t♦ ❛s ❛ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦✱ t♦
❜❡ st❛❜❧❡✳ ❋♦r♠❛❧❧②✱ ❝♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ ♦❢ ♣❛rt✐t✐♦♥s {Pk}Kk=1 s✉❝❤ t❤❛t ❢♦r ❡✈❡r②
k = 2, ..., K✱ Pk ✐s ✐♥❞✉❝❡❞ ❜② ❛ ❞❡✈✐❛t♦r Cdk ⊂ Cjk−1 ❢♦r s♦♠❡ Cjk−1 ∈ Pk−1✳ ■ ❞❡✜♥❡
st❛❜✐❧✐t② ❛s ❢♦❧❧♦✇s✳
❉❡✜♥✐t✐♦♥ ✷✳ ✭❙t❛❜✐❧✐t②✮ 〈P, a(P)〉 ✐s s❡q✉❡♥t✐❛❧❧② ❜❧♦❝❦❡❞ ❜② 〈P′, a(P′)〉 ❢♦r s♦♠❡
P′ ∈ R(P) ✐❢ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ {〈P1, a(P1)〉 , 〈P2, a(P2)〉 , ..., 〈PK , a(PK)〉}✱ s✉❝❤
t❤❛t✿
✶✳ 〈P1, a(P1)〉 = 〈P, a(P)〉✱ 〈PK , a(PK)〉 = 〈P′, a(P′)〉 ❛♥❞ ❢♦r ❡✈❡r② k = 2, ..., K
t❤❡r❡ ✐s ❛ ❞❡✈✐❛t♦r Cjk t❤❛t ✐♥❞✉❝❡s Pk ❢r♦♠ Pk−1✳
✷✳ 〈P′, a(P′)〉 ✐s st❛❜❧❡ ✇✐t❤ a(P′) = a(PK) ❢♦r s♦♠❡ a(PK)✳
✸✳ 〈Pk, a(Pk)〉 ✐s ♥♦t st❛❜❧❡ ❢♦r ❛♥② a(Pk) ❛♥❞ ❢♦r 1 < k < K✳
✹✳ w(A(P′),) ≻i w(A(Pk−1),) ❢♦r ❛❧❧ k = 2, ..., K✱ ❛♥❞ i ∈ Cjk✳
❚❤❡♥✱ 〈P, a(P)〉 ✐s st❛❜❧❡ ✐❢ t❤❡r❡ ✐s ♥♦ 〈P′, a(P′)〉 ❢♦r P′ ∈ R(P) t❤❛t s❡q✉❡♥t✐❛❧❧②
❜❧♦❝❦s 〈P, a(P)〉✳
❚❤❡ ❞❡✜♥✐t✐♦♥ st❛t❡s t❤❛t ❛ t✉♣❧❡ 〈P, a〉 ✐s st❛❜❧❡ ✐❢ t❤❡r❡ ✐s ♥♦ ❧❡❛❞✐♥❣ ❞❡✈✐❛t♦r Cd
t❤❛t ❝❛♥ ✐♥❞✉❝❡ ❛ s❡q✉❡♥❝❡ ♦❢ ❞❡✈✐❛t✐♦♥s s✉❝❤ t❤❛t ❛t ❡❛❝❤ st❡♣ ♦❢ t❤❡ s❡q✉❡♥❝❡ ❛♥
❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦♣♦s❛❧ ❣❛♠❡ 〈Pk, a(Pk)〉 ✭✐❢ ❛♥② ❡①✐sts✮ ✐s ♣❧❛②❡❞✱ ❛♥❞ s✉❝❤ t❤❛t
✐t ✐s str✐❝t❧② ♣r♦✜t❛❜❧❡ ❢♦r ❡❛❝❤ ❞❡✈✐❛t♦r t♦ ❝❤♦♦s❡ t♦ ❞❡✈✐❛t❡✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
✜♥❛❧ ♦✉t❝♦♠❡ ♦❢ t❤❡ s❡q✉❡♥❝❡✳ ◆♦t✐❝❡ t❤❛t t❤❡ ✜♥❡st ♣❛rt✐t✐♦♥ ♦❢ N ✕ ✐✳❡✳✱ t❤❡ ♦♥❡
✐♥ ✇❤✐❝❤ ❡❛❝❤ ♣❛rt② Cj ∈ P ✐s ❛ s✐♥❣❧❡t♦♥ ✕ ✐s ❛❧✇❛②s st❛❜❧❡✳
■ ❞❡✜♥❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❢♦r t❤❡ ♦✈❡r❛❧❧ ❣❛♠❡ ✕ ✇❤✐❝❤ ■ ♥❛♠❡ ❛ st❛❜❧❡ ♣❛rt② str✉❝t✉r❡
✕ ❛s ❢♦❧❧♦✇s✳
❉❡✜♥✐t✐♦♥ ✸✳ ✭❙t❛❜❧❡ P❛rt② ❙tr✉❝t✉r❡✮✳ ❆ ❙t❛❜❧❡ P❛rt② ❙tr✉❝t✉r❡ ✭❙P❙ ✮ ✐s ❛ t✉♣❧❡
〈P, a(P), w〉 s✉❝❤ t❤❛t ✭✐✮ a(P) ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦♣♦s❛❧ ❣❛♠❡ ❣✐✈❡♥ ♣❛rt✐t✐♦♥
❘❛② ❛♥❞ ❱♦❤r❛ ✭✷✵✶✺✮✳ ❚❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤❡ ♣❛♣❡r ❣♦ t❤r♦✉❣❤ ❡✈❡♥ ✐❢ ♣❧❛②❡rs ❞♦ ♥♦t ❡①❤✐❜✐t
s✉❝❤ s♦♣❤✐st✐❝❛t❡❞ ❜❡❤❛✈✐♦r✳
✶✾
P❀ ✭✐✐✮ 〈P, a(P)〉 ✐s st❛❜❧❡❀ ✭✐✐✐✮ w ✐s ❛ ♣♦❧✐❝② ♦✉t❝♦♠❡ ♦❢ t❤❡ s❡❝♦♥❞✲st❛❣❡ ❣❛♠❡ ✕ ✐✳❡✳✱
W (A(P),) = w✳ ❆ ❙P❙ ✐s ❛ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠ ✐❢ a(P) ✐s ❛ r❡❣✉❧❛r ❡q✉✐❧✐❜r✐✉♠ ♦❢
t❤❡ ♣r♦♣♦s❛❧ ❣❛♠❡✱ ❛♥❞ ✐t ✐s ❛ st❛❜❧❡ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦ ♦t❤❡r✇✐s❡✳
❚❤✐s ❞❡✜♥✐t✐♦♥ ❝♦♠♣❧❡t❡s t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣♦❧✐t✐❝❛❧ ♣r♦❝❡ss✳
✸ ❘❡s✉❧ts
❚❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤❡ ♣❛♣❡r ❛r❡ st❛t❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✳ ❙❡❝t✐♦♥ ✸✳✶ ❝♦♥t❛✐♥s t❤❡
r❡s✉❧ts r❡❣❛r❞✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❛ st❛❜❧❡ ♣❛rt② str✉❝t✉r❡✳ ❙❡❝✲
t✐♦♥ ✸✳✷ ❛♥❛❧②③❡s t❤❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ♦❢ t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡✳ ❙❡❝t✐♦♥ ✸✳✸ ❞❡s❝r✐❜❡s
t❤❡ t②♣❡s ♦❢ ♣❛rt② str✉❝t✉r❡ t❤❛t ♣r❡✈❛✐❧ ✐♥ ❛♥② st❛❜❧❡ ♣❛rt② str✉❝t✉r❡✳
✸✳✶ ❊①✐st❡♥❝❡ ❛♥❞ ◗✉❛s✐✲▼❡❞✐❛♥ ❱♦t❡r ❚❤❡♦r❡♠
❘❡❝❛❧❧ t❤❛t I(i) ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ✐❞❡❛❧ ♣♦❧✐❝✐❡s ♦❢ ❧❡❣✐s❧❛t♦r i ✇✐t❤ t②♣✐❝❛❧ ❡❧❡♠❡♥t
xi✳ ❚❤❡ s✉♣r❡♠✉♠ ❛♥❞ t❤❡ ✐♥✜♠✉♠ ♦❢ I(i) ❛r❡ x¯i = sup{I(i)} ❛♥❞ xi = inf{I(i
)}✱✹✹ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡♥✱ ■ ❝❛♥ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳
Pr♦♣♦s✐t✐♦♥ ✶✳ ✭❊①✐st❡♥❝❡✮✳ ✭✐✮ ❆ st❛❜❧❡ ♣❛rt② str✉❝t✉r❡ 〈P, a(P), w〉 ❛❧✇❛②s ❡①✐sts
❢♦r ❛♥② ♣r❡❢❡r❡♥❝❡ ♣r♦✜❧❡ ❀ ✭✐✐✮ ❛ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠ s✉❝❤ t❤❛t t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ ✐s
❛♥ ✐❞❡❛❧ ♣♦✐♥t ♦❢ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r m ✕ ✐✳❡✳✱ 〈P, a(P), w〉 ✇✐t❤ w ∈ I(m) ✕ ❛❧✇❛②s
❡①✐sts❀ ✭✐✐✐✮ ❛ st❛❜❧❡ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦ 〈P, a(P), x0〉 ❡①✐sts ♦♥❧② ✐❢ ❡✐t❤❡r x0 ∈ I(m)
♦r ✐❢ x0  x¯m❛♥❞ x0  xm✳
Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳
Pr♦♣♦s✐t✐♦♥ ✶ ✭✐✮ ❛♥❞ ✭✐✐✮ ♣r♦✈✐❞❡ ❣❡♥❡r❛❧ ❡①✐st❡♥❝❡ r❡s✉❧ts✳ ◆♦t✐❝❡ t❤❛t ✐♥ ❛♥② ♣❛rt②
❡q✉✐❧✐❜r✐✉♠ ♦♥❧② ♦♥❡ ♣❛rt② ✐s ❛❝t✐✈❡✳✹✺
✹✹◆♦t✐❝❡ t❤❛t✱ ❜❡❝❛✉s❡ X ✐s ❛ ❧❛tt✐❝❡ ❛♥❞ ♣r❡❢❡r❡♥❝❡s s❛t✐s❢② ◗❙▼ ❛♥❞ ❙❙❈✱ t❤❡♥ x¯i ❛♥❞ xi ❡①✐st
✐♥ X✳ ❙❡❡ ▼✐❧❣r♦♠ ❛♥❞ ❙❤❛♥♥♦♥ ✭✶✾✾✹✮✳
✹✺❚❤✐s r❡s✉❧t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❛ss✉♠♣t✐♦♥ ❚❇✶ ♦♥ t❤❡ ❣r♦✉♣ ❝❤♦✐❝❡ ❢✉♥❝t✐♦♥ ♦❢ ♥♦♥✲✇✐♥♥✐♥❣
♣❛rt✐❡s✳ ❆ ❢♦r♠❛❧ ♣r♦♦❢ ♦❢ t❤✐s r❡s✉❧t ✐s ♣r♦✈✐❞❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳
✷✵
Pr♦♣♦s✐t✐♦♥ ✶ ✭✐✐✐✮ ✐♠♣❧✐❡s t❤❛t ✐❢ x0 /∈ I(m)✱ t❤❡♥ ❛ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦ ✐s st❛❜❧❡
♦♥❧② ✐❢ t❤❡ st❛t✉s q✉♦ ✐s ♥❡✐t❤❡r ❤✐❣❤❡r ♥♦r ❧♦✇❡r t❤❛♥ ❛♥② ♣r♦♣♦s❛❧ ✐♥ t❤❡ s❡t ♦❢ ✐❞❡❛❧
♣♦❧✐❝✐❡s ♦❢ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r✳ ❚❤✐s s✉❣❣❡sts t❤❛t ♥♦ st❛❜❧❡ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦
❡✈❡r ♦❝❝✉rs ✐❢ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r ✇❛♥ts t♦ ♠♦✈❡ ❡❛❝❤ ❡❧❡♠❡♥t ♦❢ t❤❡ ♣♦❧✐❝② ✈❡❝t♦r
✐♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥ r❡❧❛t✐✈❡ t♦ t❤❡ st❛t✉s q✉♦✳
❋♦r ✐♥st❛♥❝❡✱ ❝♦♥s✐❞❡r ❛♥ ❡①❛♠♣❧❡ ✐♥ ✇❤✐❝❤ t❤❡ ♣♦❧✐❝② s♣❛❝❡ ✐s t✇♦✲❞✐♠❡♥s✐♦♥❛❧✳ ■❢
t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r ♣r❡❢❡rs ❛ s❤✐❢t ❢r♦♠ t❤❡ st❛t✉s q✉♦ t♦✇❛r❞s ❛ ♣r♦♣♦s❛❧ t❤❛t ✐s
♠♦r❡ ❧❡❢t✲✇✐♥❣ ❢♦r ❜♦t❤ ♣♦❧✐❝② ❞✐♠❡♥s✐♦♥s✱ t❤❡♥ ❛ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦ ✐s ♥♦t st❛❜❧❡✳
❈♦♥✈❡rs❡❧②✱ ✐❢ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r s✉♣♣♦rts ❛ s❤✐❢t t♦✇❛r❞s ❛ ♠♦r❡ ❧❡❢t✲✇✐♥❣ ♣♦❧✐❝②
❢♦r ♦♥❡ ♣♦❧✐❝② ❞✐♠❡♥s✐♦♥ ❛♥❞ t♦✇❛r❞s ❛ ♠♦r❡ r✐❣❤t✲✇✐♥❣ ♣♦❧✐❝② ❢♦r t❤❡ ♦t❤❡r✱ t❤❡♥
❛ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦ ♠❛② ❜❡ ♣❛rt ♦❢ ❛ st❛❜❧❡ ♣❛rt② str✉❝t✉r❡✳ ❚❤✐s s✉❣❣❡sts t❤❛t ❛
❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦ ✐s ♣♦ss✐❜❧❡ ♦♥❧② ✐❢ t❤❡ r❡❢♦r♠s s✉♣♣♦rt❡❞ ❜② t❤❡ ♠♦❞❡r❛t❡ ♣❛rt
♦❢ t❤❡ ❛ss❡♠❜❧② ❞♦ ♥♦t s✐♠♣❧② ❝♦♥s✐sts ✐♥ ❛ s❤✐❢t t♦✇❛r❞s ❛ ♠♦r❡ ❧❡❢t✲✇✐♥❣ ✭♦r ♠♦r❡
r✐❣❤t✲✇✐♥❣✮ ❜✉♥❞❧❡ ♦❢ ♣♦❧✐❝✐❡s✳✹✻
▲❡t UPm(x) = {x′ ∈ X| x′ m x} ❜❡ t❤❡ ✉♣♣❡r ❝♦♥t♦✉r s❡t ♦❢ x ∈ X ❢♦r ✐♥❞✐✈✐❞✉❛❧
m✳ ❚❤❡♥✱ ■ ❝❛♥ st❛t❡ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s ♣❛♣❡r✱ ✇❤✐❝❤ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳
❈♦r♦❧❧❛r② ✷✳ ✭◗✉❛s✐✲▼❡❞✐❛♥ ❱♦t❡r ❚❤❡♦r❡♠✮✳ ✭✐✮ ■❢ ❡✐t❤❡r x0 ∈ I(m)✱ ♦r x0 ≥ xm✱
♦r x0 ≤ xm ❢♦r ❛❧❧ xm ∈ I(m)✱ t❤❡♥ ✐♥ ❛♥② st❛❜❧❡ ♣❛rt② str✉❝t✉r❡ t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡
✐s ❛♥ ✐❞❡❛❧ ♣♦✐♥t ♦❢ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r m✳ ✭✐✐✮ ■♥ ❛♥② st❛❜❧❡ ♣❛rt② str✉❝t✉r❡✱ t❤❡
♣♦❧✐❝② ♦✉t❝♦♠❡ ✐s s✉❝❤ t❤❛t w m x0✳ ❚❤✉s✱ ✭✐✐✐✮ ✐❢ ❧❡❣✐s❧❛t♦r m✬s ♣r❡❢❡r❡♥❝❡s ❛r❡
str✐❝t❧② ❝♦♥✈❡① ♦✈❡r Rd✱ t❤❡♥ t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ ♠✉st ❧✐❡ ✇✐t❤✐♥ ❛ ❝✐r❝❧❡ ❝❡♥t❡r❡❞ ♦♥
xm ❛♥❞ ✇✐t❤ ❛ r❛❞✐✉s ❡q✉❛❧ t♦ maxx∈UPm(x0) ‖x− x0‖✳
Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳
❈♦r♦❧❧❛r② ✷ ♣r♦✈✐❞❡s ❛ s❤❛r♣ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ ✐♥ ❛♥② ♣♦ss✐❜❧❡
st❛❜❧❡ ♣❛rt② str✉❝t✉r❡✳ ■t st❛t❡s t❤❛t t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣♦s✐t✐♦♥ ♦❢
t❤❡ st❛t✉s q✉♦ ✐♥ t❤❡ ♣♦❧✐❝② s♣❛❝❡✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✐❢ t❤❡ st❛t✉s q✉♦ ✐s ❧♦✇❡r ♦r ❤✐❣❤❡r
✹✻❚❤❡ ♣♦❧✐t✐❝❛❧ s❝✐❡♥❝❡ ❧✐t❡r❛t✉r❡ ❤❛s s❡✈❡r❛❧ ❡①❛♠♣❧❡s ♦❢ ❡♣✐s♦❞❡s ✐♥ t❤❡ ❤✐st♦r② ♦❢ ❈♦♥❣r❡ss t❤❛t
❛r❡ ❞❡❡♠❡❞ t♦ r❡s❡♠❜❧❡ ❛ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦ ✭❡✳❣✳✱ ❆❧t ✶✾✽✸✱ ❇❧②❞❡♥❜✉r❣❤ ✶✾✼✶✮✳ ■♥ ♠♦st ♦❢ t❤❡s❡
❡①❛♠♣❧❡s✱ t❤❡ s♦✉r❝❡ ♦❢ t❤❡ ❣r✐❞❧♦❝❦ s❡❡♠s t♦ ❜❡ t❤❡ ♥❛t✉r❡ ♦❢ ♣r❡❢❡r❡♥❝❡s ❤❡❧❞ ❜② ♠❡♠❜❡rs ♦❢
❈♦♥❣r❡ss✱ r❛t❤❡r t❤❛♥ t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧✐t② ♦❢ t❤❡ ♣♦❧✐❝② s♣❛❝❡✳
✷✶
t❤❛♥ t❤❡ s❡t ♦❢ ✐❞❡❛❧ ♣♦❧✐❝✐❡s ♦❢ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦rs ✭♦r ✐t ✐s ♣❛rt ♦❢ s✉❝❤ ❛ s❡t✮✱
t❤❡♥ ♣❛rt✐❡s ❛r❡ ♥♦t ❡✛❡❝t✐✈❡✳ ▼♦r❡♦✈❡r✱ ❛ q✉❛s✐✲♠❡❞✐❛♥ ✈♦t❡r t❤❡♦r❡♠ ❤♦❧❞s ✕ ✐✳❡✳✱
✐♥ ❛♥② st❛❜❧❡ ♣❛rt② str✉❝t✉r❡✱ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r ♦❜t❛✐♥s ❤✐s✴❤❡r ♠♦st ♣r❡❢❡rr❡❞
♣♦❧✐❝②✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ❤✐❣❤❧✐❣❤t t❤❛t t❤✐s r❡s✉❧t ✐s ♠✉❝❤ str♦♥❣❡r t❤❛♥ Pr♦♣♦s✐✲
t✐♦♥ ✶ ✭✐✐✮✱ ✇❤✐❝❤ st❛t❡s t❤❛t ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ✇❤✐❝❤ t❤❡ q✉❛s✐✲♠❡❞✐❛♥ ✈♦t❡r t❤❡♦r❡♠
❤♦❧❞s ❛❧✇❛②s ❡①✐sts✳ ❯♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❈♦r♦❧❧❛r② ✷ ✭✐✮ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r
♦❜t❛✐♥ ❤✐s✴❤❡r ✐❞❡❛❧ ♣♦✐♥t ✐♥ ❛❧❧ st❛❜❧❡ ♣❛rt② str✉❝t✉r❡s✳ ❚❤✉s✱ t❤✐s r❡s✉❧t r❡♣r❡s❡♥ts
❛ ❣❡♥❡r❛❧ ♠❡❞✐❛♥ ✈♦t❡r t❤❡♦r❡♠ ✇❤✐❝❤ r❡q✉✐r❡s s✉❜st❛♥t✐❛❧❧② ✇❡❛❦❡r ♣r❡❢❡r❡♥❝❡ r❡✲
str✐❝t✐♦♥s r❡❧❛t✐✈❡ t♦ t❤♦s❡ t❤❛t ❛r❡ ❝♦♠♠♦♥❧② ❛ss✉♠❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳✹✼
■❢ t❤❡ st❛t✉s q✉♦ ✐s ♥❡✐t❤❡r ❧♦✇❡r ♥♦r ❤✐❣❤❡r t❤❛♥ ❛♥② ✐❞❡❛❧ ♣♦❧✐❝② ♦❢ t❤❡ ♠❡❞✐❛♥
❧❡❣✐s❧❛t♦r✱ t❤❡♥ ♣♦❧✐❝② ♦✉t❝♦♠❡s t❤❛t ❞✐✛❡r ❢r♦♠ ❛♥ ✐❞❡❛❧ ♣♦❧✐❝② ♦❢ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s✲
❧❛t♦r ♠❛② ♣r❡✈❛✐❧✳ ◆❡✈❡rt❤❡❧❡ss✱ ❜② ♣❛rt ✭✐✐✮✱ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r ❝❛♥♥♦t ❜❡ ♠❛❞❡
✇♦rs❡ ♦✛ r❡❧❛t✐✈❡ t♦ t❤❡ st❛t✉s q✉♦✳
❘❡s✉❧t ✭✐✐✮ st❛t❡s t❤❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝② ♦✉t❝♦♠❡ ♠✉st ❧✐❡ ✇✐t❤✐♥ t❤❡ ✉♣♣❡r
❝♦♥t♦✉r s❡t ♦❢ x0 ❢♦r t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r✳ ■❢ ♣r❡❢❡r❡♥❝❡s ❛r❡ str✐❝t❧② ❝♦♥✈❡① ✭❡✳❣✳✱
❊✉❝❧✐❞❡❛♥✮✱ s✉❝❤ ❛ r❡s✉❧t ✐♠♣❧✐❡s t❤❛t ♣♦❧✐❝✐❡s t❤❛t ❛r❡ ✏❢❛r✑ ❢r♦♠ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s✲
❧❛t♦r✬s ✐❞❡❛❧ ♣♦❧✐❝② ❝❛♥ ♣r❡✈❛✐❧ ♦♥❧② ✐❢ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r ✐s s✉✣❝✐❡♥t❧② ❛✈❡rs❡ t♦
t❤❡ st❛t✉s q✉♦✳
✸✳✷ ❈♦♠♣❛r❛t✐✈❡ ❙t❛t✐❝s
■♥ t❤✐s s❡❝t✐♦♥✱ ■ st✉❞② t❤❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝② ♦✉t❝♦♠❡✳
❚❤❡ ♥♦t✐♦♥ ♦❢ ♠♦♥♦t♦♥✐❝✐t② ✐s t❤❡ s❛♠❡ ❛s ✐♥ ▼✐❧❣r♦♠ ❛♥❞ ❙❤❛♥♥♦♥ ✭✶✾✾✹✮✳ ❙♣❡❝✐❢✲
✐❝❛❧❧②✱ ■ ♦r❞❡r s❡ts ♦❢ ♣♦❧✐❝② ♦✉t❝♦♠❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ str♦♥❣ s❡t ♦r❞❡r✳✹✽
▲❡t E(X,, x0) ❜❡ t❤❡ s❡t ♦❢ ♣♦❧✐❝② ♦✉t❝♦♠❡s ✕ ✐✳❡✳✱ t❤❡ s❡t ♦❢ ❛❧❧ ♣♦❧✐❝✐❡s x ∈ X
t❤❛t ❛r❡ t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ ♦❢ ❛♥② st❛❜❧❡ ♣❛rt② str✉❝t✉r❡ ❢♦r s♦♠❡ ❢✉♥❝t✐♦♥ W ∈
W(A,)✱ ❣✐✈❡♥ x0✳
❚❤❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ❡①❡r❝✐s❡ ❝♦♥s✐sts ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❧❡❣✐s❧❛t♦rs✬
♣r❡❢❡r❡♥❝❡s✳ ❙♣❡❝✐✜❝❛❧❧②✱ ■ ❛♥❛❧②③❡ t❤❡ ❡✛❡❝t ♦♥ E(X,, x0) ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡
♣r❡❢❡r❡♥❝❡ ♣r♦✜❧❡ ❝♦♥s✐st✐♥❣ ✐♥ ❛♥ ✐♥❝r❡❛s❡ ✭♦r ❞❡❝r❡❛s❡✮ ✐♥ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r✬s
✹✼❙❡❡ s❡❝t✐♦♥ ✻✳✶ ❢♦r ❛ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ s✉❝❤ r❡str✐❝t✐♦♥s ❛♥❞ ✭❙❙❈✮✱ ✭◗❙▼✮✳
✹✽◆❛♠❡❧②✱ ❣✐✈❡♥ t✇♦ s❡ts Y, Z✱ ✇❡ s❛② t❤❛t Y ✐s ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ Z ✐♥ t❤❡ str♦♥❣ s❡t
♦r❞❡r ✭Y ≥s Z✮ ✐❢ ❢♦r ❛♥② y ∈ Y ❛♥❞ z ∈ Z ✇❡ ❤❛✈❡ y ∨ z ∈ Y ❛♥❞ y ∧ z ∈ Z✳
✷✷
t②♣❡✳
▲❡t Πs ⊆ Π ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ♣r❡❢❡r❡♥❝❡ ♣r♦✜❧❡s ❞❡✜♥❡❞ ♦♥ X t❤❛t s❛t✐s❢②
◗❙▼ ❛♥❞ ❙❙❈✳ ❉❡✜♥❡ ❛ ♣❛rt✐❛❧ ♦r❞❡r DX ♦♥ Πs s✉❝❤ t❤❛t ()
t
DX()
t′
❛♥❞ t ≥ t′
✐❢ ❛♥❞ ♦♥❧② ✐❢✱ ❢♦r ❛♥② x, x′ ∈ X ✇✐t❤ x ≥ x′✱ x 
t
m x′ → x 
t′
m x′ ❛♥❞ x′ 
t′
m x →
x′ 
t
m x✳ ❈♦♥s✐❞❡r ❛ s✉❜s❡t T ⊆ Πs s✉❝❤ t❤❛t (T, DX) ✐s ❛ t♦t❛❧❧② ♦r❞❡r❡❞ s❡t✱
❛♥❞ ✇✐t❤ t②♣✐❝❛❧ ❡❧❡♠❡♥t 
t
✕ ✐✳❡✳✱ T = {
1
,
2
, ...,
t
, ...,
T
}✳ ❚❤❡♥✱ ■ ❝❛♥ st❛t❡ t❤❡
❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿
Pr♦♣♦s✐t✐♦♥ ✸✳ ✭▼♦♥♦t♦♥❡ ❈♦♠♣❛r❛t✐✈❡ ❙t❛t✐❝s✮✳ ■❢ x0 ∈ I(m)✱ ♦r ✐❢ ❡✐t❤❡r
x0 ≥ xm ♦r x0 ≤ xm ❢♦r ❛❧❧ xm ∈ I(m)✱ t❤❡♥ t❤❡ s❡t ♦❢ ♣♦❧✐❝② ♦✉t❝♦♠❡s E(X,, x0)
♦❢ t❤❡ ✈♦t✐♥❣ ❣❛♠❡ ✐s ✭✐✮ ❛ s✉❜❧❛tt✐❝❡ ♦❢ X ✇❤✐❝❤ ✐s ✭✐✐✮ ♠♦♥♦t♦♥✐❝ ♥♦♥❞❡❝r❡❛s✐♥❣ ✐♥
t ♦♥ T✳
Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳
◆♦t✐❝❡ t❤❛t ✐❢ ✐♥❞✐✈✐❞✉❛❧ ♣r❡❢❡r❡♥❝❡s ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ ❢✉♥❝t✐♦♥ V : X ×Θ×
Φ→ R t❤❛t s❛t✐s✜❡s ✭◗❙▼ ✐♥ x✮✱ ✭❙❙❈ ✐♥ x, θ✮✱ ❛♥❞ ❙✐♥❣❧❡ ❈r♦ss✐♥❣ ✭❙❈ ✐♥ x, ϕ✮✱
❛s ❞❡✜♥❡❞ ✐♥ ▼✐❧❣r♦♠ ❛♥❞ ❙❤❛♥♥♦♥ ✭✶✾✾✹✮✱ t❤❡♥ t❤❡s❡ t✇♦ r❡s✉❧ts ❝♦rr❡s♣♦♥❞ t♦
E(X,, x0) ❜❡✐♥❣ ♠♦♥♦t♦♥✐❝ ♥♦♥❞❡❝r❡❛s✐♥❣ ❜♦t❤ ✐♥ t❤❡ t②♣❡ ♦❢ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r
θm ♦♥ Θ ❛♥❞ ♦♥ t❤❡ ✈❡❝t♦r ♦❢ ❝♦♠♠♦♥ t❛st❡ ♣❛r❛♠❡t❡rs ϕ ∈ Φ✳ ▼♦r❡♦✈❡r✱ ✐❢
V ✐s t✇✐❝❡ ❞✐✛❡r❡♥t✐❛❜❧❡✱ t❤❡♥ t❤❡s❡ t❤r❡❡ ♣r♦♣❡rt✐❡s ❤♦❧❞ ✐❢ t❤❡ s✐❣♥ ♦❢ t❤❡ ❝r♦ss
❞❡r✐✈❛t✐✈❡s ♦❢ V ❛r❡ ❛❧❧ ♣♦s✐t✐✈❡✳✹✾
❚❤❡ r❡s✉❧ts ✐♥ t❤✐s s❡❝t✐♦♥ ♣r♦✈✐❞❡ ❛ t♦♦❧ t♦ ❛♥❛❧②③❡ t❤❡ ❡✛❡❝ts ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡
❞✐str✐❜✉t✐♦♥ ♦❢ ❧❡❣✐s❧❛t♦rs✬ t②♣❡s ❛♥❞✴♦r ♦❢ ❛ ❝♦♠♠♦♥ s❤✐❢t ✐♥ ❧❡❣✐s❧❛t♦rs✬ ♣r❡❢❡r❡♥❝❡s
r❡❣❛r❞✐♥❣ t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ t❤❛t ♣r❡✈❛✐❧s ✐♥ ❛♥② st❛❜❧❡ ♣❛rt② str✉❝t✉r❡✳
▲❛st❧②✱ ♥♦t✐❝❡ t❤❛t ✐❢ t❤❡ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ st❛t✉s q✉♦ ✐♥ Pr♦♣♦s✐t✐♦♥ ✸ ❞♦ ♥♦t ❤♦❧❞✱
❜✉t ♣r❡❢❡r❡♥❝❡s ❛r❡ str✐❝t❧② ❝♦♥✈❡①✱ t❤❡♥ ✇❡ ❦♥♦✇ ❢r♦♠ ❈♦r♦❧❧❛r② ✷ ✭✐✐✐✮ t❤❛t t❤❡
❡q✉✐❧✐❜r✐✉♠ ♣♦❧✐❝② ♠✉st ❧✐❡ ✇✐t❤✐♥ ❛ ♠❛①✐♠✉♠ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r✬s
✐❞❡❛❧ ♣♦✐♥t✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t✱ ❡✈❡♥ ✐♥ t❤❡ ❧❛tt❡r ❝❛s❡✱ ❛t ❧❡❛st ♦♥❡ ❡❧❡♠❡♥t ♦❢
E(X,, x0) ❡①❤✐❜✐ts s♦♠❡ ♠♦♥♦t♦♥❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ♣r♦♣❡rt✐❡s✳
✹✾❙❡❡ ▼✐❧❣r♦♠ ❛♥❞ ❙❤❛♥♥♦♥ ✭✶✾✾✹✮✳
✷✸
✸✳✸ ❙t❛❜❧❡ P❛rt② ❙tr✉❝t✉r❡s ❛♥❞ ▲❡❣✐s❧❛t✐✈❡ ●r✐❞❧♦❝❦
❆ s❡❝♦♥❞ s❡t ♦❢ r❡s✉❧ts ❝♦♥❝❡r♥s t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ st❛❜❧❡ ♣❛rt② str✉❝t✉r❡s ✐♥ t❤✐s
❢r❛♠❡✇♦r❦✳ ❚❤❡s❡ r❡s✉❧ts ❝❛♥ ♣r♦✈❡ ✉s❡❢✉❧ ✐♥ ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ ♣♦❧✐t✐❝❛❧ ❝♦♥t❡♥t ♦❢
t❤❡ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts ✐♥ Pr♦♣♦s✐t✐♦♥s ✶✕✸ ❛♥❞ ❈♦r♦❧❧❛r② ✷✳
❉❡✜♥✐t✐♦♥ ✹✳
✭✐✮ ❆ ♠❛❥♦r✐t❛r✐❛♥ ♣❛rt② str✉❝t✉r❡ ✐s ❛ t✉♣❧❡ 〈P, a(P)〉 s✉❝❤ t❤❛t ❡❛❝❤ Cj ∈ P ✭❛❝t✐✈❡
♦r ♥♦t✮ ✐♥❝❧✉❞❡s ❡✐t❤❡r ✭❛✮ ♦♥❧② ✐♥❞✐✈✐❞✉❛❧s ♦❢ t②♣❡ θi ≤ θm ♦r ✭❜✮ ♦♥❧② ✐♥❞✐✈✐❞✉❛❧s
♦❢ t②♣❡ θi ≥ θm✳
✭✐✐✮ ❆♥ ❡♥❞s✲❛❣❛✐♥st✲t❤❡✲♠✐❞❞❧❡ ♣❛rt② str✉❝t✉r❡ ✐s ❛ t✉♣❧❡ 〈P, a(P)〉 s✉❝❤ t❤❛t ❛t ❧❡❛st
♦♥❡ ❛❝t✐✈❡ ♣❛rt② Cj ∈ P t❤❛t ✐♥❝❧✉❞❡s ❜♦t❤ ✭❛✮ ✐♥❞✐✈✐❞✉❛❧s ♦❢ t②♣❡ θi < θm ❛♥❞ ✭❜✮
✐♥❞✐✈✐❞✉❛❧s ♦❢ t②♣❡ θi > θm✱ ❜✉t ♥♦ ✐♥❞✐✈✐❞✉❛❧ i ∈ Cj ♦❢ t②♣❡ θi = θm✳
✭✐✐✐✮ ❆ ❝❡♥tr❛❧ ♣❛rt② str✉❝t✉r❡ ✐s ❛ t✉♣❧❡ 〈P, a(P)〉 s✉❝❤ t❤❛t ✭✶✮ ✐t ✐s ♥♦t ❡♥❞s✲❛❣❛✐♥st✲
t❤❡✲♠✐❞❞❧❡✱ ❛♥❞ s✉❝❤ t❤❛t ✭✷✮ ❛t ❧❡❛st ♦♥❡ ❛❝t✐✈❡ ♣❛rt② Cj ∈ P ✐♥❝❧✉❞❡s ❜♦t❤ ✭❛✮
✐♥❞✐✈✐❞✉❛❧s ♦❢ t②♣❡ θi < θm ❛♥❞ ✭❜✮ ✐♥❞✐✈✐❞✉❛❧s ♦❢ t②♣❡ θi > θm✱ ♣❧✉s ❛t ❧❡❛st ♦♥❡
✐♥❞✐✈✐❞✉❛❧ i ∈ Cj ♦❢ t②♣❡ θi = θm✳
■ ❝❛❧❧ ❛ ♣❛rt② t❤❛t ✐♥❝❧✉❞❡s ❜♦t❤ ✭❛✮ ✐♥❞✐✈✐❞✉❛❧s ♦❢ t②♣❡ θi < θm ❛♥❞ ✭❜✮ ✐♥❞✐✈✐❞✉❛❧s
♦❢ t②♣❡ θi > θm✱ ❜✉t ♥♦ ✐♥❞✐✈✐❞✉❛❧ i ∈ Cj ♦❢ t②♣❡ θi = θm ❛ ❝♦❛❧✐t✐♦♥ ♦❢ ❡①tr❡♠❡s✳
❯s✐♥❣ t❤❡s❡ ❞❡✜♥✐t✐♦♥s✱ ■ ❝❛♥ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✳
Pr♦♣♦s✐t✐♦♥ ✹✳ ✭❙t❛❜❧❡ P❛rt② ❙tr✉❝t✉r❡s✮✳ ❙✉♣♣♦s❡ ❡✐t❤❡r x0 ≥ x¯m ♦r x0 ≤ xm ✐s
tr✉❡✳ ✭✐✮ ■❢ I(m) ✐s ❛ s✐♥❣❧❡t♦♥✱ t❤❡♥ ❛♥② ♠❛❥♦r✐t❛r✐❛♥ ♦r ❝❡♥tr❛❧ ♣❛rt② str✉❝t✉r❡
〈P, a(P)〉✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❣r❛♥❞ ❝♦❛❧✐t✐♦♥ ♦❢ ❛❧❧ ❧❡❣✐s❧❛t♦rs 〈{N}, a({N})〉✱ ❛❧✇❛②s s✉♣✲
♣♦rts ❛ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠ 〈P, a(P), xm〉✳ ✭✐✐✮ ■❢ I(i)∩ I(m) = ∅ ❢♦r ❛❧❧ i ∈ N s✉❝❤
t❤❛t θi 6= θm✱ t❤❡♥ ♥♦ ❡♥❞s✲❛❣❛✐♥st✲t❤❡✲♠✐❞❞❧❡ ♣❛rt② str✉❝t✉r❡ 〈P, a(P)〉 s✉♣♣♦rts ❛
♣❛rt② ❡q✉✐❧✐❜r✐✉♠✳
Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❇✳
❆ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹ ✐s t❤❛t ♥♦ ♣r♦♣♦s❛❧ aj /∈ I(m) ♠❛❞❡ ❜② ❛ ❝♦❛❧✐t✐♦♥
♦❢ ❡①tr❡♠❡s ✐s ❡✈❡r ✐♠♣❧❡♠❡♥t❡❞✳ ❚❤✐s ♣r♦♣♦s✐t✐♦♥ ❛❧s♦ ♣r♦✈✐❞❡s ❛♥ ✐♥t✉✐t✐✈❡ ✉♥❞❡r✲
st❛♥❞✐♥❣ ♦❢ t❤❡ ♣❛rt② str✉❝t✉r❡ t❤❛t ✉♥❞❡r♣✐♥s t❤❡ ♠❡❞✐❛♥ ✈♦t❡r r❡s✉❧t ✐♥ ❈♦r♦❧❧❛r② ✷
✷✹
✕ t❤❛t ✐s✱ ✐♥ t❤✐s ❢r❛♠❡✇♦r❦✱ ❛ ♣r♦♣♦s❛❧ t❤❛t ❝❛♥ ❞❡❢❡❛t xm ❛♥❞ t❤❛t ❞♦❡s ♥♦t ❣❡♥❡r✲
❛t❡ ✐♥st❛❜✐❧✐t② ✐♥ t❤❡ ♣❛rt② str✉❝t✉r❡ ✐s ❝r❡❞✐❜❧❡ ✕ ✐✳❡✳ ✐t ✐s ✐♥ t❤❡ P❛r❡t♦ s❡t ♦❢ ❛ ♣❛rt②
✕ ♦♥❧② ✐❢ ✐t ✐s ♠❛❞❡ ❜② ❛ ❝♦❛❧✐t✐♦♥ ♦❢ ❡①tr❡♠❡s✳ ❇✉t s✉❝❤ ❛ ♣r♦♣♦s❛❧ ✐s ♥❡✈❡r ❢❡❛s✐❜❧❡
❢♦r ❛ ❝♦❛❧✐t✐♦♥ ♦❢ ❡①tr❡♠❡s ✇❤❡♥❡✈❡r t❤❡ ♦t❤❡r ♣❛rt✐❡s ❛r❡ ✐♥❛❝t✐✈❡✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t
♥♦ ❝♦♥❞✐t✐♦♥❛❧ ❣r♦✉♣ ❝❤♦✐❝❡ ❢✉♥❝t✐♦♥ t❤❛t s❛t✐s✜❡s ♠♦♥♦t♦♥✐❝✐t② ❛♥❞ ♥❡✉tr❛❧✐t② ❝❛♥
❜❡ ❝♦♥s✐st❡♥t ✇✐t❤ s✉❝❤ ❛ ♣r♦♣♦s❛❧✳ ❚❤✉s✱ t❤❡r❡ ✐s ♥♦ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠ t❤❛t ✈✐♦❧❛t❡s
t❤❡ q✉❛s✐✲♠❡❞✐❛♥ ✈♦t❡r t❤❡♦r❡♠✳ ❚❤✐s r❡s✉❧t ✐s ❝♦❤❡r❡♥t ✇✐t❤ t❤❡ ✐❞❡❛✱ ❞✐s❝✉ss❡❞ ✐♥
❍✉ss❡② ✭✷✵✵✽✮✱ t❤❛t ♣❛rt✐❡s ♠❛❞❡ ✉♣ ♦❢ ✐♥❞✐✈✐❞✉❛❧s ✇✐t❤ ♦♣♣♦s✐t❡ ♣♦❧✐t✐❝❛❧ ✈✐❡✇s ❛r❡
❧❡ss ❧✐❦❡❧② t♦ ❜❡ st❛❜❧❡ ❛♥❞ ❧❡ss ❝❛♣❛❜❧❡ ♦❢ ♣✉tt✐♥❣ ❢♦r✇❛r❞ s✉❝❝❡ss❢✉❧ r❡❢♦r♠s✳
Pr♦♣♦s✐t✐♦♥ ✺✳ ✭▲❡❣✐s❧❛t✐✈❡ ●r✐❞❧♦❝❦✮✳ ■❢ x0 /∈ I(m)✱ t❤❡♥ ✭✐✮ ✐♥ ❛♥② st❛❜❧❡
❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦ 〈P, a(P), x0〉✱ t❤❡ ♣❛rt✐t✐♦♥ P ✐s ❡✐t❤❡r ❛♥ ❡♥❞s✲❛❣❛✐♥st✲t❤❡✲♠✐❞❞❧❡
♦r ❛ ❝❡♥tr❛❧ ♣❛rt② str✉❝t✉r❡❀ ✭✐✐✮ ♥♦ st❛❜❧❡ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦ 〈P, a(P), x0〉 ❡①✐sts ✐❢
〈P, a(P)〉 ✐s ❛ ♠❛❥♦r✐t❛r✐❛♥ ♣❛rt② str✉❝t✉r❡✳
Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❇✳
❚❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺ ✐s t❤❛t ✐❢ ❛♥ ❛❝t✐✈❡ ❝♦❛❧✐t✐♦♥ ♦❢ ❡①tr❡♠❡s ❡①✐sts
❛♥❞ ✐t ✐s ♣❛rt ♦❢ ❛ st❛❜❧❡ ♣❛rt② str✉❝t✉r❡✱ t❤❡♥ ✐ts r♦❧❡ ✐s t♦ ❜❧♦❝❦ t❤❡ ❛tt❡♠♣ts ♦❢
♦t❤❡r ♣❛rt✐❡s t♦ ✐♠♣❧❡♠❡♥t ❛ r❡❢♦r♠✳
Pr♦♣♦s✐t✐♦♥s ✹✕✺ ❞❡❧✐✈❡r ❛ r✐❝❤ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❦✐♥❞ ♦❢ ♣❛rt② str✉❝t✉r❡s t❤❛t
❝❛♥ ❜❡ st❛❜❧❡ ✐♥ ❞✐✛❡r❡♥t s❝❡♥❛r✐♦s✳ ❋♦r ✐❧❧✉str❛t✐✈❡ ♣✉r♣♦s❡s✱ ✐t ✐s ✉s❡❢✉❧ t♦ ❛♥❛❧②③❡
❛ s✐♠♣❧❡ ❡①❛♠♣❧❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡ ♣♦❧✐❝② s♣❛❝❡ ✐s X = [0, 1]2✳
❚❤❡r❡ ❛r❡ ✜✈❡ ♣❧❛②❡rs ✕ ✐✳❡✳✱ N = {1, 2, 3, 4, 5}✳ ❚❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r ✐s i = 3✳ ❊❛❝❤
❧❡❣✐s❧❛t♦r ❤❛s ❛ ✉♥✐q✉❡ ✐❞❡❛❧ ♣♦✐♥t r❡♣r❡s❡♥t❡❞ ❜② ❛ ❧❛r❣❡ ❜❧❛❝❦ ❞♦t✳ ❊❛❝❤ ♣❛rt② ✐s
r❡♣r❡s❡♥t❡❞ ❛s t❤❡ s❡t ♦❢ t❤❡ ✐❞❡❛❧ ♣♦✐♥ts ♦❢ ✐ts ♠❡♠❜❡rs✳ ❋♦r ✐♥st❛♥❝❡✱ ❋✐❣✳ ✸✳✶
r❡♣r❡s❡♥ts t❤❡ ♣❛rt✐t✐♦♥ P = {{1, 2, 3}; {4, 5}}✳
❚❤❡ ♣❛rt✐t✐♦♥s ✐♥ ❋✐❣✉r❡s ✸✳✶✱ ✸✳✷✱ ❛♥❞ ✸✳✸ ❝❛♥ s✉st❛✐♥ ❛ st❛❜❧❡ ♣❛rt② str✉❝t✉r❡ ✭❛♥❞
❛ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠ ✐♥ ♣❛rt✐❝✉❧❛r✮ ❜❡❝❛✉s❡ t❤❡② r❡♣r❡s❡♥t ❡✐t❤❡r ❛ ♠❛❥♦r✐t❛r✐❛♥ ✭✸✳✶
❛♥❞ ✸✳✸ ✮ ♦r ❝❡♥tr❛❧ ✭✸✳✷ ✮ ♣❛rt② str✉❝t✉r❡✳ ◆♦t✐❝❡ t❤❛t ❋✐❣✳ ✸✳✸ ✐❧❧✉str❛t❡s ❛ ❝❛s❡ ✐♥
✇❤✐❝❤ ❡❛❝❤ ♣❛rt② ✐s ❛ s✐♥❣❧❡t♦♥✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❛♥❛❧②s✐s r❡s❡♠❜❧❡s t❤❡ ♦♥❡ ♦❢ ❛
✷✺
❋✐❣✉r❡ ✸✳ ■❧❧✉str❛t✐♦♥ ♦❢ ❢♦✉r ♣❛rt② str✉❝t✉r❡s ✐♥ t❤❡ ♣♦❧✐❝② s♣❛❝❡ [0, 1]2✳
❝✐t✐③❡♥✕❝❛♥❞✐❞❛t❡ ♠♦❞❡❧ ✭❖s❜♦r♥❡ ❛♥❞ ❙❧✐✈✐♥s❦✐ ✶✾✾✻✱ ❇❡s❧❡② ❛♥❞ ❈♦❛t❡ ✶✾✾✼✮✱ ✐♥
t❤❡ s❡♥s❡ t❤❛t ❡❛❝❤ ❧❡❣✐s❧❛t♦r ❝❛♥ ♦♥❧② ❝♦♠♠✐t t♦ ❤✐s✴❤❡r ♦✇♥ ✐❞❡❛❧ ♣♦❧✐❝②✳ ❚❤✉s✱ ✐t ✐s
❡q✉✐✈❛❧❡♥t t♦ ❛ ♠♦❞❡❧ ✇✐t❤ ♥♦ ♣♦❧✐t✐❝❛❧ ♣❛rt✐❡s✳ ❚❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ♠♦❞❡❧
♦❢ ❡❧❡❝t♦r❛❧ ❝♦♠♣❡t✐t✐♦♥ ♣r♦♣♦s❡❞ ✐♥ t❤✐s ♣❛♣❡r ❛♥❞ t❤❡ ❝✐t✐③❡♥✕❝❛♥❞✐❞❛t❡ ♠♦❞❡❧ ✐s
❢✉rt❤❡r ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✻✳✷✳
▲❛st❧②✱ ❋✐❣✳ ✸✳✹ r❡♣r❡s❡♥ts ❛ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡r❡ ✐s ❛♥ ❛❝t✐✈❡ ❝♦❛❧✐t✐♦♥ ♦❢ ❡①tr❡♠❡s✱
❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ♣❛rt② str✉❝t✉r❡ ✐s ❡♥❞s✲❛❣❛✐♥st✲t❤❡✲♠✐❞❞❧❡✳ ❚❤❡ ❝♦❛❧✐t✐♦♥ ♦❢ ❡①✲
tr❡♠❡s ♣r♦♣♦s❡s a1✳ Pr♦♣♦s✐t✐♦♥ ✹ ✐♠♣❧✐❡s t❤❛t s✉❝❤ ❛ str✉❝t✉r❡ ❞♦❡s ♥♦t s✉♣♣♦rt ❛
♣❛rt② ❡q✉✐❧✐❜r✐✉♠✳✺✵
❚❤✐s ❡①❛♠♣❧❡ ✐❧❧✉str❛t❡s t❤❛t ✐♥ t❤❡ ♠♦❞❡❧✱ ❛♥ ❛❝t✐✈❡ ❝♦❛❧✐t✐♦♥ ♦❢ ❡①tr❡♠❡s ✐s ♣❛rt
♦❢ ❛ st❛❜❧❡ ♣❛rt② str✉❝t✉r❡ ♦♥❧② ✐❢ ❛ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦ ❤❛s ♦❝❝✉rr❡❞✳ ▼♦r❡♦✈❡r✱
✺✵■♥ t❤✐s ❝❛s❡✱ t❤❡ ♣❛rt② str✉❝t✉r❡ ❞♦❡s ♥♦t s✉♣♣♦rt ❛ st❛❜❧❡ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦ ❡✐t❤❡r✱ ❜❡❝❛✉s❡
s✉❝❤ ❛♥ ♦✉t❝♦♠❡ r❡q✉✐r❡s ❛ ♠✐♥✐♠✉♠ ♦❢ t❤r❡❡ ❛❝t✐✈❡ ♣❛rt✐❡s ❛♥❞ ❜❡❝❛✉s❡ t❤❡ ♣♦s✐t✐♦♥ ♦❢ x0 ❞♦❡s
♥♦t s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳
✷✻
✐t s✉❣❣❡sts t❤❛t ♣❛rt② str✉❝t✉r❡s t❤❛t ❝❛♥ s✉♣♣♦rt r❡❢♦r♠s t❡♥❞ t♦ ❜❡ ✐♥ ❛ ❧❡❢t ✈s✳
r✐❣❤t ❢♦r♠ ✭♠❛❥♦r✐t❛r✐❛♥ ♣❛rt② str✉❝t✉r❡s✮✱ ♦r t♦ r❡s❡♠❜❧❡ ❛ ❣r❛♥❞ ❝♦❛❧✐t✐♦♥ ✇✐t❤
♦r ✇✐t❤♦✉t ❡①tr❡♠✐st ❢r✐♥❣❡s ✭❝❡♥tr❛❧ ♣❛rt② str✉❝t✉r❡s✮✳ ❖t❤❡r ❝♦♥✜❣✉r❛t✐♦♥s ✕ ✐♥
♣❛rt✐❝✉❧❛r✱ ❡♥❞s✲❛❣❛✐♥st✲t❤❡✲♠✐❞❞❧❡ ♣❛rt② str✉❝t✉r❡s ✕ ❛r❡ ❡✐t❤❡r ♥♦t st❛❜❧❡ ♦r ✐♠♣❧②
❛ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦✳
❚❤❡ ♣♦❧✐t✐❝❛❧ s❝✐❡♥❝❡ ❧✐t❡r❛t✉r❡ ♣r♦✈✐❞❡s s♦♠❡ s✉♣♣♦rt ❢♦r t❤✐s ♣r❡❞✐❝t✐♦♥✳ ❙♣❡❝✐❢✲
✐❝❛❧❧②✱ t❤❡r❡ ✐s ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ t❤❛t ❛ ❝♦❛❧✐t✐♦♥ ♦❢ ❡①tr❡♠❡s ✇✐t❤✐♥ ❛♥ ❡❧❡❝t✐✈❡
❜♦❞②✱ s♦♠❡t✐♠❡s r❡❢❡rr❡❞ t♦ ❛s ❈❖❋❊❳ ✈♦t✐♥❣ ❜❡❤❛✈✐♦r ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✭❍✉ss❡②
✷✵✵✽✮✱ ✐s ♥♦t ❛ ❝♦♠♠♦♥ ♦✉t❝♦♠❡✳ ❋♦r ✐♥st❛♥❝❡✱ P♦♦❧❡ ❛♥❞ ❘♦s❡♥t❤❛❧ ✭✶✾✾✼✮ ❛♥❛❧②③❡
t❤❡ ❤✐st♦r② ♦❢ ✈♦t✐♥❣ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♠❡♠❜❡rs ♦❢ ❈♦♥❣r❡ss ❛♥❞ ♣r♦✈✐❞❡ ❡✈✐❞❡♥❝❡
t❤❛t ❈❖❋❊❳ ✈♦t✐♥❣ ✏❞♦❡s ♥♦t ❛♣♣❡❛r ✈❡r② ♦❢t❡♥✱✑ ❛♥❞ ✐t ✐s ❞♦❝✉♠❡♥t❡❞ ♦♥❧② ✏✐♥
✈❡r② ✉♥✉s✉❛❧ ❝✐r❝✉♠st❛♥❝❡s✳✑ ❚❤❡✐r r❡s✉❧ts s❤♦✇ ❧✐tt❧❡ ❈❖❋❊❳ ❛❝t✐✈✐t② t❤r♦✉❣❤♦✉t
❈♦♥❣r❡ss✱ ❛♥❞ ❢✉rt❤❡r r❡❞✉❝t✐♦♥ ❛❢t❡r ✶✾✺✵✳
▲❛st❧②✱ ♥♦t✐❝❡ t❤❛t ✐♥ ❛ st❛❜❧❡ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦ ♣❛rt✐❡s ❛r❡ ❡✛❡❝t✐✈❡✱ ❜❡❝❛✉s❡
t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ x0 ❞✐✛❡rs ❢r♦♠ xm✱ ✇❤✐❝❤ ♣r❡✈❛✐❧s ✇✐t❤ ♥♦ ♣❛rt✐❡s✳ ▼♦r❡♦✈❡r✱
t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♣❛rt✐❡s ❤❛s ✇❡❧❢❛r❡ ❡✛❡❝ts✳ ◆❛♠❡❧②✱ ✐♥ ❛ ❣r✐❞❧♦❝❦ t❤❡ ♠❡♠❜❡rs ♦❢
❛♥ ❛❝t✐✈❡ ❝♦❛❧✐t✐♦♥ ♦❢ ❡①tr❡♠❡s ❛r❡ ♠❛❞❡ ❜❡tt❡r ♦✛ r❡❧❛t✐✈❡ t♦ t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ ♥♦
♣❛rt✐❡s ❡①✐st✳ ❈♦♥✈❡rs❡❧②✱ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r ✐s ♠❛❞❡ ✇♦rs❡ ♦✛✳
✹ ❊①❛♠♣❧❡s
❊❳❆▼P▲❊ ✷ ✭◆♦♥✲❝♦♥✈❡① ♣♦❧✐❝② s♣❛❝❡✿ ❈♦♠♣❧❡♠❡♥t❛r② ❘❡❢♦r♠s✮✳ ❙✉♣♣♦s❡ N
❧❡❣✐s❧❛t♦rs ✭N ♦❞❞✮ ❢❛❝❡ ❛ ❞✐s❝r❡t❡ ❝❤♦✐❝❡ ♦✈❡r ❛ ✜♥✐t❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s❡t ♦❢ r❡❢♦r♠
❛❧t❡r♥❛t✐✈❡s✳ ❚❤❡ ♣♦❧✐❝② s♣❛❝❡ ✐s X ⊆ R2 ✇✐t❤ t②♣✐❝❛❧ ❡❧❡♠❡♥t (x1, x2) s✉❝❤ t❤❛t
(X,) ✐s ❛ ❧❛tt✐❝❡✳ ❚❤❡ st❛t✉s q✉♦ ✐s (x01, x02)✳ ❆ ❧❡❣✐s❧❛t♦r i ❤❛s ♣r❡❢❡r❡♥❝❡s ♦✈❡r X✱
r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ♣r❡❢❡r❡♥❝❡ ♦r❞❡r✐♥❣ i✳
❚❤❡ t✇♦ ❞✐♠❡♥s✐♦♥s ♦❢ ♣♦❧✐❝② r❡❢♦r♠ ❛r❡ ✭✇❡❛❦✮ ❝♦♠♣❧❡♠❡♥ts✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t
❛ r❡❢♦r♠ t❤❛t ❛✛❡❝ts ♦♥❡ ♣♦❧✐❝② ❞✐♠❡♥s✐♦♥ ✐s ♠♦r❡ ❜❡♥❡✜❝✐❛❧ ✭♦r ❧❡ss ❤❛r♠❢✉❧✮ ❢♦r
❡❛❝❤ ❧❡❣✐s❧❛t♦r ✇❤❡♥❡✈❡r t❤❡ r❡❢♦r♠ ❛❧s♦ ♠♦✈❡s t❤❡ ♦t❤❡r ♣♦❧✐❝② ❞✐♠❡♥s✐♦♥ ✐♥ t❤❡
s❛♠❡ ❞✐r❡❝t✐♦♥✳ ❋♦r♠❛❧❧②✱ (x′1, x2) i (x′1, x′2) ✐♠♣❧✐❡s (x1, x2) i (x1, x′2) ❢♦r ❛♥②
(x1, x2) ≥ (x′1, x′2) ❛♥❞ ❢♦r ❛♥② i = 1, 2, ..., N ✳
✷✼
▲❛st❧②✱ ❧❡❣✐s❧❛t♦rs✬ ♣r❡❢❡r❡♥❝❡s ❛r❡ ♦r❞❡r❡❞ ✐♥ ✐♥t❡♥s✐t② s✉❝❤ t❤❛t✱ ❢♦r ❛♥② (x1, x2) ≥
(x′1, x
′
2)✱ ✐❢ (x1, x2) k (x′1, x′2)✱ t❤❡♥ (x1, x2) j (x′1, x′2) ❢♦r ❛❧❧ j ≥ k✳
❲❤❛t ❜✉♥❞❧❡ ♦❢ r❡❢♦r♠s ✭✐❢ ❛♥②✮ ✇✐❧❧ ❜❡ ❝❤♦s❡♥ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♠❛❥♦r✐t❛r✐❛♥ ✐♥st✐✲
t✉t✐♦♥s❄ ❲❤❛t ❝♦❛❧✐t✐♦♥ ♦❢ ❧❡❣✐s❧❛t♦rs s✉♣♣♦rts t❤❡ r❡❢♦r♠❄ ❯♥❞❡r ✇❤✐❝❤ ❝♦♥❞✐t✐♦♥s
✐s t❤❡ st❛t✉s q✉♦ ♠❛✐♥t❛✐♥❡❞❄
❙♦❧✉t✐♦♥✳ ❊❛❝❤ ✐♥❞✐✈✐❞✉❛❧ i ✐s ❡♥❞♦✇❡❞ ✇✐t❤ ❛ ❞✐✛❡r❡♥t t②♣❡ θi ✐♥ t❤✐s ❡①❛♠♣❧❡✳
Pr❡❢❡r❡♥❝❡s s❛t✐s❢② ✭◗❙▼ ✐♥ (x1, x2)✮ ❛♥❞ ✭❙❙❈ ✐♥ (x1, x2), θ
i✮✳
❆❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s st❛t❡❞ ✐♥ s❡❝t✐♦♥ ✷ ❛r❡ s❛t✐s✜❡❞✳ ❆s ❛ r❡s✉❧t✱ Pr♦♣♦s✐t✐♦♥ ✶ ✐♠♣❧✐❡s
t❤❛t t❤❡ ♣♦❧✐❝② (x∗1, x
∗
2) ❝❤♦s❡♥ ✐♥ ❡q✉✐❧✐❜r✐✉♠ ✐s t❤❡ ✐❞❡❛❧ ♣♦❧✐❝② (x
m
1 , x
m
2 ) ♦❢ ♠❡❞✐❛♥
❧❡❣✐s❧❛t♦r m ✇❤❡♥❡✈❡r (x01, x
0
2) ≥ (xm1 , xm2 ) ♦r (x01, x02) ≤ (xm1 , xm2 )✳ ❚❤❡ st❛t✉s q✉♦ ✐s
♠❛✐♥t❛✐♥❡❞ ♦♥❧② ✐❢ ❡✐t❤❡r (x01, x
0
2)  (x
m
1 , x
m
2 ) ♦r (x
0
1, x
0
2)  (x
m
1 , x
m
2 )✱ ♦r (x
0
1, x
0
2) =
(xm1 , x
m
2 )✳ ▲❛st❧②✱ ❜❡❝❛✉s❡ I(i) ∩ I(j) = ∅ ❢♦r ❛❧❧ i 6= j✱ Pr♦♣♦s✐t✐♦♥ ✹ ✭✐✐✮ ✐♠♣❧✐❡s
t❤❛t ❛ st❛❜❧❡ ♣❛rt② str✉❝t✉r❡ t❤❛t s✉♣♣♦rts ❛ r❡❢♦r♠ ✭✐❢ ❛♥② ❡①✐sts✮ ❝❛♥ ❜❡ ❡✐t❤❡r
♠❛❥♦r✐t❛r✐❛♥ ♦r ❝❡♥tr❛❧✱ ❜✉t ❝❛♥♥♦t ❜❡ ✐♥ t❤❡ ❡♥❞s✲❛❣❛✐♥st✲t❤❡✲♠✐❞❞❧❡ ❢♦r♠✳
❊❳❆▼P▲❊ ✸ ✭❆ r❡❢♦r♠ s✉♣♣♦rt❡❞ ❜② ❛ ❧❛r❣❡ ♠❛❥♦r✐t② ♦❢ ❧❡❣✐s❧❛t♦rs✮✳✺✶ ❈♦♥s✐❞❡r
❛♥ ❛ss❡♠❜❧② ❝♦♥s✐st✐♥❣ ♦❢ 7 ❧❡❣✐s❧❛t♦rs✳ ❚❤❡ ♣♦❧✐❝② s♣❛❝❡ ✐s X = R2✳ ▲❡❣✐s❧❛t♦rs✬
♣r❡❢❡r❡♥❝❡s ❛r❡ ❊✉❝❧✐❞❡❛♥✳ ❚❤❡ ✐❞❡❛❧ ♣♦✐♥ts ♦❢ t❤❡ ❧❡❣✐s❧❛t♦rs ❛r❡✿ x1 = (−4,−5)✱
x2 = (−4,−4)✱ x3 = (0,−27/28)✱ x4 = (0, 0)✱ x5 = (2, 0)✱ x6 = (2, 7/2)✱ x7 = (8, 4)✳
❚❤❡ st❛t✉s q✉♦ ✐s x0 = (1,−1)✳ ◆♦t✐❝❡ t❤❛t t❤❡ ✐❞❡❛❧ ♣♦✐♥t ♦❢ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r x4
✐s str✐❝t❧② ♣r❡❢❡rr❡❞ t♦ t❤❡ st❛t✉s q✉♦ ❜② ❛ ❧❛r❣❡ ♠❛❥♦r✐t② ♦❢ ❧❡❣✐s❧❛t♦rs✳ ❙♣❡❝✐✜❝❛❧❧②✱
❧❡❣✐s❧❛t♦rs 2✱ 3✱ 4✱ 6 str✐❝t❧② ♣r❡❢❡r x4 t♦ x0✱ ❧❡❣✐s❧❛t♦r 1 ✐s ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ t❤❡
t✇♦ ❛❧t❡r♥❛t✐✈❡s✱ ❛♥❞ ♦♥❧② ❧❡❣✐s❧❛t♦rs 5 ❛♥❞ 7 str✐❝t❧② ♣r❡❢❡r x0 t♦ x4✳ ❈❛♥ ❛ ♣♦❧✐❝②
r❡❢♦r♠ t❤❛t ❡♥❥♦②s s✉❝❤ ❛ ❧❛r❣❡ s✉♣♣♦rt ❜❡ ❜❧♦❝❦❡❞❄
❙♦❧✉t✐♦♥✳ ❚❤❡ ❛♥s✇❡r ✐s ②❡s✳ ❈♦♥s✐❞❡r t❤❡ ♣❛rt② str✉❝t✉r❡ P = {{1, 7}; {2}; {3}; {4};
{5}; {6}} ❛♥❞ t❤❡ ✈❡❝t♦r ♦❢ ♣♦❧✐❝② ♣r♦♣♦s❛❧s {a1; ∅; ∅; x4; x5; ∅}✳ ■t ✐s ❡❛s② t♦ ✈❡r✐❢②
t❤❛t s✉❝❤ ♣r♦♣♦s❛❧s ❛r❡ ♦♣t✐♠❛❧ ❢♦r ❛❧❧ ❧❡❣✐s❧❛t♦rs ❛♥❞ ♣❛rt✐❡s✳ ❙♣❡❝✐✜❝❛❧❧②✱ ♣❛rt✐❡s
{2},{3}✱ ❛♥❞ {6} ❛r❡ ✐♥❛❝t✐✈❡ ❜❡❝❛✉s❡ ❡❛❝❤ ♦❢ t❤❡♠ ❝❛♥♥♦t ❝❤❛♥❣❡ t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡
❜② ♣r♦♣♦s✐♥❣ t❤❡ ✐❞❡❛❧ ♣♦❧✐❝② ♦❢ ✐ts ✉♥✐q✉❡ ♠❡♠❜❡r✳ P❛rt② {4} ♦♣t✐♠❛❧❧② ♣r♦♣♦s❡s
✺✶■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❙❛✉♠②❛ ❉❡♦❥❛✐♥ ❢♦r s✉❣❣❡st✐♥❣ t❤✐s ❡①❛♠♣❧❡✳
✷✽
x4 ❜❡❝❛✉s❡ ✐ts ✉♥✐q✉❡ ♠❡♠❜❡r ♣r❡❢❡rs x0 t♦ t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ t❤❛t ✇♦✉❧❞ ♣r❡✈❛✐❧ ✐❢
t❤❡ ♣❛rt② ❜❡❝♦♠❡s ✐♥❛❝t✐✈❡✱ ✇❤✐❝❤ ✐s x5✳ ❙✐♠✐❧❛r❧②✱ ♣❛rt② {5} ♦♣t✐♠❛❧❧② ♣r♦♣♦s❡s x5
❜❡❝❛✉s❡ x0 ≻5 a1✳ ▲❛st❧②✱ ♣❛rt② {1, 7} ♦♣t✐♠❛❧❧② ♣r♦♣♦s❡s a1 ❜❡❝❛✉s❡ ❜♦t❤ ♠❡♠❜❡rs
♣r❡❢❡r x0 t♦ x4✳✺✷ ▼♦r❡♦✈❡r✱ ♥❡✐t❤❡r 1 ♥♦r 7 ❤❛s ❛ str✐❝t❧② ✐♥❝❡♥t✐✈❡ t♦ q✉✐t t❤❡
♣❛rt②✱ ❜❡❝❛✉s❡ s✉❝❤ ❛ ❝❤♦✐❝❡ ✇♦✉❧❞ ❧❡❛❞ t♦ ❛ ♣♦❧✐❝② ♦✉t❝♦♠❡ x4✱ ✇❤✐❝❤ ❜♦t❤ ❝♦♥s✐❞❡r
✇❡❛❦❧② ✇♦rs❡ t❤❛♥ x0✳ ❚❤✉s✱ 〈P, {a1; x4; x5}, x0〉 ✐s ❛ st❛❜❧❡ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦✳ ❚❤✐s
✐♠♣❧✐❡s t❤❛t t❤❡ r❡❢♦r♠ ♣r♦♣♦s❡❞ ❜② t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r ❞♦❡s ♥♦t ❣❛✐♥ ❛ st❛❜❧❡
s✉♣♣♦rt ❛♥❞ t❤❡ st❛t✉s q✉♦ ✐s ♠❛✐♥t❛✐♥❡❞✳
❖❚❍❊❘ ❊❳❆▼P▲❊❙ ✭❈♦♠♣❛r❛t✐✈❡ ❙t❛t✐❝s✮✳ ❚❤❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s r❡s✉❧ts ✐♥
Pr♦♣♦s✐t✐♦♥ ✸ ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ✐♥ t✇♦ ❝♦♠♣❛♥✐♦♥ ♣❛♣❡rs ✕ ❜❛s❡❞ ♦♥ ❛ ❤✐❣❤❧② s✐♠♣❧✐✜❡❞
✈❡rs✐♦♥ ♦❢ t❤✐s s❡tt✐♥❣ ✕ t♦ ❛♥❛❧②③❡ ♣♦♣✉❧❛r P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠② q✉❡st✐♦♥s✱ s✉❝❤ ❛s t❤❡
r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t② ❛♥❞ s✐③❡ ♦❢ ❣♦✈❡r♥♠❡♥t ✭❉♦tt✐ ✷✵✶✾✮ ❛♥❞
t❤❡ ❞❡t❡r♠✐♥❛♥ts ♦❢ r❡str✐❝t✐✈❡ ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝✐❡s ✭❉♦tt✐ ✷✵✶✻✮✳ ❚❤❡s❡ ❛♥❞ ♦t❤❡r
❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤✐s ❢r❛♠❡✇♦r❦ ❛r❡ ❜r✐❡✢② ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✻✳✸✳
✺ ❘♦❜✉st♥❡ss
❈r❡❞✐❜✐❧✐t② ♦❢ Pr♦♣♦s❛❧s✳ ■♥ ♠♦❞❡❧s ♦❢ ❡❧❡❝t✐♦♥s ✭❘♦❡♠❡r ✶✾✾✾✱ ▲❡✈② ✷✵✵✹✮ t❤❡ ❛s✲
s✉♠♣t✐♦♥ t❤❛t ❛ ♣❛rt②✬s ♣❧❛t❢♦r♠ ♠✉st ❧✐❡ ✇✐t❤✐♥ t❤❡ P❛r❡t♦ s❡t ♦❢ ✐ts ♠❡♠❜❡rs ✐s
t②♣✐❝❛❧❧② ❥✉st✐✜❡❞ ♦♥ t❤❡ ❣r♦✉♥❞s ♦❢ ❝♦♠♠✐t♠❡♥t ✐ss✉❡s✳ ❙♣❡❝✐✜❝❛❧❧②✱ ▲❡✈② ✭✷✵✵✹✮
❛r❣✉❡s t❤❛t✱ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❢❡❛s✐❜❧❡ ❛❧t❡r♥❛t✐✈❡ t❤❛t ❝❛♥ ♠❛❦❡ ❛❧❧ t❤❡ ♠❡♠❜❡rs ♦❢
t❤❡ ✇✐♥♥✐♥❣ ♣❛rt② ❜❡tt❡r ♦✛✱ t❤❡♥ ❛❢t❡r t❤❡ ❡❧❡❝t✐♦♥s ❛❧❧ t❤❡ ♣❛rt② ♠❡♠❜❡rs ❤❛✈❡
❛ str✐❝t ✐♥❝❡♥t✐✈❡ t♦ r❡♥❡❣♦t✐❛t❡ t❤❡✐r ♣r❡✲❡❧❡❝t♦r❛❧ ❛❣r❡❡♠❡♥t✳ ■♥ t✉r♥✱ t❤✐s ✐♠♣❧✐❡s
t❤❛t ✈♦t❡rs s❤♦✉❧❞ ❛♥t✐❝✐♣❛t❡ t❤❛t s✉❝❤ ♣❧❛t❢♦r♠ ✐s ♥❡✈❡r ❣♦✐♥❣ t♦ ❜❡ ✐♠♣❧❡♠❡♥t❡❞
❜② t❤❡ ♣❛rt② t❤❛t ♣r♦♣♦s❡s ✐t✱ ✐✳❡✳ t❤❡ ♣❧❛t❢♦r♠ ✐s ♥♦t ❝r❡❞✐❜❧❡✳ ❖♥❡ ♠❛② ❝❧❛✐♠ t❤❛t
s✉❝❤ ❛ r❡str✐❝t✐♦♥ ✐s ❤❛r❞❡r t♦ ❥✉st✐❢② ✐♥ ❛ ♠♦❞❡❧ ♦❢ ♣❛rt✐❡s ✇✐t❤✐♥ ❛ ❧❡❣✐s❧❛t✉r❡✱ ✐♥
✇❤✐❝❤ s✉❝❤ ❝♦♠♠✐t♠❡♥t ✐ss✉❡s ❛r❡ ❧❡ss ♦❜✈✐♦✉s✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t
❛❧❧ t❤❡ r❡s✉❧ts ✐♥ Pr♦♣♦s✐t✐♦♥s ✶✱ ✸✱ ✹✱ ✺ ❛♥❞ ❈♦r♦❧❧❛r② ✷ ❝❛rr② ♦✈❡r ✐❢ ❛ ♠✉❝❤ ✇❡❛❦❡r
✺✷◆♦t✐❝❡ t❤❛t ❣✐✈❡♥ a−1 = {∅; ∅;x4;x5; ∅}✱ ♥♦ ♣r♦♣♦s❛❧ ✐♥ t❤❡ P❛r❡t♦ s❡t ♦❢ ♣❛rt② {1, 7} ❝❛♥ ♠❛❦❡
❡✐t❤❡r ♦❢ ✐ts t✇♦ ♠❡♠❜❡rs str✐❝t❧② ❜❡tt❡r ♦✛ r❡❧❛t✐✈❡ t♦ a1✳ ❚❤✉s✱ ♣r♦♣♦s❛❧ a1 ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ❛
♥✉♠❜❡r ♦❢ ♥❡✉tr❛❧ ❛♥❞ ♠♦♥♦t♦♥✐❝ ❝♦♥❞✐t✐♦♥❛❧ ❣r♦✉♣ ❝❤♦✐❝❡ ❢✉♥❝t✐♦♥s✱ ✐♥❝❧✉❞✐♥❣ ❞✐❝t❛t♦r✐❛❧ ♦♥❡s✳
✷✾
r❡str✐❝t✐♦♥ ✐s ✐♠♣♦s❡❞✳ ❙♣❡❝✐✜❝❛❧❧②✱ ■ ♣r♦♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧t❡r♥❛t✐✈❡ ❛ss✉♠♣t✐♦♥✳
■ ❞❡✜♥❡ t❤❡ s❡t ♦❢ ❝r❡❞✐❜❧❡ ♣r♦♣♦s❛❧s X˜j ❢♦r ♣❛rt② Cj ❛s ❢♦❧❧♦✇s✳
X˜j :=


x ∈ X
∣∣∣∣∣∣∣∣∣
∄x′ ∈ X s.t.
[x′ i x ∀i ∈ Cj]∩[
x′ ≻k x for some k ∈ Cj]∩
[x′MV ()x]


❚❤✐s ❛ss✉♠♣t✐♦♥ st❛t❡s t❤❛t ❛ ♣r♦♣♦s❛❧ x ❜② ♣❛rt② Cj ✐s ♥♦t ❝r❡❞✐❜❧❡ ✐❢ ✭❛✮ ✐t ✐s str✐❝t❧②
P❛r❡t♦ ❞♦♠✐♥❛t❡❞ ❜② ❛♥ ❛❧t❡r♥❛t✐✈❡ x′ ❛♥❞ ✭❜✮ ✐t ✐s ❞❡❢❡❛t❡❞ ❜② x′ ❜② ♠❛❥♦r✐t② ✈♦t✐♥❣✳
■♥ ♦t❤❡r ✇♦r❞s✱ ♣♦❧✐❝② x ✐t ✐s ♥♦t ❝r❡❞✐❜❧❡ ♣r♦♣♦s❛❧ ❢♦r ♣❛rt② Cj ❜❡❝❛✉s❡ ✐❢ ✐t ❣❛✐♥s
t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ❛ss❡♠❜❧②✱ t❤❡♥ t❤❡ ♠❡♠❜❡rs ♦❢ t❤❡ ♣r♦♣♦s✐♥❣ ♣❛rt② ❤❛✈❡ ❛ str✐❝t
✐♥❝❡♥t✐✈❡ t♦ ❜r✐♥❣ t♦ t❤❡ ✢♦♦r ❛♥♦t❤❡r ♣r♦♣♦s❛❧ t❤❛t ❞❡❢❡❛ts x✳ ❚❤✉s✱ t❤✐s ❛❧t❡r♥❛t✐✈❡
❛ss✉♠♣t✐♦♥ ♦♥❧② ❡①❝❧✉❞❡s ♣r♦♣♦s❛❧s t❤❛t ❛r❡ ❧✐❦❡❧② t♦ ❜❡ ✐♠♠❡❞✐❛t❡❧② ❛♠❡♥❞❡❞ ❜②
t❤❡ ♣r♦♣♦♥❡♥ts ❛s s♦♦♥ ❛s t❤❡② ♦❜t❛✐♥ t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ❛ss❡♠❜❧②✳
▼♦r❡♦✈❡r✱ t❤✐s ♥♦t✐♦♥ ♦❢ ❝r❡❞✐❜✐❧✐t② ✐s ♠✉❝❤ ❧❡ss ❞❡♠❛♥❞✐♥❣ t❤❛♥ t❤❡ ♦♥❡ t❤❛t
✉♥❞❡r♣✐♥s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Xj✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t X˜j ⊇ Xj✳
❉❡t❛✐❧s ♦♥ t❤❡ ♣r♦♦❢ t♦ t❤✐s r♦❜✉st♥❡ss r❡s✉❧t ❛r❡ ♣r♦✈✐❞❡❞ ✐♥ t❤❡ ♦♥❧✐♥❡ ❛♣♣❡♥❞✐① t♦
t❤✐s ♣❛♣❡r✳
P❛rt② ♠❡r❣❡rs✳ ❖♥❡ ❛s♣❡❝t t❤❛t ❤❛s ♥♦t ②❡t ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ❛♥❛❧②s✐s ✐s
t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❞❡✈✐❛t✐♦♥s t❤❛t ❝♦♥s✐st ✐♥ t❤❡ ♠❡r❣❡r ♦❢ t✇♦ ♦r ♠♦r❡ ♣❛rt✐❡s✳ ❆
❢❡✇ ❡①❛♠♣❧❡s ♦❢ ♣❛rt② ♠❡r❣❡rs ❛r❡ ❞♦❝✉♠❡♥t❡❞ ✐♥ t❤❡ ♣♦❧✐t✐❝❛❧ s❝✐❡♥❝❡ ❧✐t❡r❛t✉r❡
❡①❛♠✐♥✐♥❣ ❞❡♠♦❝r❛t✐❝ ❝♦✉♥tr✐❡s ✭▼❛✐r ✶✾✾✵✮✳ ❖♥❡ ♠❛② ✇♦♥❞❡r ✇❤❛t ❤❛♣♣❡♥s ✐♥
t❤✐s ♠♦❞❡❧ ✐❢ ♦♥❡ ❛❧❧♦✇s ❢♦r ❞❡✈✐❛t✐♦♥s ♦❢ t❤✐s s♦rt✳
❋♦r♠❛❧❧②✱ s✉♣♣♦s❡ ❛ ❞❡✈✐❛t♦r ❝❛♥ ❛❧s♦ ❜❡ ❛ ❣r♦✉♣ ♦❢ ♣❛rt✐❡s C ⊆ P ✇✐t❤ t②♣✐❝❛❧
❡❧❡♠❡♥t Cd ∈ C t❤❛t ✐♥❞✉❝❡ ❛ ♥❡✇ ♣❛rt✐t✐♦♥ P′ s✉❝❤ t❤❛t Cm = ∪Cd∈C ❛♥❞ Cm ∈ P′✳
❙✉❝❤ ❞❡✈✐❛t✐♦♥ ✐s ♣r♦✜t❛❜❧❡ ✐❢ ✐t s❡q✉❡♥t✐❛❧❧② ❧❡❛❞s t♦ ❛ t✉♣❧❡ 〈P′, a′〉 t❤❛t ✐s st❛❜❧❡
❛♥❞ s✉❝❤ t❤❛t w(A′,) ≻i w(A,) ❢♦r ❛❧❧ i ∈ Cm✳ ▲❛st❧②✱ ✐❢ ♦♥❡ ❛❧❧♦✇s ❢♦r ♠❡r❣❡rs✱
t❤❡r❡ ✐s t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❛♥ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ ❞❡✈✐❛t✐♦♥s✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ ■ ❛ss✉♠❡
t❤❛t t❤❡ ❞❡✈✐❛t✐♦♥ ✐s ♥♦t ♣r♦✜t❛❜❧❡✳✺✸ ❯♥❞❡r t❤❡s❡ ❛ss✉♠♣t✐♦♥s✱ ■ ❝❛♥ st❛t❡ t❤❡
❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳
✺✸❚❤✐s ❝❛♥ ❜❡ ❢♦r♠❛❧✐③❡❞ ❜② ❛ss✉♠✐♥❣ t❤❛t t❤❡ ♦✉t❝♦♠❡ ♦❢ ✐♥st❛❜✐❧✐t② ✕ ❞❡♥♦t❡❞ ❜② xD ✕ ✐s ❛
❝♦♥❞✐t✐♦♥ t❤❛t ❧❡❣✐s❧❛t♦rs str♦♥❣❧② ❞✐s❧✐❦❡ ✕ ✐✳❡✳✱ x ≻i xD ❢♦r ❛❧❧ x ∈ X ∪ {x0} ❛♥❞ ❛❧❧ i ∈ N ✳
✸✵
Pr♦♣♦s✐t✐♦♥ ✻✳ ✭▼❡r❣❡rs ♦❢ P❛rt✐❡s✮✳ ■❢ ❡✐t❤❡r x0 ∈ I(m)✱ ♦r x0 ≥ x¯m✱ ♦r
x0 ≤ xm✱ t❤❡♥ ✭✐✮ ❛ st❛❜❧❡ ♣❛rt② str✉❝t✉r❡ s✉❝❤ t❤❛t t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ ✐s t❤❡ ✐❞❡❛❧
♣♦❧✐❝② ♦❢ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r ❛❧✇❛②s ❡①✐sts✳ ■❢ ✭✐✐✮ I(m) ✐s ❛ s✐♥❣❧❡t♦♥✱ t❤❡♥ ❛
t✇♦✲♣❛rt② ♠❛❥♦r✐t❛r✐❛♥ ♣❛rt② str✉❝t✉r❡ ✐s st❛❜❧❡✳
Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❈✳
Pr♦♣♦s✐t✐♦♥ ✻ st❛t❡s t❤❛t✱ ❡✈❡♥ ✐❢ ♠❡r❣❡r ❛r❡ ❛❧❧♦✇❡❞✱ ❛♥ ❡q✉✐❧✐❜r✐✉♠ t❤❛t s❛t✐s✜❡s
t❤❡ q✉❛s✐✲♠❡❞✐❛♥ ✈♦t❡r t❤❡♦r❡♠ ✭❛♥❞ t❤❡r❡❢♦r❡ ♣♦ss❡ss❡s ♠♦♥♦t♦♥❡ ❝♦♠♣❛r❛t✐✈❡
♣r♦♣❡rt✐❡s✮ ❛❧✇❛②s ❡①✐sts✳ ▼♦r❡♦✈❡r✱ ✐❢ t❤❡ ✐❞❡❛❧ ♣♦❧✐❝② ♦❢ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r ✐s
✉♥✐q✉❡✱ t❤❡♥ ❛♥② ♠❛❥♦r✐t❛r✐❛♥ t✇♦✲♣❛rt② str✉❝t✉r❡ ✐s st❛❜❧❡✳ ❚❤✐s r❡s✉❧t ✐♠♣❧✐❡s t❤❛t
✐♥ ❛ ♣♦❧✐t✐❝❛❧ s②st❡♠ ✐♥ ✇❤✐❝❤ ♣❛rt② ❛❣❣r❡❣❛t✐♦♥ ✐s ♣♦ss✐❜❧❡ ❛♥❞ ♥♦t ❝♦st❧②✱ ❧❡❣✐s❧❛t♦rs
t❡♥❞ t♦ s♦rt t❤❡♠s❡❧✈❡s ✐♥t♦ ❡❛❝❤ ♣❛rt② ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ♣♦s✐t✐♦♥ ✐♥ t❤❡ ❧❡❢t ✈s✳
r✐❣❤t ♣r❡❢❡r❡♥❝❡ ❞✐♠❡♥s✐♦♥✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ ❛ ♠❛❥♦r✐t❛r✐❛♥ t✇♦✲♣❛rt② str✉❝t✉r❡ ✐s
❛❧✇❛②s ❛ ❢❡❛s✐❜❧❡ ✭❛♥❞ ♣♦ss✐❜❧② ❧✐❦❡❧②✮ ♦✉t❝♦♠❡✳
❋✐♥❛❧ ❆♣♣r♦✈❛❧ ❱♦t❡✳ ❈♦♥s✐❞❡r ❛♥ ❛❧t❡r♥❛t✐✈❡ ❧❡❣✐s❧❛t✐✈❡ ♣r♦❝❡ss ✐♥ ✇❤✐❝❤ ❛♥② ✇✐♥✲
♥✐♥❣ ♣r♦♣♦s❛❧ w ✐♥ t❤❡ ❝♦r❡ K(A,) ♠✉st ❜❡ ❛♣♣r♦✈❡❞ ✐♥ ❛ ✜♥❛❧ ✈♦t❡ ❛❣❛✐♥st x0
❜❡❢♦r❡ ❜❡❝♦♠✐♥❣ t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡✳ ❆❧❧ t❤❡ ♣r❡❞✐❝t✐♦♥s ♦❢ t❤✐s ❛♥❛❧②s✐s ❛r❡ ✉♥❛❢✲
❢❡❝t❡❞ ❛s ❧♦♥❣ ❛s t❤❡ ♠❡❞✐❛♥ ✐❞❡❛❧ ♣♦❧✐❝② ✐s ♣r❡❢❡rr❡❞ t♦ t❤❡ st❛t✉s q✉♦ ❜② ❛ ♠❛❥♦r✐t②
♦❢ ✐♥❞✐✈✐❞✉❛❧s ✭xmMV ()x0✮✱ ❛s ❛ss✉♠❡❞ t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s
✐s ❛❧✇❛②s t❤❡ ❝❛s❡ ✇❤❡♥❡✈❡r t❤❡ ✐❞❡❛❧ ♣♦✐♥t ♦❢ t❤❡ ♠❡❞✐❛♥ ✈♦t❡r ✐s ❤✐❣❤❡r ♦r ❧♦✇❡r
t❤❛♥ t❤❡ st❛t✉s q✉♦✱ ❛s ✐♥ t❤❡ ♠♦t✐✈❛t✐♥❣ ❡①❛♠♣❧❡ ✭❈❛s❡ ✶✮ ✐♥ s❡❝t✐♦♥ ✶✳✷✳
■❢ ❝♦♥❞✐t✐♦♥ ✭xmMV ()x0✮ ❞♦❡s ♥♦t ❤♦❧❞✱ t❤❡♥ t❤❡ r❡s✉❧ts ❝❛rr② ♦✈❡r ✐❢ ♦♥❡
❛ss✉♠❡s t❤❛t t❤❡ ❣r♦✉♣ ❝❤♦✐❝❡ ❢✉♥❝t✐♦♥ W s❡❧❡❝ts t❤❡ ✇✐♥♥✐♥❣ ♣r♦♣♦s❛❧ r❛t❤❡r t❤❛♥
t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡✱ ❛♥❞ ❝♦♥❞✐t✐♦♥❛❧ ♣r❡❢❡r❡♥❝❡s Rj,i r❛♥❦ ♣r♦♣♦s❛❧s ❛❝❝♦r❞✐♥❣ ✇✐t❤
t❤❡ ♦✉t❝♦♠❡ ♦❢ W ✳✺✹ ❆❧❧ t❤❡ r❡s✉❧ts ❝❛rr② ♦✈❡r ✉♥❞❡r t❤✐s ♥❡✇ s❡t ♦❢ ❛ss✉♠♣t✐♦♥s✱
❡①❝❡♣t Pr♦♣♦s✐t✐♦♥ ✶ ♣❛rt ✭✐✐✮✱ ✇❤✐❝❤ ❜❡❝♦♠❡s ❛ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠ s✉❝❤ t❤❛t t❤❡
✇✐♥♥✐♥❣ ♣r♦♣♦s❛❧ ✐s ❛♥ ✐❞❡❛❧ ♣♦✐♥t ♦❢ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r m ❛❧✇❛②s ❡①✐sts✳ ❚❤✐s
st❛t❡♠❡♥t ❝❛♣t✉r❡ t❤❡ ❢❛❝t t❤❛t t❤❡ r❡❢♦r♠ ♣r❡❢❡rr❡❞ ❜② t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r ✐s ♥♦t
❛♣♣r♦✈❡❞ ✐♥ t❤❡ ✜♥❛❧ ✈♦t❡✳ ❚❤✉s✱ t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ ✐s x0✳
✺✹◆♦t✐❝❡ t❤❛t t❤✐s ❛ss✉♠♣t✐♦♥ ✐s ♥♦t ❝♦♥s✐st❡♥t ✇✐t❤ ♣✉r❡❧② ♣♦❧✐❝②✲♠♦t✐✈❛t❡❞ ❧❡❣✐s❧❛t♦rs✳ ■t ❝❛♥
❜❡ r❛t✐♦♥❛❧✐③❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ ✇✐t❤ ✐❞❡♦❧♦❣✐❝❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s t❤❛t ♠❛❦❡ ❧❡❣✐s❧❛t♦rs ❝❛r❡ ❛❜♦✉t t❤❡✐r
♣❛rt② ♣r♦♣♦s❛❧✱ r❛t❤❡r t❤❛♥ ❛❜♦✉t t❤❡ ✜♥❛❧ ♦✉t❝♦♠❡ ♦❢ t❤❡ ❧❡❣✐s❧❛t✐✈❡ ♣r♦❝❡ss✳
✸✶
▲❛st❧②✱ t❤❡ ♠❛✐♥ r❡s✉❧ts ✐♥ Pr♦♣♦s✐t✐♦♥s ✶✱ ✸✱ ✹✱ ❛♥❞ ✺✱ ❛♥❞ ❈♦r♦❧❧❛r② ✷✱ ❛r❡ ❛❧s♦
r♦❜✉st✱ ❛t ❧❡❛st t♦ s♦♠❡ ❡①t❡♥t✱ t♦ ❛ ♥✉♠❜❡r ♦❢ ✭✐✮ ❛❧t❡r♥❛t✐✈❡ ❛ss✉♠♣t✐♦♥s ♦♥ ♣❛rt②
♠❡♠❜❡rs✬ ❜❡❤❛✈✐♦r✱ ✭✐✐✮ r❡✜♥❡♠❡♥ts ♦❢ t❤❡ st❛❜✐❧✐t② ❝♦♥❝❡♣t✱ ❛♥❞ ✭✐✐✐✮ s♣❡❝✐✜❝ t②♣❡s
♦❢ ♣r❡❢❡r❡♥❝❡ ♣❡rt✉r❜❛t✐♦♥s✳ ❚❤❡s❡ r♦❜✉st♥❡ss r❡s✉❧ts ❛r❡ ❡①t❡♥s✐✈❡❧② ❞❡s❝r✐❜❡❞ ✐♥
❛♥ ♦♥❧✐♥❡ ❛♣♣❡♥❞✐①✳
✻ ❉✐s❝✉ss✐♦♥
■♥ t❤✐s s❡❝t✐♦♥✱ ■ ❞✐s❝✉ss ✐♥ ❢✉rt❤❡r ❞❡t❛✐❧ s♦♠❡ ❛s♣❡❝ts t❤❛t ❤❛✈❡ ❜❡❡♥ ♠❡♥t✐♦♥❡❞ ✐♥
t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✿ ✭✶✮ ❤♦✇ r❡str✐❝t✐✈❡ t❤❡ ❛ss✉♠♣t✐♦♥s ✐♥ t❤✐s ♣❛♣❡r ❛r❡ r❡❧❛t✐✈❡
t♦ t❤♦s❡ ✐♠♣♦s❡❞ ✐♥ tr❛❞✐t✐♦♥❛❧ ✈♦t✐♥❣ ♠♦❞❡❧s❀ ✭✷✮ t❤❡ s✐♠✐❧❛r✐t✐❡s ❛♥❞ ❞✐✛❡r❡♥❝❡s
❜❡t✇❡❡♥ t❤❡ ♠♦❞❡❧ ♦❢ ♣♦❧✐t✐❝❛❧ ♣❛rt✐❡s ♣r♦♣♦s❡❞ ✐♥ t❤✐s ♣❛♣❡r ❛♥❞ s♦♠❡ ♣♦♣✉❧❛r ❛❧t❡r✲
♥❛t✐✈❡s ✐♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ❧✐t❡r❛t✉r❡❀ ❛♥❞ ✭✸✮ t❤❡ ❡①✐st✐♥❣ ❛♥❞ ♣♦t❡♥t✐❛❧ ❛♣♣❧✐❝❛t✐♦♥s
♦❢ t❤✐s t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦✳
✻✳✶ Pr❡❢❡r❡♥❝❡ ❘❡str✐❝t✐♦♥s
❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s ♣❛♣❡r ❝♦♥s✐sts ✐♥ ❛ q✉❛s✐✲♠❡❞✐❛♥ ✈♦t❡r t❤❡♦r❡♠ ✭❈♦r♦❧❧❛r② ✷✮✳
❍♦✇ r❡str✐❝t✐✈❡ ❛r❡ t❤❡ r❡str✐❝t✐♦♥s ♦❢ ✭◗❙▼✮ ❛♥❞ ✭❙❙❈✮ r❡❧❛t✐✈❡ t♦ t❤♦s❡ t❤❛t ❛r❡
s✉✣❝✐❡♥t ❢♦r t❤❡ tr❛❞✐t✐♦♥❛❧ ♠❡❞✐❛♥ ✈♦t❡r t❤❡♦r❡♠ t♦ ❤♦❧❞ ✇✐t❤ ♥♦ ♣♦❧✐t✐❝❛❧ ♣❛rt✐❡s❄
■♥ s❤♦rt✱ t❤❡② ❛r❡ ♠✉❝❤ ❧❡ss r❡str✐❝t✐✈❡✳
❙❡✈❡r❛❧ ❞✐✛❡r❡♥t ❝♦♥❞✐t✐♦♥s ❤❛✈❡ ❜❡❡♥ s❤♦✇♥ t♦ ❜❡ s✉✣❝✐❡♥t ❢♦r ❛ ♠❡❞✐❛♥ ✈♦t❡r t❤❡✲
♦r❡♠ t♦ ❤♦❧❞✱ s✉❝❤ ❛s s✐♥❣❧❡✲♣❡❛❦❡❞♥❡ss ✭❇❧❛❝❦ ✶✾✺✽✮✱ t❤❡ s✐♥❣❧❡ ❝r♦ss✐♥❣ ❝♦♥❞✐t✐♦♥
✭●❛♥s ❛♥❞ ❙♠❛rt ✶✾✾✻✮✱ ❛♥❞ t♦♣ ♠♦♥♦t♦♥✐❝✐t② ✭❇❛r❜❡rà ❛♥❞ ▼♦r❡♥♦ ✷✵✶✶✮✳ ❆❧❧
t❤❡s❡ ❝♦♥❝❡♣ts r❡❧② ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❧✐♥❡❛r ♦r❞❡r ♦♥ t❤❡ s❡t ♦❢ ❛❧t❡r♥❛t✐✈❡s t❤❛t
✐s ❝♦♥s✐st❡♥t ✇✐t❤ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ♦r❞❡r✐♥❣ ✐♥ ✈♦t❡rs✬ ♣r❡❢❡r❡♥❝❡s✳
❋♦r ✐♥st❛♥❝❡✱ ❝♦♥s✐❞❡r ❛ t♦t❛❧ ♦r❞❡r >′ ♦♥ X ❛♥❞ ❛ t♦t❛❧ ♦r❞❡r >′′ ♦♥ N ✳ ❚❤❡
✭✉♥✐❞✐♠❡♥s✐♦♥❛❧✮ s✐♥❣❧❡ ❝r♦ss✐♥❣ ❝♦♥❞✐t✐♦♥ ✭❯❙❈✮ r❡q✉✐r❡s t❤❛t ❢♦r ❛❧❧ i, j ∈ N s✉❝❤
t❤❛t j >′′ i ❛♥❞ ❛❧❧ x, y ∈ X s✉❝❤ t❤❛t y >′ x t❤❡ ✈♦t❡rs✬ ♣r❡❢❡r❡♥❝❡s s❛t✐s❢② y i
x → y j x ❛♥❞ y ≻i x → y ≻j x✳ ❙✐♠✐❧❛r❧②✱ s✐♥❣❧❡✲♣❡❛❦❡❞♥❡ss ✭❙P✮ ♦✈❡r X
✕ ❛ss✉♠❡❞ ✐♥ ▲❡✈② ✭✷✵✵✹✮ ✕ r❡q✉✐r❡s t❤❛t ❢♦r ❛ ❣✐✈❡♥ ♣❡❛❦ pi(X) ∈ X ♦❢ ❡❛❝❤
✈♦t❡r i✱ [pi(X) >′ y >′ x ♦r x >′ y >′ pi(X)] → y ≻i x✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡
✸✷
✐❧❧✉str❛t❡s ❤♦✇ ♠✉❝❤ ♠♦r❡ r❡str✐❝t✐✈❡ ✭❯❙❈✮ ❛♥❞ ✭❙P✮ ❛r❡ r❡❧❛t✐✈❡ t♦ ✭❙❙❈✮ ♦✈❡r
♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❝❤♦✐❝❡ ❞♦♠❛✐♥s✳
❈♦♥s✐❞❡r t❤❡ ❧❛tt✐❝❡ (X,≥) ✇✐t❤ X = {x ∨ y, x, y, x ∧ y}✱ x  y✱ ❛♥❞ x  y✳
❇❡❝❛✉s❡ x ❛♥❞ y ❛r❡ ♥♦t ♦r❞❡r❡❞ ✭✇✐t❤ r❡s♣❡❝t t♦ ≥✮✱ ♥♦ r❡str✐❝t✐♦♥ ♦♥ t❤❡ ✈♦t❡rs✬
♣r❡❢❡r❡♥❝❡s ❜❡t✇❡❡♥ x ❛♥❞ y ✐s r❡q✉✐r❡❞ ❢♦r ✭❙❙❈✮ t♦ ❤♦❧❞✳ ❈♦♥✈❡rs❡❧②✱ ❜♦t❤ ✭❯❙❈✮
❛♥❞ ✭❙P✮ r❡q✉✐r❡ r❡str✐❝t✐♦♥s ♦♥ t❤❡ ♣r❡❢❡r❡♥❝❡s ❜❡t✇❡❡♥ x ❛♥❞ y✳✺✺ ■♥ ♦t❤❡r ✇♦r❞s✱
✭❯❙❈✮ ❛♥❞ ✭❙P✮ r❡str✐❝ts ♣r❡❢❡r❡♥❝❡s ❜❡t✇❡❡♥ ❛♥② ♣❛✐r ♦❢ ❡❧❡♠❡♥ts ✐♥X✳ ❈♦♥✈❡rs❡❧②✱
✭❙❙❈✮ r❡str✐❝ts ♣r❡❢❡r❡♥❝❡s s♦❧❡❧② ❜❡t✇❡❡♥ ❡❛❝❤ ♣❛✐r ♦❢ t♦t❛❧❧② ♦r❞❡r❡❞ ❡❧❡♠❡♥ts ♦❢
t❤❡ ♣❛rt✐❛❧❧② ♦r❞❡r❡❞ s❡t X✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ■ ✐♠♣♦s❡ t❤❡ ❛❞❞✐t✐♦♥❛❧ r❡str✐❝t✐♦♥ ✭◗❙▼✮✱ ✇❤✐❝❤ ❝♦♥s✐sts ✐♥ ❛
❢♦r♠ ♦❢ ✇❡❛❦ ❝♦♠♣❧❡♠❡♥t❛r✐t② ❜❡t✇❡❡♥ ❡❛❝❤ t✇♦ ♣♦❧✐❝② ❞✐♠❡♥s✐♦♥s ✭▼✐❧❣r♦♠ ❛♥❞
❙❤❛♥♥♦♥ ✶✾✾✹✮✳ ❆❧❜❡✐t r❛t❤❡r r❡str✐❝t✐✈❡✱ ✭◗❙▼✮ ✐s s❛t✐s✜❡❞ ✐♥ ❧❛r❣❡ ♥✉♠❜❡r ♦❢
❡❝♦♥♦♠✐❝ ❛♣♣❧✐❝❛t✐♦♥s✱ s✉❝❤ ❛s t❤❡ ❢♦✉r ❡①❛♠♣❧❡s ✐❧❧✉str❛t❡❞ ✐♥ s❡❝t✐♦♥s ✶✳✶ ❛♥❞ ✹ ♦❢
t❤✐s ♣❛♣❡r✱ ❛♥❞ t❤♦s❡ ♠❡♥t✐♦♥❡❞ ✐♥ s❡❝t✐♦♥ ✻✳✸✳
✻✳✷ ❘❡❧❛t✐♦♥s❤✐♣ ✇✐t❤ ❆❧t❡r♥❛t✐✈❡ ▼♦❞❡❧s
❈✐t✐③❡♥✕❈❛♥❞✐❞❛t❡ ▼♦❞❡❧s✳ ❚❤❡ ♠♦❞❡❧ ♣r♦♣♦s❡❞ ✐♥ t❤✐s ♣❛♣❡r ✐s ❝❧♦s❡❧② r❡❧❛t❡❞ t♦
t❤❡ ❝❧❛ss ♦❢ ♠♦❞❡❧s ♦❢ ❡❧❡❝t✐♦♥s ✇✐t❤ ❝✐t✐③❡♥✲❝❛♥❞✐❞❛t❡s ✭❖s❜♦r♥❡ ❛♥❞ ❙❧✐✈✐♥s❦✐ ✶✾✾✻✱
❇❡s❧❡② ❛♥❞ ❈♦❛t❡ ✶✾✾✼✮✳ ❚❤❡s❡ ♠♦❞❡❧s ❝❛♥ ❛❞❞r❡ss t❤❡ ♣r♦❜❧❡♠ ♦❢ ♠✉❧t✐❞✐♠❡♥s✐♦♥✲
❛❧✐t② ❜② r❡str✐❝t✐♥❣ t❤❡ ❝♦♠♠✐t♠❡♥t ❝❛♣❛❜✐❧✐t② ♦❢ ♣♦❧✐t✐❝✐❛♥s✳ ❚❤❡ ❦❡② ❛ss✉♠♣t✐♦♥ ✐s
t❤❛t ❡❛❝❤ ❝✐t✐③❡♥ ❝❛♥ r✉♥ ❢♦r ❡❧❡❝t✐♦♥s ❛s ❛ ❝❛♥❞✐❞❛t❡✱ ❛♥❞ t❤❛t ❡❛❝❤ ❝❛♥❞✐❞❛t❡ ❝❛♥
❝r❡❞✐❜❧② ❝♦♠♠✐t ♦♥❧② t♦ ❤✐s✴❤❡r ✐❞❡❛❧ ♣♦✐♥t✳ ■♥ ❇❡s❧❡② ❛♥❞ ❈♦❛t❡✬s ✭✶✾✾✼✮ ♠♦❞❡❧✱
✐❢ t❤❡r❡ ✐s ❛ str✐❝t ❈♦♥❞♦r❝❡t ✇✐♥♥❡r ✐♥ t❤❡ s❡t ♦❢ ❛❧❧ ❝✐t✐③❡♥s✬ ✐❞❡❛❧ ♣♦✐♥ts✱ ❛♥ ❡q✉✐✲
❧✐❜r✐✉♠ ❡①✐sts✺✻ ✐♥ ✇❤✐❝❤ ❛ s✐♥❣❧❡ ❝✐t✐③❡♥ r✉♥s ✉♥♦♣♣♦s❡❞✳ ◆♦t✐❝❡ t❤❛t ✐❢ ♣r❡❢❡r❡♥❝❡s
❛r❡ str✐❝t❧② ❝♦♥✈❡① ❛♥❞ s❛t✐s❢② ◗❙▼ ❛♥❞ ❙❙❈✱ t❤❡♥ t❤❡ ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✳ ❚❤✉s✱
t❤❡ ♣r❡❞✐❝t✐♦♥ ♦❢ s✉❝❤ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ❝✐t✐③❡♥✕❝❛♥❞✐❞❛t❡ ♠♦❞❡❧ ✐s ✐❞❡♥t✐❝❛❧ t♦
t❤❛t ♦❢ t❤❡ ✜♥❡st st❛❜❧❡ ♣❛rt② str✉❝t✉r❡ ✐♥ t❤❡ ♠♦❞❡❧ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r✳
✺✺▼♦r❡ ❣❡♥❡r❛❧❧②✱ s✐♥❣❧❡✲♣❡❛❦❡❞♥❡ss ✐s ❛♥ ❡①tr❡♠❡❧② r❡str✐❝t✐✈❡ ❛ss✉♠♣t✐♦♥ ♦✈❡r ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧
❝❤♦✐❝❡ ❞♦♠❛✐♥s✳ ❙❡❡ ❑r❛♠❡r ✭✶✾✼✸✮✳
✺✻❚❤❡ ❈♦♥❞♦r❝❡t ✇✐♥♥❡r ♠✉st ❜❡ ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ❞❡❢❛✉❧t ♣♦❧✐❝②✱ ❞❡✜♥❡❞ ❛s t❤❡ ♣♦❧✐❝② t❤❛t ✐s
✐♠♣❧❡♠❡♥t❡❞ ✐❢ ♥♦ ❝❛♥❞✐❞❛t❡ r✉♥s ❢♦r ❡❧❡❝t✐♦♥✳ ▼♦r❡♦✈❡r✱ t❤❡ ❝♦st ♦❢ r✉♥♥✐♥❣ ❢♦r ❡❧❡❝t✐♦♥ ♠✉st ❜❡
s✉✣❝✐❡♥t❧② s♠❛❧❧✳ ❙❡❡ ❈♦r♦❧❧❛r② ✷ ✭✐✐✮ ✐♥ ❇❡s❧❡② ❛♥❞ ❈♦❛t❡ ✭✶✾✾✼✮✳
✸✸
❍♦✇❡✈❡r✱ t❤❡r❡ ❛r❡ s✉❜st❛♥t✐❛❧ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ t✇♦ ❢r❛♠❡✇♦r❦s ✐♥ t❡r♠s ♦❢
♦t❤❡r ♣♦ss✐❜❧❡ ♦✉t❝♦♠❡s✳ ❋✐rst✱ ❡✈❡♥ ✐❢ t❤❡r❡ ✐s ❛ ❈♦♥❞♦r❝❡t ✇✐♥♥❡r ♦✈❡r t❤❡ s❡t ♦❢
✐❞❡❛❧ ♣♦✐♥ts✱ t❤❡r❡ ♠❛② ❜❡ ♦t❤❡r ❡q✉✐❧✐❜r✐❛ ♦❢ t❤❡ ❝✐t✐③❡♥✕❝❛♥❞✐❞❛t❡ ♠♦❞❡❧ ✐♥ ✇❤✐❝❤
t❤❡ ♠❡❞✐❛♥ ✐❞❡❛❧ ♣♦❧✐❝② ❞♦❡s ♥♦t ♣r❡✈❛✐❧✳✺✼ ❙❡❝♦♥❞✱ ❛♥ ♦✉t❝♦♠❡ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛
❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦ ❝❛♥ ❜❡ ❛ st❛❜❧❡ ♣❛rt② str✉❝t✉r❡✱ ❜✉t ✐t ✐s ♥❡✈❡r ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✐♥
❇❡s❧❡② ❛♥❞ ❈♦❛t❡✬s ✭✶✾✾✼✮ ❢r❛♠❡✇♦r❦✳
▲❡✈②✬s ▼♦❞❡❧s ♦❢ ❊♥❞♦❣❡♥♦✉s P♦❧✐t✐❝❛❧ P❛rt✐❡s✳ ❚❤❡ t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦ ■ ♣r♦♣♦s❡
♣♦ss❡ss❡s s❡✈❡r❛❧ s✐♠✐❧❛r✐t✐❡s ✇✐t❤ t❤❛t ✐♥ ▲❡✈② ✭✷✵✵✹✮✱ ✇❤✐❝❤ ✐♥✈❡st✐❣❛t❡s t❤❡ r♦❧❡
♦❢ ♣❛rt✐❡s ✐♥ ❡❧❡❝t✐♦♥s✳ ❚❤❡ t✇♦ ♠♦❞❡❧s ❞✐✛❡r ✐♥ ❢♦✉r ❦❡② ❛s♣❡❝ts✳ ❋✐rst✱ ■ r❡q✉✐r❡
t❤❡ ♣❛rt✐❡s✬ ✐♥t❡r♥❛❧ ❝❤♦✐❝❡ ♣r♦t♦❝♦❧ t♦ s❛t✐s❢② s♦♠❡ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ✭♠♦♥♦t♦♥✐❝✐t②
❛♥❞ ♥❡✉tr❛❧✐t②✮✳ ❙❡❝♦♥❞✱ ■ ❛ss✉♠❡ t❤❛t ✐♥❞✐✈✐❞✉❛❧ ♣r❡❢❡r❡♥❝❡s ❛r❡ ♦r❞❡r❡❞ ✕ ✐✳❡✳✱
t❤❡② s❛t✐s❢② ✭❙❙❈✮✱ ❜✉t t❤❡② ❞♦ ♥♦t ♥❡❡❞ t♦ ❜❡ s✐♥❣❧❡✲♣❡❛❦❡❞✳ ❚❤✐r❞✱ ■ ❛❧❧♦✇ ❢♦r t❤❡
st❛t✉s q✉♦ t♦ ❜❡ ❛♥ ❛❧t❡r♥❛t✐✈❡ t❤❛t ❝♦✉❧❞ ❜❡ ❛♣♣❡❛❧✐♥❣ ❢♦r s♦♠❡ ✈♦t❡rs✳ ❋♦✉rt❤✱ ■
❞❡♣❛rt ❢r♦♠ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ s✐♥❝❡r❡ ✈♦t✐♥❣✳
❚❤✉s✱ t❤❡ ♠♦❞❡❧ ♣r♦♣♦s❡❞ ✐♥ t❤✐s ♣❛♣❡r ✐s ♠♦r❡ r❡str✐❝t✐✈❡ t❤❛♥ ▲❡✈②✬s ❢r❛♠❡✇♦r❦
✐♥ t❡r♠s ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ✐♥t❡r♥❛❧ ♣❛rt② ♣r♦❝❡ss✱ ❜✉t ✐t ✐s ♠♦r❡ ❣❡♥❡r❛❧
✇✐t❤ r❡s♣❡❝t t♦ ✐♥❞✐✈✐❞✉❛❧ ♣r❡❢❡r❡♥❝❡s✱✺✽ ❛♥❞ ✐t ❛❧❧♦✇s ❢♦r str❛t❡❣✐❝ ✈♦t✐♥❣ ❜❡❤❛✈✐♦r✳
▼♦r❡♦✈❡r✱ ✐t ❞❡❧✐✈❡rs ❛ s❤❛r♣❡r ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ st❛❜❧❡ ♣❛rt② str✉❝t✉r❡s✱ t❤❡
♣r♦♣♦s❛❧s ♠❛❞❡ ❜② ❡❛❝❤ ♣❛rt②✱ ❛♥❞ t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ ♦❢ t❤❡ ♣♦❧✐t✐❝❛❧ ♣r♦❝❡ss✳
■♥ ♣❛rt✐❝✉❧❛r✱ ✐♥ ▲❡✈②✬s ♠♦❞❡❧✱ ❛ ❝♦❛❧✐t✐♦♥ ♦❢ ❡①tr❡♠❡s ♣r♦♣♦s✐♥❣ ❛ ♣♦❧✐❝② ♣❧❛t❢♦r♠
t❤❛t ✐s ♥♦t ❛♥ ✐❞❡❛❧ ♣♦✐♥t ♦❢ t❤❡ ♠❡❞✐❛♥ ❝✐t✐③❡♥ ♠❛② ❜❡ ❛ ✇✐♥♥✐♥❣ ♣❛rt② ✐♥ s♦♠❡
❡q✉✐❧✐❜r✐❛✱ ✇❤✐❧❡ ✐♥ t❤✐s ♣❛♣❡r✱ t❤❡r❡ ✐s ♥♦ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠ ❢❡❛t✉r✐♥❣ ❛♥ ❡♥❞s✲
❛❣❛✐♥st✲t❤❡✲♠✐❞❞❧❡ ♣❛rt② str✉❝t✉r❡ ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✹✮✳
❙✉❝❤ ❡q✉✐❧✐❜r✐❛ ♦❢ ▲❡✈②✬s ♠♦❞❡❧ ❛r❡ s♦♠❡t✐♠❡s ✐♥t❡r❡st✐♥❣ ❢♦r ♣♦❧✐❝②✲r❡❧❡✈❛♥t ❛♣♣❧✐✲
❝❛t✐♦♥s ✕ ❡✳❣✳✱ t❤❡ ♦♥❡ ✐♥ ▲❡✈② ✭✷✵✵✺✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡✐r ❡①✐st❡♥❝❡ ❝r✉❝✐❛❧❧②
❞❡♣❡♥❞s ♦♥ t❤❡ ❛❜✐❧✐t② ♦❢ ♣❛rt✐❡s t♦ s❡❧❡❝t t❤❡✐r ♣❧❛t❢♦r♠s ✉s✐♥❣ ❛ ❝❤♦✐❝❡ ♣r♦❝❡❞✉r❡
t❤❛t ✈✐♦❧❛t❡s ♥❡✉tr❛❧✐t② ✭s❡❡ s❡❝t✐♦♥s ✶ ❛♥❞ ✷✳✷✮✳ ▼♦r❡♦✈❡r✱ t❤❡ ❡♠♣✐r✐❝❛❧ ❧✐t❡r❛✲
t✉r❡ ❞❡❡♠s s✉❝❤ ❡♥❞s✲❛❣❛✐♥st✲t❤❡✲♠✐❞❞❧❡ str✉❝t✉r❡s ❧❡ss ❧✐❦❡❧② t♦ ♣r♦♣♦s❡ s✉❝❝❡ss❢✉❧
r❡❢♦r♠s ✭s❡❡ s❡❝t✐♦♥ ✸✳✸✮✳
✺✼❋♦r ✐♥st❛♥❝❡✱ t❤❡r❡ ♠❛② ❜❡ ❡q✉✐❧✐❜r✐❛ ✐♥ ✇❤✐❝❤ t✇♦ ✭♦r ♠♦r❡✮ ❝❛♥❞✐❞❛t❡s r✉♥ ❢♦r ❡❧❡❝t✐♦♥s ❛♥❞
❡❛❝❤ ♦❢ t❤❡♠ ✇✐♥s ✇✐t❤ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②✳
✺✽❙❡❡ s❡❝t✐♦♥ ✻✳✶✳
✸✹
▲❛st❧②✱ ✐❢ ✐♥❞✐✈✐❞✉❛❧ ♣r❡❢❡r❡♥❝❡s s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❜♦t❤ ♠♦❞❡❧s ✭◗❙▼✱ ❙❙❈✱
❛♥❞ s✐♥❣❧❡✲♣❡❛❦❡❞♥❡ss✮✱ t❤❡♥ t❤❡ ♦✉t❝♦♠❡s ♦❢ t❤❡ t✇♦ ♠♦❞❡❧s ❛r❡ ❝♦♠♣❛r❛❜❧❡✳ ■♥
s✉❝❤ ❛ ❝❛s❡✱ t❤❡r❡ ✐s ❛ s✉❜s❡t ♦❢ ❡q✉✐❧✐❜r✐❛ ✐♥ ▲❡✈②✬s ♠♦❞❡❧ t❤❛t s❤❛r❡s t❤❡ s❛♠❡
♣r♦♣❡rt✐❡s ❞❡s❝r✐❜❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥s ✶✕✸ ❛♥❞ ❈♦r♦❧❧❛r② ✷✳
✻✳✸ ❆♣♣❧✐❝❛t✐♦♥s
❚❤❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s r❡s✉❧ts ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✱ ✇❤✐❝❤ ♠❛② s♦✉♥❞ ✉♥s✉r♣r✐s✐♥❣
❣✐✈❡♥ t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ ♣r❡❢❡r❡♥❝❡s✱ ❝❛♥ ♣r♦✈❡ ✉s❡❢✉❧ ✐♥ ❛❞❞r❡ss✐♥❣ ❛ ♥✉♠❜❡r ♦❢
q✉❡st✐♦♥s ✐♥ ♣♦❧✐t✐❝❛❧ ❡❝♦♥♦♠②✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡② ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ r❡✈✐s✐t s♦♠❡
♣♦♣✉❧❛r q✉❡st✐♦♥s ✐♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ❧✐t❡r❛t✉r❡✳
❙❡✈❡r❛❧ tr❛❞✐t✐♦♥❛❧ st✉❞✐❡s ❛ss✉♠❡ ❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♣♦❧✐❝② s♣❛❝❡ ✐♥ ♦r❞❡r t♦ ❡①♣❧♦✐t
t❤❡ ✉s❡❢✉❧ ♣r♦♣❡rt✐❡s t❤❛t ❞❡t❡r♠✐♥✐st✐❝ ✈♦t✐♥❣ ♠♦❞❡❧s ❡①❤✐❜✐t ✉♥❞❡r s✉❝❤ ❛♥ ❛ss✉♠♣✲
t✐♦♥✳ ❯♥❢♦rt✉♥❛t❡❧②✱ r❡str✐❝t✐♦♥s ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥❛❧✐t② ♦❢ t❤❡ ❝❤♦✐❝❡ s❡t ✉s✉❛❧❧② ❛✛❡❝t
t❤❡ ♣r❡❞✐❝t✐♦♥s ♦❢ t❤♦s❡ st✉❞✐❡s✳ ❍❛✉♣t ❛♥❞ P❡t❡rs ✭✶✾✾✽✮ s❤♦✇ t❤❛t ✐♥ s♦♠❡ ♣♦♣✉❧❛r
❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❞❡t❡r♠✐♥✐st✐❝ ✈♦t✐♥❣ ♠♦❞❡❧✱ t❤❡ r❡s✉❧ts ❛r❡ ❡♥t✐r❡❧②
❞r✐✈❡♥ ❜② t❤❡ r❡str✐❝t✐♦♥s ♦♥ t❤❡ ♣♦❧✐❝② s♣❛❝❡✳ ❚②♣✐❝❛❧ ❡①❛♠♣❧❡s ✐♥ ✇❤✐❝❤ t❤✐s ✐ss✉❡
♠❛② ❜❡ r❡❧❡✈❛♥t ❛r❡ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❞❡t❡r♠✐♥❛♥ts ♦❢ ✭✐✮ t❤❡ s✐③❡ ♦❢ r❡❞✐str✐❜✉t✐✈❡
♣♦❧✐❝✐❡s ✭▼❡❧t③❡r ❛♥❞ ❘✐❝❤❛r❞ ✶✾✽✶✮✱ ✭✐✐✮ t❤❡ ❞❡❣r❡❡ ♦❢ r❡str✐❝t✐✈❡♥❡ss ♦❢ ✐♠♠✐❣r❛t✐♦♥
♣♦❧✐❝✐❡s ✭❘❛③✐♥ ❛♥❞ ❙❛❞❦❛ ✶✾✾✾✮✱ ❛♥❞ ✭✐✐✐✮ t❤❡ r❡❧❛t✐✈❡ t❛① r❛t❡s ♦♥ ❧❛❜♦r ❛♥❞ ❝❛♣✐t❛❧
✐♥❝♦♠❡ ✭❡✳❣✳✱ ❇❛ss❡tt♦ ❛♥❞ ❇❡♥❤❛❜✐❜ ✷✵✵✻✮✳✺✾
❆♥ ❛♣♣r♦❛❝❤ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♣r♦♣♦s❡❞ ✐♥ t❤✐s ♣❛♣❡r ❤❛s ♣r♦✈❡❞ ✉s❡❢✉❧ ✐♥ ❛❞❞r❡ss✐♥❣
q✉❡st✐♦♥s ♦❢ t②♣❡ ✭✐✮ ❛♥❞ ✭✐✐✮ ✐♥ t✇♦ ❝♦♠♣❛♥✐♦♥ ♣❛♣❡rs ✭❉♦tt✐ ✷✵✶✻✱ ✷✵✶✾✮✳ ▼♦r❡♦✈❡r✱
✐t ♦✛❡rs ♣r♦♠✐s✐♥❣ ♣❡rs♣❡❝t✐✈❡s ✐♥ t❡r♠s ♦❢ ♣♦ss✐❜❧❡ ❡①t❡♥s✐♦♥s✳ ❚❤✐s ❝❧❛✐♠ r❡❧✐❡s ♦♥
t❤❡ ♣r❡❢❡r❡♥❝❡ r❡str✐❝t✐♦♥s t❤❛t ✉♥❞❡r♣✐♥ t❤❡ ♠♦❞❡❧✱ ✇❤✐❝❤ ❛r❡ ❜♦rr♦✇❡❞ ❢r♦♠ t❤❡
❧✐t❡r❛t✉r❡ ❡①❛♠✐♥✐♥❣ ❣❡♥❡r❛❧✐③❡❞ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ✭▼✐❧❣r♦♠ ❛♥❞ ❙❤❛♥♥♦♥ ✶✾✾✹✮✳
❚❤✐s ❧✐t❡r❛t✉r❡ ❤❛s ❜❡❡♥ ❧❛r❣❡❧② ❡①♣❧♦✐t❡❞ t♦ ❛♥❛❧②③❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r♦♣❡rt✐❡s ♦❢
❣❛♠❡s ❝❤❛r❛❝t❡r✐③❡❞ ❜② str❛t❡❣✐❝ ❝♦♠♣❧❡♠❡♥t❛r✐t✐❡s✳ ❆ t②♣✐❝❛❧ r❡s✉❧t ♦❢ t❤✐s ❧✐t❡r❛✲
t✉r❡ ✐s t❤❛t ✐♥ t❤✐s ❝❧❛ss ♦❢ ❣❛♠❡s✱ ❡✈❡♥ ✐❢ t❤❡r❡ ♠❛② ❜❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢ ❡q✉✐❧✐❜r✐❛✱
s♦♠❡ ♠♦♥♦t♦♥❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ♣r♦♣❡rt✐❡s ❛r❡ ♣r❡s❡r✈❡❞✳ ❚❤✉s✱ t❤✐s ❢r❛♠❡✇♦r❦
✺✾❋♦r ✐♥st❛♥❝❡✱ ✐♥ t❤❡ ❧❛tt❡r ❡①❛♠♣❧❡✱ t❤❡ ❛✉t❤♦rs ✐♠♣♦s❡ str♦♥❣ r❡str✐❝t✐♦♥s ♦♥ t❤❡ ♣♦❧✐❝② s♣❛❝❡
✐♥ ♦r❞❡r t♦ ❞❡❛❧ ✇✐t❤ t❤❡ t❤❡ ✐♥tr✐♥s✐❝ ❜✐✲❞✐♠❡♥s✐♦♥❛❧ ♥❛t✉r❡ ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❚❤✐s ♠♦❞❡❧✐♥❣ ❝❤♦✐❝❡
♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ s❤❛♣✐♥❣ t❤❡ ♣r❡❞✐❝t✐♦♥s ♦❢ t❤❡✐r ♠♦❞❡❧✳
✸✺
r❡♣r❡s❡♥ts ❛ ♣r♦♠✐s✐♥❣ st❛rt✐♥❣ ♣♦✐♥t t♦ t❛❝❦❧❡ ❛ ❞✐✛❡r❡♥t s❡t ♦❢ q✉❡st✐♦♥s✳
❋♦r ✐♥st❛♥❝❡✱ ❛ ♥❛t✉r❛❧ ❡①t❡♥s✐♦♥ ♦❢ t❤✐s st✉❞② ✐s t❤❡ ❛♥❛❧②s✐s ♦❢ ♣♦❧✐t✐❝❛❧ ♣r♦❝❡ss❡s
✐♥ ✇❤✐❝❤ ❝♦♠♣❡t✐♥❣ ✐♥st✐t✉t✐♦♥s ✕ ❡✳❣✳✱ t❤❡ ♣❛r❧✐❛♠❡♥ts ♦❢ t✇♦ ❞✐✛❡r❡♥t ❝♦✉♥tr✐❡s
✕ s✐♠✉❧t❛♥❡♦✉s❧② ❞❡❝✐❞❡ t❤❡✐r ♣♦❧✐❝✐❡s✱ ❛♥❞ ❧❡❣✐s❧❛t♦rs✬ str❛t❡❣✐❡s ❛❝r♦ss ❞✐✛❡r❡♥t
✐♥st✐t✉t✐♦♥s ❛r❡ str❛t❡❣✐❝ ❝♦♠♣❧❡♠❡♥ts✳ ❊①❛♠♣❧❡s ✐♥ ✇❤✐❝❤ s✉❝❤ ✐♥t❡r❞❡♣❡♥❞❡♥❝❡
♠❛② ❛r✐s❡ ✐♥❝❧✉❞❡ ❧❡❣✐s❧❛t✐✈❡ ❝❤♦✐❝❡s ♦✈❡r ✐♠♠✐❣r❛t✐♦♥ ♣♦❧✐❝✐❡s ❛♥❞ ❝♦r♣♦r❛t❡ t❛①
♣♦❧✐❝✐❡s✳
▲❛st❧②✱ t❤❡ ♠♦❞❡❧ ♦❢ ♣♦❧✐t✐❝❛❧ ♣❛rt✐❡s ♣r♦♣♦s❡❞ ✐♥ t❤✐s ♣❛♣❡r ❛❞♠✐ts ❛♥ ❛❧t❡r♥❛t✐✈❡
✐♥t❡r♣r❡t❛t✐♦♥✳ ◆❛♠❡❧②✱ ✐❢ t❤❡ ♣❧❛②❡rs ❛t t❤❡ ✈♦t✐♥❣ st❛❣❡ ❛r❡ ❡❧❡❝t♦rs r❛t❤❡r t❤❛♥
❧❡❣✐s❧❛t♦rs✱ ❛♥❞ ♣❛rt✐❡s ❝❤♦♦s❡ ♣❧❛t❢♦r♠s ✐♥st❡❛❞ ♦❢ ♣♦❧✐❝② ♣r♦♣♦s❛❧s✱ t❤❡♥ t❤❡ str✉❝✲
t✉r❡ r❡s❡♠❜❧❡s t❤❛t ♦❢ ❛ ♠♦❞❡❧ ♦❢ ❡❧❡❝t✐♦♥ ✉♥❞❡r ♣r♦♣♦rt✐♦♥❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ✇✐t❤
♣♦st✲❡❧❡❝t✐♦♥ ❧❡❣✐s❧❛t✐✈❡ ❜❛r❣❛✐♥✐♥❣ ✭❛s ✐♥ ❇❛♥❞②♦♣❛❞❤②❛② ❡t ❛❧✳ ✷✵✶✶✮✳ ■♥ s✉❝❤ ❛
❝❛s❡✱ ✈♦t❡rs ❝❛♥ ♣❡r❢❡❝t❧② ❛♥t✐❝✐♣❛t❡ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❧❡❣✐s❧❛t✉r❡ t❤❛t ✐s ❣♦✐♥❣
t♦ ♣r❡✈❛✐❧ ❛❢t❡r t❤❡ ❡❧❡❝t✐♦♥s✳ ❚❤✉s✱ t❤❡② ❝❛♥ ❡①♣❧♦✐t ♣♦❧✐t✐❝❛❧ ♣❛rt✐❡s ❛s ❛ t♦♦❧ t♦
✐♥❞✉❝❡ ♣♦st✲❡❧❡❝t✐♦♥ ❞✐s❛❣r❡❡♠❡♥t ✐♥ t❤❡ ❧❡❣✐s❧❛t✉r❡ ❜② ✐♥❞✉❝✐♥❣ ♣❛rt✐❡s t♦ ❝♦♠♠✐t
t♦ ♣♦❧✐❝② ♣❧❛t❢♦r♠s t❤❛t r❡s✉❧t ✐♥ ❛ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦✳
✼ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s
❚❤✐s ♣❛♣❡r ❝♦♥tr✐❜✉t❡s t♦ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ❡♥❞♦❣❡♥♦✉s ♣♦❧✐t✐❝❛❧ ♣❛rt✐❡s ✇✐t❤✐♥ ❛♥
❛ss❡♠❜❧② ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♦r❞❡r❡❞ ❧❡❣✐s❧❛t♦rs✬ ♣r❡❢❡r❡♥❝❡s✳ ❚❤❡ ♠❛✐♥ r❡s✉❧t ✐s t❤❛t
t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♣❛rt✐❡s ♠❛② ❛✛❡❝t ♣♦❧✐❝② ♦✉t❝♦♠❡s ❜② ❜❧♦❝❦✐♥❣ r❡❢♦r♠s t❤❛t ✇♦✉❧❞
❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ s✉❝❤ ✐♥st✐t✉t✐♦♥s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❡①t❡♥t
t♦ ✇❤✐❝❤ ♣❛rt✐❡s ❝❛♥ ✐♥❝r❡❛s❡ t❤❡ s❡t ♦❢ ♣♦ss✐❜❧❡ ♣♦❧✐❝② r❡❢♦r♠s ✐s ❧✐♠✐t❡❞ ♦r ♥✉❧❧✳
❚❤✐s ❝♦r❡ r❡s✉❧t ❢♦❧❧♦✇s t❤r❡❡ ✐♠♣♦rt❛♥t ✜♥❞✐♥❣s✳ ❋✐rst✱ ■ s❤♦✇ t❤❛t ✐❢ t❤❡ st❛t✉s
q✉♦ ✐s ✭✇❡❛❦❧②✮ ❧♦✇❡r ♦r ❤✐❣❤❡r t❤❛♥ t❤❡ ✐❞❡❛❧ ♣♦❧✐❝② ♦❢ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r✱ t❤❡♥
❛ ♠❡❞✐❛♥ ✈♦t❡r t❤❡♦r❡♠ ❤♦❧❞s ❛♥❞ ♣❛rt✐❡s ❛r❡ ♥♦t ❡✛❡❝t✐✈❡✳ ❙❡❝♦♥❞✱ ■ s❤♦✇ t❤❛t
♣❛rt✐❡s ❞♦ ♠❛tt❡r ❢♦r ♣♦❧✐❝② ♦♥❧② ✐❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ st❛t✉s q✉♦ ✐♥ t❤❡ ♣♦❧✐❝②
s♣❛❝❡ ✐s ♥❡✐t❤❡r ❤✐❣❤❡r ♥♦r ❧♦✇❡r t❤❛♥ t❤❡ ✐❞❡❛❧ ♣♦❧✐❝② ♦❢ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r✳
❚❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ♦❜❥❡❝ts ❞❡t❡r♠✐♥❡s ❤♦✇ ♠✉❝❤ ♣❛rt✐❡s ❝❛♥ ♠❛tt❡r✳
❙♣❡❝✐✜❝❛❧❧②✱ t❤❡ ❝❧♦s❡r t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r✬s ♣r❡❢❡rr❡❞ ♦✉t❝♦♠❡ ✐s t♦ t❤❡ st❛t✉s q✉♦✱
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t❤❡ ❧❡ss ♣❛rt✐❡s ❝❛♥ ❛✛❡❝t ♣♦❧✐❝✐❡s✳ ❚❤✐r❞✱ ■ ♣r♦✈✐❞❡ ❛ ❣❡♥❡r❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡
♣❛rt② str✉❝t✉r❡s t❤❛t ❝❛♥ ♣r❡✈❛✐❧ ✐♥ ❛ st❛❜❧❡ ♣❛rt② str✉❝t✉r❡✳
❚❤❡ ♠❛✐♥ ❧✐♠✐t❛t✐♦♥ ♦❢ t❤✐s ❛♥❛❧②s✐s ✐s t❤❛t ✐ts r❛♥❣❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ ✐s r❡str✐❝t❡❞ t♦
❛ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s ✐♥ ✇❤✐❝❤ ❧❡❣✐s❧❛t♦rs✬ ♣r❡❢❡r❡♥❝❡s ♣♦ss❡ss s♦♠❡ r❛t❤❡r r❡str✐❝t✐✈❡
♦r❞✐♥❛❧ ♣r♦♣❡rt✐❡s✳ ❲❤✐❧❡ t❤✐s r❡♣r❡s❡♥ts ❛ ❧❛r❣❡ ✭❛♥❞ ❛❧❧❡❣❡❞❧② ✐♥t❡r❡st✐♥❣✮ ❝❧❛ss
♦❢ q✉❡st✐♦♥s✱ ♠✉❝❤ r❡s❡❛r❝❤ ✐s ♥❡❡❞❡❞ ✐♥ ♦r❞❡r t♦ ✉♥❞❡rst❛♥❞ t❤❡ r♦❧❡ ♦❢ ♣♦❧✐t✐❝❛❧
♣❛rt✐❡s ✐♥ s❤❛♣✐♥❣ ♣♦❧✐❝✐❡s ✇❤❡♥ ❧❡❣✐s❧❛t♦rs✬ ♣r❡❢❡r❡♥❝❡s ❞✐✛❡r ❛❧♦♥❣ ♠✉❧t✐♣❧❡ ✭❛♥❞
♣♦ss✐❜❧② ♦rt❤♦❣♦♥❛❧✮ ❞✐♠❡♥s✐♦♥s✳
❚❤❡ ♠♦❞❡❧ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ s✉✣❝✐❡♥t ❞❡❣r❡❡ ♦❢ ✢❡①✐❜✐❧✐t②✱ ❛♥❞ ✐ts ♣r❡❞✐❝t✐♦♥s✱
s✉♠♠❛r✐③❡❞ ❜② t❤❡ q✉❛s✐✲♠❡❞✐❛♥ ✈♦t❡r r❡s✉❧t✱ ❛r❡ ❡❛s② t♦ ✐♥t❡r♣r❡t✳ ❚❤❡s❡ ❞❡s✐r✲
❛❜❧❡ ❢❡❛t✉r❡s ♠❛❦❡ t❤✐s ❢r❛♠❡✇♦r❦ ♣♦t❡♥t✐❛❧❧② s✉✐t❛❜❧❡ t♦ ❛♥❛❧②③❡ s❡✈❡r❛❧ q✉❡st✐♦♥s
✐♥ ♣♦❧✐t✐❝❛❧ ❡❝♦♥♦♠②✳ ▼❛♥② ♣♦ss✐❜❧❡ ❡①t❡♥s✐♦♥s ♦❢ t❤✐s ❢r❛♠❡✇♦r❦ ♦✛❡r ♣r♦♠✐s✐♥❣
♣❡rs♣❡❝t✐✈❡s✱ s♦ t❤❡r❡ ✐s ❧❛r❣❡ s❝♦♣❡ ❢♦r ❢✉t✉r❡ r❡s❡❛r❝❤✳
✸✼
❆♣♣❡♥❞✐❝❡s
❆ Pr♦♦❢ ♦❢ ▼❛✐♥ ❘❡s✉❧t
❚❤❡ ♣r♦♦❢ t♦ Pr♦♣♦s✐t✐♦♥ ✶ ❛♥❞ ❈♦r♦❧❧❛r② ✷ ♣r♦❝❡❡❞s ❛s ❢♦❧❧♦✇s✳ ❋✐rst✱ ■ ♣r♦✈❡
▲❡♠♠❛s ✼✱ ✽✱ ✾✱ ✶✵❛✱ ✶✵❜✱ ✶✶✱ ✶✷✱ ✶✸❛✱ ✶✸❜✱ ✶✹✱ ✶✺✳ ❚❤❡♥✱ ■ ✉s❡ t❤❡s❡ r❡s✉❧ts t♦ ♣r♦✈❡
Pr♦♣♦s✐t✐♦♥ ✶ ❛♥❞ ❈♦r♦❧❧❛r② ✷✳
▲❡♠♠❛ ✼✳ ■❢  s❛t✐s✜❡s ◗❙▼ ❛♥❞ ❙❙❈✱ t❤❡♥ t❤❡ P❛r❡t♦ ❙❡t Xj ♦❢ ❛ ♣❛rt② Cj ⊆ N
✐s s✉❝❤ t❤❛t ❡✐t❤❡r ✭✐✮ Xj = I(i) ❢♦r s♦♠❡ k ∈ Cj✱ ♦r ✭✐✐✮ y ∈ Xj ♦♥❧② ✐❢ y ≥
sup
{
I(l)} ❛♥❞ y ≤ inf {I(h)} ✇❤❡r❡ l = min{Cj} ❛♥❞ h = max{Cj}✳
Pr♦♦❢✳ ❈❛s❡ ✭✐✮✳ ❋✐rst ♦❢ ❛❧❧✱ ♥♦t✐❝❡ t❤❛t ✲ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ P❛r❡t♦ s❡t ✲ ❛
♣♦❧✐❝② x ∈ Xj ❢♦r ♣❛rt② Cj ✐❢ ❛♥❞ ♦♥❧② ✐❢ ∄x′ ∈ X s✉❝❤ t❤❛t x′ i x ∀i ∈ Cj ❛♥❞
x′ ≻i x ❢♦r ❛t ❧❡❛st ♦♥❡ k ∈ Cj✳ ❈❛s❡ ✭✐✮✳ ❙✉♣♣♦s❡ θi = θˆ ❢♦r s♦♠❡ θk ∈ Θ ❛♥❞
❢♦r ❛❧❧ i ∈ Cj✳ ❚❤❡♥ Xj = I(k) tr✐✈✐❛❧❧② ❤♦❧❞s✳ ❈❛s❡ ✭✐✐✮✳ ❙✉♣♣♦s❡ t❤❡r❡ ✐s ❛t
❧❡❛st t✇♦ ♣❧❛②❡rs i, k ∈ Cj s✉❝❤ t❤❛t θi 6= θk✳ ❉❡♥♦t❡ ✇✐t❤ x¯l = sup{I(l)} ❛♥❞
xh = inf
{
I(h)}✳ ◆♦t✐❝❡ t❤❛t ❜② ▼✐❧❣r♦♠ ❛♥❞ ❙❤❛♥♥♦♥ ✭✶✾✾✹✮✱ I(i) ✐s ❛ ❝♦♠♣❧❡t❡
s✉❜❧❛tt✐❝❡ ♦❢ X ❢♦r ❛❧❧ i ∈ Cj✱ ✇❤✐❝❤ ✐♠♣❧✐❡s ✐♥ t✉r♥ t❤❛t x¯l ∈ I(l) ❛♥❞ xh ∈ I(h)✳
❙✉♣♣♦s❡ y  xl ❜✉t y ∈ Xj✳ ❇❡❝❛✉s❡ X ✐s ❛ ❧❛tt✐❝❡✱ y ∧ xl, y ∨ xl ∈ X✳ ❚❤✉s✱
❜❡❝❛✉s❡ ♦❢ t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ xk✱ ✐t ♠✉st ❜❡ tr✉❡ t❤❛t xl l y ∧ xl✳ ◗❙▼ ✐♠♣❧✐❡s
y∨xl l y✳ ◆♦t✐❝❡ t❤❛t y  xl ✐♠♣❧✐❡s y∨xl 6= y✳ ❍❡♥❝❡ ❙❙❈ ✐♠♣❧✐❡s y∨xl ≻i y ❢♦r
❛❧❧ i ∈ Cj s✉❝❤ t❤❛t θi > θl✳ ❙❡t x′ = y ∨ xl✳ ●✐✈❡♥ t❤❛t θi > θl ✐s tr✉❡ ❢♦r ❛t ❧❡❛st
♦♥❡ i ∈ Cj ✱ ♦♥❡ ❣❡ts t❤❛t ∃x′ ∈ X s✉❝❤ t❤❛t x′ i y ∀i ∈ Cj ❛♥❞ x′ ≻k y ❢♦r ❛t ❧❡❛st
♦♥❡ k ∈ Cj✱ ✇❤✐❝❤ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ P❛r❡t♦ s❡t ✐♠♣❧✐❡s y /∈ Xj✱ ✇❤✐❝❤ ❧❡❛❞s t♦
❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❙✐♠✐❧❛r❧② ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t y ∈ Xj ♦♥❧② ✐❢ y ≤ xh✳ ◗✳❊✳❉✳
❈♦r♦❧❧❛r② ✼❜✳ ■❢ xl ∈ I(l) ❛♥❞ θl < θk ✭♦r xh ∈ I(h) ❛♥❞ θh > θk✮ ❢♦r ❛❧❧
k ∈ Ck✱ t❤❡♥ xl /∈ Xk ✉♥❧❡ss xl = x¯l ✭xh /∈ Xk ✉♥❧❡ss xh = x¯h✮✳
Pr♦♦❢✳ ❙✉♣♣♦s❡ t❤❡ ♦♣♣♦s✐t❡ ✐s tr✉❡✱ xl 6= x¯l ❛♥❞ xl ∈ Xk✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ x¯l
✐♠♣❧✐❡s x¯l ≥ xl✳ ❖♣t✐♠❛❧✐t② ✐♠♣❧✐❡s x¯l l xl✳ ❚❤❡ ❙❙❈ ✐♠♣❧✐❡s x¯l ≻k xl ❢♦r ❛❧❧ k
s✉❝❤ t❤❛t θl < θk✳ ❚❤✉s✱ xl /∈ Xk✳ ❙✐♠✐❧❛r❧②✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ s❛♠❡ r❡s✉❧t
❤♦❧❞s ❢♦r xh✳ ◗✳❊✳❉✳
✸✽
▲❡♠♠❛ ✽✳ ❆ ❝♦♥❞✐t✐♦♥❛❧ ❣r♦✉♣ ❝❤♦✐❝❡ ❢✉♥❝t✐♦♥ gj
a−j
t❤❛t s❛t✐s✜❡s ✭✐✮ ◆❡✉tr❛❧✐t②✱
✭✐✐✮ ▼♦♥♦t♦♥✐❝✐t②✱ ❛♥❞ ✭✐✐✐✮ ❚❇✶✱ ❚❇✷ ❛❧✇❛②s ❡①✐sts✳
Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛ ❣r♦✉♣ ❝❤♦✐❝❡ ❢✉♥❝t✐♦♥ t❤❛t ✐s ❧❡①✐❝♦❣r❛♣❤✐❝ ❞✐❝t❛t♦r✐❛❧ ✭✶✮✱ ❈♦♥✲
s✐❞❡r ❛ t♦t❛❧ ♦r❞❡r≥s ♦♥ s❡t Cj✱ s✉❝❤ t❤❛t Cj(≥s) = (Cj,≥s) ✐s t♦t❛❧❧② ♦r❞❡r❡❞✳ ❉❡✜♥❡
t❤❡ s❡q✉❡♥❝❡ {O1(Rj(a−j)), O2(Rj(a−j)), ..., ONj+1(Rj(a−j))} ✐♥ ✇❤✐❝❤O1(Rj(a−j)) =
Xj ❛♥❞ ✐♥ ✇❤✐❝❤ ❡❛❝❤ ❡❧❡♠❡♥t Os(Rj(a−j)) ❢♦r s ≥ 2 ✐s ❞❡✜♥❡❞ r❡❝✉rs✐✈❡❧② ❛s
Os+1(Rj(a−j)) := {x ∈ Os(Rj(a−j))| xRj,s(a−j)x′ ∀x′ ∈ Os(Rj(a−j))}✳ ❚❤❡♥ ❢♦r
x ∈ Xj✱ gj
a−j
(Rj(a−j)) = x ♦♥❧② ✐❢ x ∈ Os¯(Rj(a−j)) ✇❤❡r❡ s¯ ✐s t❤❡ ❤✐❣❤❡st s s✉❝❤
t❤❛t Os(Rj(a−j)) 6= {∅}✳ ■ ❝❤❡❝❦ t❤❛t t❤❡ ❣r♦✉♣ ❝❤♦✐❝❡ ❢✉♥❝t✐♦♥ s❛t✐s✜❡s ✭✐✮✱ ✭✐✐✮ ❛♥❞
✭✐✐✐✮✳ ❋♦r ✭✐✮✱ ❝♦♥s✐❞❡r ❛ ♣❡r♠✉t❛t✐♦♥ ρ : Xj → Xj ❛♥❞ ❛ ♣r❡❢❡r❡♥❝❡ ♣r♦✜❧❡ Rjρ(a−j)
s✉❝❤ t❤❛t xRj,iρ (a
−j)x′ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ρ(x)Rj,i(a−j)ρ(x′)✳ ❘❡❝❛❧❧ gj
a−j
✐s ♥❡✉tr❛❧ ✐❢ ❢♦r
❛♥② ρ ❛♥❞ ❛♥② Rj(a−j) ♦♥❡ ❣❡ts ρ(gj
a−j
(Rjρ(a
−j))) = gj
a−j
(Rj(a−j))✳ ❙✉♣♣♦s❡ ✐t ❞♦❡s
♥♦t✳ ❚❤❡♥ t❤❡r❡ ✐s Rj, a−j s✉❝❤ t❤❛t ρ(gj
a−j
(Rjρ(a
−j))) 6= aj ✭✶✮✳ ❇❡❝❛✉s❡ gj
a−j
✐s
❞✐❝t❛t♦r✐❛❧✱ gj
a−j
(Rj(a−j)) = aj ✇✐t❤ ajRj,k(a−j)x′ ❢♦r ❛❧❧ x′ ∈ X ✳ ❉❡✜♥❡ ρ s✉❝❤ t❤❛t
x = ρ(xˆ) ❢♦r ❛❧❧ x ∈ Xj ❛♥❞ s✉❝❤ t❤❛t xˆ ∈ Xj✳ ◆♦t✐❝❡ t❤❛t xˆ′Rj,iρ (a−j)xˆ ✐❢ ❛♥❞ ♦♥❧②
✐❢ x′Rj,i(a−j)x✳ ❚❤✐s ✐♠♣❧✐❡s gj
a−j
(Rjρ(a
−j)) = aˆj✱ ✇❤❡r❡ aˆj s♦❧✈❡s aj = ρ(aˆj)✱ ✇❤✐❝❤
✐♠♣❧✐❡s ρ−1(aj) = aˆj✳ ❚❤✉s✱ ρ(gj
a−j
(Rjρ(a
−j))) = ρ(ρ−1(aj)) = aj✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts
❛ ❝♦♥tr❛❞✐❝t✐♦♥ ♦❢ ✭✶✮✳ ❚❤✉s✱ gj
a−j
s❛t✐s✜❡s ◆✳ ❋♦r ♣❛rt ✭✐✐✮✱ ❝♦♥s✐❞❡r t✇♦ ♣♦❧✐❝✐❡s
x, x′ ∈ Xj✱ ❛ ♣❛rt② Cj ⊆ N ❛♥❞ t✇♦ ✭♥♦t ♥❡❝❡ss❛r✐❧② ❞✐s❥♦✐♥t✮ s✉❜✲♣❛rt✐❡s Ck ⊆ Cj
❛♥❞ Cl ⊆ Cj✳ ❆❧s♦ ❝♦♥s✐❞❡r t✇♦ ❝♦♥❞✐t✐♦♥❛❧ ♣r❡❢❡r❡♥❝❡ ♣r♦✜❧❡s Rj(a−j), Rˆj(a−j) ∈ Rj
s✉❝❤ t❤❛t x′Rj,i(a−j)x → x′R̂j,i(a−j)x✱ x′P j,i(a−j)x → x′P̂ j,i(a−j)x✱ xR̂j,i(a−j)x′ →
xRj,i(a−j)x′ ❛♥❞ xP̂ j,i(a−j)x′ → xP j,i(a−j)x′ ❢♦r ❛❧❧ i ∈ Cj✳ ❚❤❡♥ ✐❢ gj
a−j
(Rˆj(a−j)) =
x ✐t ♠✉st ❜❡ tr✉❡ t❤❛t gj
a−j
(Rj(a−j)) 6= x′✳ ❙✉♣♣♦s❡ gj
a−j
(Rj(a−j)) = x′✳ ❚❤✐s ✐♠♣❧✐❡s
❡✐t❤❡r ✭❛✮ x′Rj,s(a−j)x ❢♦r s = 1, 2, ..., k − 1 ❛♥❞ x′P j,k(a−j)x✱ ♦r ✭❜✮ x′Ri,s(a−j)x
❢♦r ❛❧❧ i ∈ Cj ✳ ■♥ ❝❛s❡ ✭❛✮✱ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♠♦♥♦t♦♥✐❝✐t②✱ x′Rˆj,s(a−j)x ❢♦r
s = 1, 2, ..., k − 1 ❛♥❞ x′P j,k(a−j)x✱ ✇❤✐❝❤ ✐♠♣❧✐❡s gj
a−j
(Rj(a−j)) 6= x✳ ■♥ ❝❛s❡ ✭❜✮✱
✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♠♦♥♦t♦♥✐❝✐t②✱ x′Rˆj,s(a−j)x ❢♦r s = 1, 2, ..., k˜ − 1 ❢♦r s♦♠❡
k˜ ∈ Cj(≥s) ❛♥❞ x′P j,k˜(a−j)x✱ ✇❤✐❝❤ ✐♠♣❧✐❡s gj
a−j
(Rj(a−j)) 6= x✳ ❚❤✉s✱ ✐♥ ❜♦t❤ ❝❛s❡s
t❤❡r❡ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❘❡❣❛r❞✐♥❣ ✭✐✐✐✮✱ ♦♥❡ ❝❛♥ ✐♠♣♦s❡ ❝♦♥❞✐t✐♦♥ ❚❇✶ ✇✐t❤♦✉t
❝❛✉s✐♥❣ ❛ ✈✐♦❧❛t✐♦♥ ♦❢ ✭▼ ✮ ❛♥❞ ✭◆ ✮✱ ❜❡❝❛✉s❡ ❝♦♥❞✐t✐♦♥s ❚❇✶ ❛✛❡❝ts ❣r♦✉♣ ❝❤♦✐❝❡s
♦♥❧② ❜❡t✇❡❡♥ ❛ ♣♦❧✐❝✐❡s x ∈ X ❛♥❞ t❤❡ ❝❤♦✐❝❡ ♦❢ ❜❡✐♥❣ ✐♥❛❝t✐✈❡ ✭aj = ∅✮✱ ✐♥ ✇❤✐❝❤
✸✾
t❤❡ ❧❛tt❡r ❞♦❡s ♥♦t ❡♥t❡r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ▼ ❛♥❞ ◆✳ ▲❛st❧②✱ ❚❇✷ ❞♦❡s ♥♦t ❝❛✉s❡s
♥❡✐t❤❡r ❛ ✈✐♦❧❛t✐♦♥ ♦❢ ✭◆ ✮ ❜❡❝❛✉s❡ ✐t ❛✛❡❝ts t❤❡ ❝❤♦✐❝❡ ♦♥❧② ✐♥ ❝❛s❡s ✐♥ ✇❤✐❝❤ ❛❧❧ t❤❡
♠❡♠❜❡rs ♦❢ t❤❡ ♣❛rt② ❛❣r❡❡ ♦♥ t❤❡ r❛♥❦✐♥❣ ♦❢ t✇♦ ♦♣t✐♦♥s✱ ♥♦r ♦❢ ✭▼ ✮✳ ❚❤✉s✱ t❤❡
❣r♦✉♣ ❝❤♦✐❝❡ ❢✉♥❝t✐♦♥ gj
a−j
s❛t✐s✜❡s ✭✐✮✱ ✭✐✐✮✱ ❛♥❞ ✭✐✐✐✮✳ ◗✳❊✳❉✳
▲❡♠♠❛ ✾✳ ■♥ ❛♥② r❡❣✉❧❛r ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦♣♦s❛❧ ❣❛♠❡ ✭✐❢ ❛♥② ❡①✐sts✮ ♦♥❧② ♦♥❡
♣❛rt② ♣r♦♣♦s❡s ❛ ♣♦❧✐❝② aj 6= ∅✳
Pr♦♦❢✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ t✉♣❧❡ 〈P, a(P)〉 ✐s ❛ r❡❣✉❧❛r ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦♣♦s❛❧
❣❛♠❡ ✐♥ ✇❤✐❝❤ ♠♦r❡ t❤❛♥ ♦♥❡ ♣❛rt② ♣r♦♣♦s❡ ❛ ♣♦❧✐❝②✳ ✐✳❡✳ #A(P) > 1✳ ■♥ ❛ r❡❣✉❧❛r
❡q✉✐❧✐❜r✐✉♠ W (A,) = aj ❢♦r s♦♠❡ j ∈ {1, 2, ..., JP} ❛♥❞ aj ∈ K(A,)✳ ❚❤✐s ♠❡❛♥s
ajMV ()ak ❢♦r ❛♥② ak ∈ A✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t aj ∈ K(A\{ak},) ❢♦r ak 6= aj✳ ❚❤❡
❛ss✉♠♣t✐♦♥ ❘❙P ✐♥ t❤✐s ❝❛s❡ ✐♠♣❧✐❡s W (A\{ak},) = aj✳ ❆ss✉♠♣t✐♦♥ ❚❇✶ st❛t❡s
t❤❛t ✐❢ w({∅} ∪ A\{ak},) = w({ak} ∪ A\{ak},)✱ t❤❡♥ gk
a−k
(Rk(a−k)) 6= ak✳ ❚❤✐s
✐♠♣❧✐❡s t❤❛t 〈P, a(P)〉 ✐s ♥♦t ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦♣♦s❛❧ ❣❛♠❡✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ❛
❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ✐♥ ❛ r❡❣✉❧❛r ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦♣♦s❛❧ ❣❛♠❡ ✐t ♠✉st ❜❡
tr✉❡ t❤❛t A(P) ✐s ❛ s✐♥❣❧❡t♦♥✳ ◗✳❊✳❉✳
▲❡♠♠❛ ✶✵✳ ❚❤❡r❡ ✐s ♥♦ r❡❣✉❧❛r ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦♣♦s❛❧ ❣❛♠❡ ✐♥ ✇❤✐❝❤ Cj ✐s
s✉❝❤ t❤❛t aj /∈ I(m) ❛♥❞ aj  x¯m✱ aj  xm✱ ❛♥❞ aj 6= ∅✳
Pr♦♦❢✳ ■♥ ❛ r❡❣✉❧❛r ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦♣♦s❛❧ ❣❛♠❡ t❤❡ ✇✐♥♥✐♥❣ ♣♦❧✐❝② ♠✉st ❜❡
❢❡❛s✐❜❧❡✳ ❙✉♣♣♦s❡ t❤✐s ✐s t❤❡ ❝❛s❡✱ t❤❡♥ t❤❡r❡ ✐s Cj ∈ P s✉❝❤ t❤❛t gj
a−j
(Rj(a−j)) = aj✱
✇✐t❤ aj  x¯m✱ aj  xm✱ ❛♥❞ aj 6= ∅✳ ▲❡♠♠❛ ✼ ✐♠♣❧✐❡s t❤❛t t❤✐s ❝❛♥ ❜❡ t❤❡ ❝❛s❡ ♦♥❧② ✐❢
∃l, h ∈ Cj s✉❝❤ t❤❛t θl < θm ❛♥❞ θh > θm✳ ❋✐rst✱ ❝♦♥s✐❞❡r aj∨xm✳ ❖♣t✐♠❛❧✐t② ✐♠♣❧✐❡s
xm m aj∨xm✳ ◗❙▼ ✐♠♣❧✐❡s aj∧xm i am✳ ❈♦♥❞✐t✐♦♥ aj  xm ✐♠♣❧② aj∧xm 6= aj✳
❚❤✉s✱ ❙❙❈ ✐♠♣❧✐❡s aj ∧xm ≻i aj ∀i ∈ N s.t. θi < θm✳ ❚❤✉s✱ ❡✐t❤❡r aj ∧xm ∈ Xj ✭✐♥
✇❤✐❝❤ ❝❛s❡ s❡t xˆ = aj ∧ xm✮✱ ♦r t❤❡r❡ ❡①✐sts x′ ∈ Xj s✉❝❤ t❤❛t x′ i aj ∧ xm ∀i ∈ Cj
✭✐♥ ✇❤✐❝❤ ❝❛s❡ s❡t xˆ = x′✮ ❛♥❞ t❤❡r❡❢♦r❡ ∃xˆ ∈ Xj s✉❝❤ t❤❛t xˆ m aj ❛♥❞ xˆ ≻i aj
∀i ∈ Cj s.t. θi < θm✳ ❉❡♥♦t❡ ✇✐t❤ θh ≥ θm t❤❡ ❤✐❣❤❡st t②♣❡ s✉❝❤ t❤❛t xˆ h aj ❛♥❞
♥♦t✐❝❡ t❤❛t ❛❧❧ t②♣❡s s✉❝❤ t❤❛t θi < θh ❛r❡ s✉❝❤ t❤❛t xˆ ≻i aj ❜❡❝❛✉s❡ ♦❢ ❙❙❈✳ ❇②
❞❡✜♥✐t✐♦♥ ♦❢ θh✱ ♦♥❡ ❣❡ts aj ≻i xˆ ∀i ∈ Cj s.t. θi > θh✳ ▼♦r❡♦✈❡r✱ ❜❡❝❛✉s❡ ✐♥ ❛ ♣❛rt②
❡q✉✐❧✐❜r✐✉♠ ♦♥❧② ♦♥❡ ♣♦❧✐❝② aj 6= ∅ ✐s ♣r♦♣♦s❡❞✱ t❤❡♥ ✐t ♠✉st ❜❡ tr✉❡ t❤❛tW ({xˆ}∪A\
✹✵
{aj};) = xˆ✱ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts ❛r❡ tr✉❡✿ xˆRj,h(a−j)aj❀ xˆP j,i(a−j)aj
∀i ∈ Cj s.t. θi < θh✱ ❛♥❞ ajP j,i(a−j)xˆ ∀i ∈ Cj s.t. θi > θ ✳ ❙❡❝♦♥❞✱ ❝♦♥s✐❞❡r aj ∧ x¯m✳
❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ♣♦✐♥t✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t ∃xˇ ∈ Xj
❛♥❞ l ≤ m s✉❝❤ t❤❛t xˇRj,l(a−j)aj✱ xˇP j,i(a−j)aj ∀i ∈ Cj s.t. θi > θl✱ ❛♥❞ ajP j,i(a−j)xˇ
∀i ∈ Cj s.t. θi < θl✳ ❘❡❝❛❧❧ gj
a−j
(Rj(a−j)) = am✳ ❇② ❛ss✉♠♣t✐♦♥✱ gj
a−j
♠✉st s❛t✐s❢②
♥❡✉tr❛❧✐t②✳ ◆❛♠❡❧②✱ ❝♦♥s✐❞❡r ❛ ♣❡r♠✉t❛t✐♦♥ ρ : Xj → Xj s✉❝❤ t❤❛t ρ(xˇ) = aj
❛♥❞ ρ(aj) = xˆ ❛♥❞ ❛ ♣r❡❢❡r❡♥❝❡ ♣r♦✜❧❡ Rjρ(a
−j) s✉❝❤ t❤❛t ajRj,iρ (a
−j)xˇ ✐❢ ❛♥❞ ♦♥❧② ✐❢
ρ(aj)Rj,i(a−j)ρ(xˇ)✱ t❤❛t ✐s✱ ajRj,iρ (a
−j)xˇ ✐❢ ❛♥❞ ♦♥❧② ✐❢ xˆRj,h(a−j)aj✱ ✇❤✐❝❤ ✐s tr✉❡ ❢♦r
∀i ∈ Cj s.t. θi ≤ θh✳ ❚❤❡r❡❢♦r❡✱ ajRj,iρ (a−j)xˇ ∀i ∈ Cj s.t. θi ≤ θh✱ ❛♥❞ xˇRj,iρ (a−j)aj
∀i ∈ Cj s.t. θi > θh ❛♥❞ aj¬Rj,iρ (a−j)xˇ ∀i ∈ Cj s.t. θi > θh✳ ❇❡❝❛✉s❡ gja−j s❛t✐s✜❡s
♥❡✉tr❛❧✐t②✱ t❤❡♥ ✐t ♠✉st ❜❡ tr✉❡ t❤❛t ρ(gj
a−j
(Rjρ(a
−j))) = gj
a−j
(Rj(a−j)) = aj✱ ✇❤✐❝❤
✉♥❞❡r ρ(xˇ) = aj ✐♠♣❧✐❡s gj
a−j
(Rjρ(a
−j)) = xˇ✳ ▲❛st❧②✱ ✱ ✇❡ ❦♥♦✇ t❤❛t xˇRj,l(a−j)aj✱
❛♥❞ xˇP j,i(a−j)aj ∀i ∈ Cj s.t. θi > θl✳ ◆♦t✐❝❡ t❤❛t l ≤ h✱ t❤✉s ❢♦r ❛♥② i ∈ Cj ♦♥❡
❣❡ts xˇRj,iρ (a
−j)aj → xˇRj,i(a−j)aj✱ [xˇRj,iρ (a−j)aj] ∧ [aj¬Rj,iρ (a−j)xˇ] → xˇP j,i(a−j)am✱
ajRj,i(a−j)xˇ → ajRj,iρ (a−j)xˇ ❛♥❞ ajPm,i(a−j)xˇ → [ajRj,iρ (a−j)xˇ] ∧ [xˇ¬Rj,iρ (a−j)aj]✳
❇② ♠♦♥♦t♦♥✐❝✐t②✱ t❤✐s ✐♠♣❧✐❡s t❤❛t ✐❢ gj
a−j
(Rjρ(a
−j)) = xˇ✱ t❤❡♥ gj
a−j
(Rj(a−j)) 6= aj
✭✇✐t❤ aj 6= ∅✮✳ ◆♦t✐❝❡ t❤❛t ❛ ❣r♦✉♣ ❝❤♦✐❝❡ ❢✉♥❝t✐♦♥ ✇✐t❤ s✉❝❤ ❝❤❛r❛❝t❡r✐st✐❝s ❛❧✇❛②s
❡①✐st ❜② ▲❡♠♠❛ ✽✳ ❚❤✉s✱ t❤❡ ♣r♦♣♦s❛❧ aj ✐s ♥♦t ❢❡❛s✐❜❧❡ ❢♦r ♣❛rt② Cj✳ ❚❤✐s ❧❡❛❞s t♦
❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ◗✳❊✳❉✳
▲❡♠♠❛ ✶✵❜✳ ■❢ t❤❡r❡ ✐s Cm ∈ P s✉❝❤ t❤❛t θi = θm ❢♦r ❛❧❧ i ∈ Cm✱ t❤❡♥ t❤❡r❡ ✐s ♥♦
r❡❣✉❧❛r ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦♣♦s❛❧ ❣❛♠❡ ✐♥ ✇❤✐❝❤ w(A(P),) /∈ I(m) ❛♥❞ ❡✐t❤❡r
w(A(P),) ≥ x¯m✱ ♦r w(A(P),) ≤ xm✳
Pr♦♦❢✳ ❙✉♣♣♦s❡ w(A(P),) ≥ x¯m✳ ■♥ ❛ r❡❣✉❧❛r ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦♣♦s❛❧ ❣❛♠❡
t❤❡ s❡t ♦❢ ♣r♦♣♦s❛❧s A(P) ♠✉st ❜❡ ❢❡❛s✐❜❧❡✳ ▼♦r❡♦✈❡r✱ ▲❡♠♠❛ ✾ ✐♠♣❧✐❡s A(P) = {aj}
❢♦r s♦♠❡ Cj ∈ P ❛♥❞ aj 6= ∅✳ ❚❤✐s ✐♠♣❧✐❡s w(A(P),) = aj✳ ❚❤✉s✱ ❢♦r A = {aj}
✐t ♠✉st ❜❡ tr✉❡ t❤❛t gj
a−j
(Rj(a−j)) = aj ❛♥❞ gk
a−k
(Rk(a−k)) = ∅ ❢♦r ❛❧❧ Ck ∈ P
✇✐t❤ Ck 6= Cj✳ ❈❛s❡ ✶✿ Cm = Cj✳ ■♥ t❤✐s ❝❛s❡✱ gj
a−j
(Rj(a−j)) = xm ❢♦r s♦♠❡
xm ∈ I(m)✱ t❤✉s gj
a−j
(Rj(a−j)) 6= aj✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❈❛s❡ ✷✿
Cm 6= Cj✳ ■♥ t❤✐s ❝❛s❡ ❢♦r A = {aj} ♦♥❡ ✜♥❞s gma−m(Rm(a−m)) = xm ❢♦r s♦♠❡
xm ∈ I(m)✱ t❤✉s gma−m(Rm(a−m)) 6= ∅✳ ❚❤✐s ❜❡❝❛✉s❡ ♦♣t✐♠❛❧✐t② ❛♥❞ aj /∈ I(m)
✹✶
✐♠♣❧② xm ≻m aj✳ ❚❤❡ ❙❙❈ ✐♠♣❧✐❡s xm ≻i aj ❢♦r ❛❧❧ i ∈ N s✉❝❤ t❤❛t θi ≤ θm✳ ❚❤✐s
✐♠♣❧✐❡s W ({aj, xm},) = xm✱ ❛♥❞ t❤❡r❡❢♦r❡ gma−m(Rm(a−m)) 6= ∅✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ❛
❝♦♥tr❛❞✐❝t✐♦♥✳ ❙✐♠✐❧❛r❧② ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t w(A(P),) ≤ xm ✐♠♣❧✐❡s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳
◗✳❊✳❉✳
▲❡♠♠❛ ✶✶✳ ■♥ ❛♥② st❛❜❧❡ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦ 〈P, a(P), x0〉 ✇✐t❤ x0 /∈ I(m)✱ t❤❡
♣❛rt✐t✐♦♥ P ✐s ♥♦t ❛ ♠❛❥♦r✐t❛r✐❛♥ ♣❛rt② str✉❝t✉r❡✳
Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛ st❛❜❧❡ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦ 〈P, a(P), x0〉 ✇✐t❤ x0 /∈ I(m)✱ ❛♥❞
s✉♣♣♦s❡ P ✐s ❛ ♠❛❥♦r✐t❛r✐❛♥ ♣❛rt② str✉❝t✉r❡✳ ❈❛s❡ ✶✳ ❖♥❡ ❛❝t✐✈❡ ♣❛rt② ✐s s✉❝❤ t❤❛t
aj = x˜m ✇❤❡r❡ x˜m ❞❡❢❡❛ts ❛♥② ♦t❤❡r x˜m ∈ I(m) ✉♥❞❡r W ✭t❤❡r❡ ✐s ♦♥❡ s✉❝❤ ♣♦❧✐❝②
✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❘❙P✮✳ ■♥ ♦r❞❡r t♦ ❤❛✈❡ ❛ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦✱ t❤❡r❡ ♠✉st ❜❡
❛♥ ❛❝t✐✈❡ ♣❛rt② Cj ∈ P s✉❝❤ t❤❛t gj
a−j
(Rj(a−j)) = aj ✇✐t❤ ajMV ()x˜m ✭❡❧s❡ x˜m ✐s
✐♥ K(A(P),)✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t A(P) ✐s ♥♦t ❛ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦✮✳ ❙❡❝♦♥❞❧②✱ t❤❡
❛ss✉♠♣t✐♦♥s ♦♥ W ✐♠♣❧② t❤❛t aj /∈ I(m)✳ ❙✉♣♣♦s❡ aj ≥ x˜m ✭♦r aj ≤ x˜m✮✳ ❚❤❡♥
♦♣t✐♠❛❧✐t② ❛♥❞ aj /∈ I(m) ✐♠♣❧② x˜m ≻m aj ✳ ❚❤❡ ❙❙❈ ✐♠♣❧✐❡s x˜m ≻i aj ❢♦r ❛❧❧
i ∈ N s✉❝❤ t❤❛t θi ≤ θm ✭θi ≥ θm✮✳ ❚❤✉s✱ aj¬MV ()x˜m✳ ❙✉♣♣♦s❡ aj  x˜m ❛♥❞
aj  x˜m✳ ❈♦r♦❧❧❛r② ✼❜ ❛♥❞ aj /∈ I(m) ✐♠♣❧② t❤❛t ❛♥② ♣❛rt② s✉❝❤ t❤❛t ❛❧❧ ♠❡♠❜❡rs
❛r❡ ❡✐t❤❡r θi ≥ θm ✭♦r ♦♥❧② θi ≤ θm✮ ❝❛♥ ♦♥❧② ♣r♦♣♦s❡ aj ≥ x¯m ✭♦r aj ≤ xm✮✱ t❤✉s
t❤✐s ❝❛♥♥♦t ❜❡ tr✉❡✳ ❈❛s❡ ✷✳ ◆♦ ❛❝t✐✈❡ ♣❛rt② ✐s s✉❝❤ t❤❛t aj = x˜m ✇❤❡r❡ x˜m ❞❡❢❡❛ts
❛♥② ♦t❤❡r xm ∈ I(m) ✉♥❞❡r W ✳ ❈♦♥s✐❞❡r s♦♠❡ Cj ∈ P t❤❛t ❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡
i s✉❝❤ t❤❛t θi = θm ✭t❤❡r❡ ♠✉st ❜❡ ❛t ❧❡❛st ♦♥❡ ♦❢ s✉❝❤ ♣❛rt✐❡s✮ ❛♥❞ ❝♦♥str✉❝t ❛
❞❡✈✐❛t♦r Ck := {i ∈ Cj| θi = θm} t❤❛t ✐♥❞✉❝❡s ❛ ♥❡✇ ♠❛❥♦r✐t❛r✐❛♥ ♣❛rt② str✉❝t✉r❡
P′✳ ❚❤❡♥ gk
a−k
(Rk(a−k)) = x˜m ❜❡❝❛✉s❡ ♦❢ ❚❇✷ ❛♥❞ A(P′) = {x˜m}✳ ❚❤❡ ❞❡✈✐❛t✐♦♥ ✐s
❜❧♦❝❦❡❞ ✐❢ ❡✐t❤❡r ✭✶✮ gk
a−k
(Rk(a−k)) = x˜m ♦r gj
a−j
(Rj(a−j)) = ∅ ❢♦r ❛❧❧ Cj ∈ (P′ \ Ck)
❛r❡ ✉♥❢❡❛s✐❜❧❡✱ ♦r ✭✷✮ A(P′) = {x˜m} ✐s ♥♦t ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦♣♦s❛❧ ❣❛♠❡✱ ♦r
✭✸✮ P′ ✐s ♥♦t st❛❜❧❡✳ ❘❡❣❛r❞✐♥❣ ✭✶✮✱ gk
a−k
(Rk(a−k)) = x˜m ✐s tr✐✈✐❛❧❧② ❢❡❛s✐❜❧❡ ✉♥❞❡r
A(P′) = {x˜m} ❣✐✈❡♥ ❚❇✶✱ ❚❇✷✱ ❛♥❞ ❘❙P✳ ❈♦r♦❧❧❛r② ✼❜ ✐♠♣❧✐❡s t❤❛t ❛♥② ❛♥② ♣❛rt②
s✉❝❤ t❤❛t ❛❧❧ ♠❡♠❜❡rs ❛r❡ ❡✐t❤❡r θi ≥ θm ✭♦r ♦♥❧② θi ≤ θm✮ ❝❛♥ ♦♥❧② ♣r♦♣♦s❡ aj ≥ x¯m
✭♦r aj ≤ xm✮✳ ■❢ aj /∈ I(m)✱ t❤❡♥ ♦♣t✐♠❛❧✐t② ✐♠♣❧✐❡s x˜m ≻m aj ✳ ❚❤❡ ❙❙❈ ✐♠♣❧✐❡s
x˜m ≻i aj ❢♦r ❛❧❧ i ∈ N s✉❝❤ t❤❛t θi ≤ θm ✭θi ≥ θm✮✳ ❚❤✉s✱ x˜mMV ()aj ❛♥❞
aj¬MV ()x˜m✳ ❚❤✐s ♠❡❛♥s t❤❛t ✐t ♠✉st ❜❡ tr✉❡ t❤❛t ❡✐t❤❡r aj = ∅ ♦r aj ∈ I(m
✹✷
)✳ ❇✉t ✐♥ t❤❡ ❧❛tt❡r ❝❛s❡ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❘❙P ✐♠♣❧✐❡s w({x˜m, aj},) = x˜m✱
t❤✉s ❚❇✶ ✐♠♣❧✐❡s gj
a−j
(Rj(a−j)) = ∅✳ ❘❡❣❛r❞✐♥❣ ✭✷✮✱ tr✐✈✐❛❧❧② A(P′) = {x˜m} ✐s
❛♥ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦♣♦s❛❧ ❣❛♠❡ ❜❡❝❛✉s❡ x˜m ∈ K({x˜m},)✳ ❘❡❣❛r❞✐♥❣ ✭✸✮✱
♥♦t✐❝❡ t❤❛t ❢♦r ❛♥② ❢✉rt❤❡r ✐♠♠❡❞✐❛t❡ ❞❡✈✐❛t✐♦♥ ✐♥❞✉❝❡s ❛ ♥❡✇ ♠❛❥♦r✐t❛r✐❛♥ ♣❛rt②
str✉❝t✉r❡ P2✱ ❛♥❞ t❤❛t P2 ✐s s✉❝❤ t❤❛t Ck ∈ P2✱ ❜❡❝❛✉s❡ ♥♦♥❡ ♦❢ ✐ts ♠❡♠❜❡rs ❤❛✈❡ ❛
str✐❝t ✐♥❝❡♥t✐✈❡ t♦ ❞❡✈✐❛t❡✳ ❋♦❧❧♦✇✐♥❣ ♣♦✐♥ts ✭✶✮ ❛♥❞ ✭✷✮✱ ✐♥ t❤✐s ♠❛❥♦r✐t❛r✐❛♥ ♣❛rt②
str✉❝t✉r❡ t❤❡r❡ ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦♣♦s❛❧ ❣❛♠❡ s✉❝❤ t❤❛t gk
a−k
(Rk(a−k)) = x˜m
✱ ❛♥❞ gj
a−j
(Rj(a−j)) = ∅ ❢♦r ❛❧❧ Cj ∈ (P2 \Ck) ❛♥❞ t❤❡r❡❢♦r❡ A = {x˜m}✳ ▼♦r❡♦✈❡r✱ ❛❧❧
t❤❡ ♣♦ss✐❜❧❡ ❡q✉✐❧✐❜r✐❛ ♦❢ t❤❡ ♣r♦♣♦s❛❧ ❣❛♠❡ ✐t ♠✉st ❜❡ tr✉❡ t❤❛t w(A(P2),) = x˜m✱
❜❡❝❛✉s❡ ✐❢ w(A(P2),) 6= x˜m✱ t❤❡♥ ❚❇✷ ❛♥❞ ❘❙P ✐♠♣❧② gka−k(Rk(a−k)) = x˜m✳ ❚❤✐s
♠❡❛♥s t❤❛t t❤❡ ✜♥❛❧ ♦✉t❝♦♠❡ P′′ ♦❢ ❛♥② s❡q✉❡♥t✐❛❧ ❞❡✈✐❛t✐♦♥ ♠✉st ❛❧s♦ ❜❡ s✉❝❤ t❤❛t
w(A(P′′),) = x˜m✳ ❚❤✉s✱ ❛♥② ❢✉rt❤❡r ❞❡✈✐❛t✐♦♥ ❝❛♥♥♦t ❜❡ str✐❝t❧② ♣r♦✜t❛❜❧❡✱ ❛♥❞
t❤❡r❡❢♦r❡ P′ ✐s st❛❜❧❡✳ ❈❛s❡ ✶ ❛♥❞ ✷ ✐♠♣❧✐❡s t❤❛t ♥♦ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦ ❝❛♥ ♣r❡✈❛✐❧
✉♥❞❡r ❛ ♠❛❥♦r✐t❛r✐❛♥ ♣❛rt② str✉❝t✉r❡✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ◗✳❊✳❉✳
▲❡♠♠❛ ✶✷✳ ■❢ x0 ≤ xm ♦r x0 ≥ x¯m ❛♥❞ x0 /∈ I(m)✱ t❤❡♥ ✲ ❢♦r ❛♥② ❣✐✈❡♥ W ✲
❛♥② ♠❛❥♦r✐t❛r✐❛♥ ♣❛rt② str✉❝t✉r❡ ❡✐t❤❡r ✭✐✮ ❛❞♠✐ts ❛ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ ❢♦r♠
〈P, a(P), xm〉 ❢♦r s♦♠❡ xm ∈ I(m)✱ ♦r ✭✐✐✮ ❡✈❡r② s❡q✉❡♥t✐❛❧ ❞❡✈✐❛t✐♦♥ ❧❡❛❞s t♦ ❛
♣❛rt② ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ ❢♦r♠ 〈P′, a(P′), xm〉 , ✐♥ ✇❤✐❝❤ P′ ✐s ❛ r❡✜♥❡♠❡♥t ♦❢ P✳
Pr♦♦❢✳ ❙✉♣♣♦s❡ P ✐s ❛ ♠❛❥♦r✐t❛r✐❛♥ ♣❛rt② str✉❝t✉r❡ ❛♥❞ 〈P, a(P), xm〉 ✐s ♥♦t ❛ ♣❛rt②
❡q✉✐❧✐❜r✐✉♠ ❢♦r ❛♥② xm ∈ I(m). ❚❤❡♥ ❡✐t❤❡r ✭✶✮ gm
a−m
(Rm(a−m)) = xm ❢♦r s♦♠❡
Cm ∈ P ❛♥❞✴♦r gj
a−j
(Rj(a−j)) = ∅ ❢♦r ❡❛❝❤ Cj ∈ P s✉❝❤ t❤❛t Cj 6= Cm ✐s ✉♥❢❡❛s✐❜❧❡❀ ♦r
✭✷✮ 〈P, a(P)〉 ✐s ♥♦t ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦♣♦s❛❧ ❣❛♠❡❀ ♦r ✭✸✮ 〈P, a(P), xm〉 ✐s ♥♦t
st❛❜❧❡✳ ❘❡❣❛r❞✐♥❣ ✭✶✮ gm
a−m
(Rm(a−m)) = xm ✐s ❢❡❛s✐❜❧❡ ❢♦r ❛t ❧❡❛st ♦♥❡ xm ∈ I(m).
■❢ ✭❛✮ t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ Cl ∈ P s✉❝❤ t❤❛t θi = θm ❢♦r ❛❧❧ i ∈ Cl✱ t❤❡♥ ❝❤♦♦s❡
Cl = Cm ❛♥❞ s❡t xm = x˜m ✇❤❡r❡ x˜m ✐s s✉❝❤ t❤❛t W (A,) = x˜m ❢♦r ❛❧❧ A ⊆ I(m)
s✉❝❤ t❤❛t x˜m ∈ A ✭✐t ❡①✐sts ❜② ❛ss✉♠♣t✐♦♥ ♦❢ ❘❙P✱ ❛♥❞ s❡❧❡❝ts x˜m ❜❡❝❛✉s❡ ♦❢ ❚❇✷ ✮✳
■♥ t❤✐s ❝❛s❡✱ ♥♦t✐❝❡ t❤❛t ▲❡♠♠❛ ✼ ❛♥❞ ❈♦r♦❧❧❛r② ✼❜ ✐♠♣❧② t❤❛t ❛❧❧ ♣❛rt✐❡s Cj ∈ P
s✉❝❤ t❤❛t θi 6= θm ❢♦r s♦♠❡ i ∈ Cj ❝❛♥ ♦♥❧② ♦✛❡r ♣r♦♣♦s❛❧s aj ≥ x¯m ♦r aj ≤ xm✳
▼♦r❡♦✈❡r✱ ♥♦♥❡ ♦❢ t❤❡s❡ ♣r♦♣♦s❛❧s ❝❛♥ ❞❡❢❡❛t x˜m✳ ❚❤✉s✱ ✉♥❞❡r A = {x˜m} ❚❇✶
✐♠♣❧✐❡s gj
a−j
(Rj(a−j)) = ∅ ❢♦r ❡❛❝❤ Cj ∈ P s✉❝❤ t❤❛t Cj 6= Cm✳ ❚❤✉s t❤✐s ✐s ❢❡❛s✐❜❧❡
✹✸
t♦♦✳ ■❢ ✭❛✮ ❞♦❡s ♥♦t ❛♣♣❧②✱ t❤❡♥ ❝❤♦♦s❡ Cm s✉❝❤ t❤❛t ❡✐t❤❡r ✭❜✮ θi = θm ❢♦r ❛t ❧❡❛st
♦♥❡ i ∈ Cm ❛♥❞ θi > θm ❢♦r ❛t ❧❡❛st ♦♥❡ h ∈ Cm✱ ♦r ✭❝✮ θi = θm ❢♦r ❛t ❧❡❛st ♦♥❡ i ∈ Cm
❛♥❞ θi < θm ❢♦r ❛t ❧❡❛st ♦♥❡ l ∈ Cm ✭♥♦t✐❝❡ t❤❛t ❛t ❧❡❛st ♦♥❡ ♣❛rt② ♦❢ t②♣❡ ✭❛✮ ♦r
✭❜✮ ♠✉st ❡①✐sts ✐♥ P✮✳ ❈♦♥s✐❞❡r ❝❛s❡ ✭❛✮✳ ❙❡t gm
a−m
(Rm(a−m)) = x¯m ❢♦r A−m = {∅}✳
❚❤✐s ✐s ❢❡❛s✐❜❧❡ ❢♦r ❛ ❞✐❝t❛t♦r✐❛❧ ❛♥❞ P❛r❡t♦ ❡✣❝✐❡♥t gma−m ✭✇✐t❤ ❛ ❞✐❝t❛t♦r s✉❝❤ t❤❛t
θi = θm ✮✳ ◆♦t✐❝❡ t❤❛t ❛♥② ♦t❤❡r ♣❛rt② ✐s ❡✐t❤❡r ♦❢ t②♣❡ ✭❜✮ ♦r t②♣❡ ✭❝✮✳ ▲❡♠♠❛ ✼
❛♥❞ ❈♦r♦❧❧❛r② ✼❜ ✐♠♣❧② t❤❛t t❤❡s❡ ♣❛rt✐❡s ❝❛♥ ♦✛❡r ♦♥❧② ♣r♦♣♦s❛❧s s✉❝❤ t❤❛t aj ≥ x¯m
♦r aj ≤ xm✳ ◆♦t✐❝❡ t❤❛t ♥♦♥❡ ♦❢ t❤❡s❡ ♣r♦♣♦s❛❧s ❝❛♥ ❞❡❢❡❛t x¯m ✲ ❡①❝❡♣t ♣♦ss✐❜❧② x¯m
❛♥❞ xm✳ ❚❇✶ ✐♠♣❧✐❡s t❤❛t ♥♦ ♣❛rt② Cj 6= Cm ❝❛♥ ♣❧❛② gj
a−j
(Rj(a−j)) = x¯m ❣✐✈❡♥
A = {x¯m}✳ ❚❤✉s✱ t❤❡ ♦♥❧② ♣♦ss✐❜✐❧✐t② ✐s gd
a−d
(Rd(a−d)) = xm ❢♦r s♦♠❡ Cd ∈ P s✉❝❤
t❤❛t Cd 6= Cm✳ ❚❤✐s ❝❛♥ ❜❡ tr✉❡ ♦♥❧② ✐❢ W ({x¯m, xm},) = xm✳ ■❢ t❤❛t ✐s t❤❡ ❝❛s❡✱
s❡t ad = xm ❛♥❞ aj = ∅ ❢♦r ❛❧❧ Cj ∈ P s✉❝❤ t❤❛t Cj 6= Cd✳ ■t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t
gd
a−d
(Rd(a−d)) = xm ❛♥❞ gj
a−j
((a−j)) = ∅ ❛r❡ ❢❡❛s✐❜❧❡✳ ❙✐♠✐❧❛r❧②✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t
t❤❡ s❛♠❡ ✐s tr✉❡ ✐❢ Cm ✐s ♦❢ t②♣❡ ✭❜✮✳ ❚❤✉s t❤❡r❡ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ t♦ ✭✶✮✳ ❘❡❣❛r❞✐♥❣
✭✷✮✱ ♥♦t✐❝❡ t❤❛t xm ∈ K({xm},) ❢♦r ❛♥② xm ∈ I(m)✳ ❚❤✉s✱〈P, {xm}〉 ✐s ❛♥
❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦♣♦s❛❧ ❣❛♠❡✱ ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ t♦ ✭✷✮✳ ▲❛st❧②✱ r❡❣❛r❞✐♥❣
✭✸✮✱ ❝♦♥s✐❞❡r ❛♥② s❡q✉❡♥❝❡ ♦❢ ❞❡✈✐❛t✐♦♥s ❢r♦♠ ❡q✉✐❧✐❜r✐❛ ♦❢ t❤❡ st❛❣❡ ❣❛♠❡ ♦❢ t②♣❡s
✭❛✮✱ ✭❜✮ ♦r ✭❝✮ ✐♥ ♣❛rt ✭✐✮✳ ■❢ P ✐s ♦❢ t②♣❡ ✭❛✮✱ t❤❡♥ t❤❡ r❡s✉❧t✐♥❣ ♣❛rt✐t✐♦♥ ✐s ♦❢ t②♣❡
✭❛✮❀ ■❢ P ✐s ♦❢ t②♣❡ ✭❜✮ ♦r ✭❝✮✱ t❤❡♥ t❤❡ r❡s✉❧t✐♥❣ ♣❛rt✐t✐♦♥ ✐s ♦❢ t②♣❡ ✭❛✮ ♦r ✭❜✮ ♦r ✭❝✮✳
■♥ ❛❧❧ ❝❛s❡s✱ t❤❡ r❡s✉❧t✐♥❣ st❛❜❧❡ ♣❛rt② str✉❝t✉r❡ ❝❛♥♥♦t ❜❡ ♥❡✐t❤❡r ❛ st❛❜❧❡ ❣r✐❞❧♦❝❦✱
❜❡❝❛✉s❡ ♦❢ ▲❡♠♠❛ ✶✶✱ ♥♦r ❛ ❞✐s❡q✉✐❧✐❜r✐✉♠ A(P) = {∅}✱ ❜❡❝❛✉s❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♦❢
t❤❡ ♣r♦♣♦s❛❧ ❣❛♠❡ ❡①✐sts✳ ❚❤✉s ✐t ✐s ♠✉st ❜❡ ❛ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠✳ ▼♦r❡♦✈❡r✱ ♣❛rts
✭✶✮ ❛♥❞ ✭✷✮ ✐♠♣❧② t❤❛t ✐t ♠✉st ❤❛✈❡ ❢♦r♠〈P′, a(P′), xm〉 ❢♦r s♦♠❡ xm ∈ I(m). ❚❤✉s✱
✐❢ ❛ s❡q✉❡♥t✐❛❧ ❞❡✈✐❛t✐♦♥ ♦❝❝✉rs✱ ✐t ♠✉st ❧❡❛❞ t♦ ❛ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠ 〈P′, a(P′), xm〉
✐♥ ✇❤✐❝❤ P′ ✐s ❛ r❡✜♥❡♠❡♥t ♦❢ P✳ ◗✳❊✳❉✳
▲❡♠♠❛ ✶✸❛✳ ■❢ x0 ≤ xm ♦r x0 ≥ x¯m❛♥❞ x0 /∈ I(m)✱ t❤❡♥ t❤❡r❡ ✐s ♥♦ st❛❜❧❡ ♣❛rt②
str✉❝t✉r❡ ✐♥ ✇❤✐❝❤ w(A(P),) ✐s s✉❝❤ t❤❛t w(A(P),) /∈ I(m) ❛♥❞ w(A(P),) ≥
x¯m✱ w(A(P),) ≤ xm✳
Pr♦♦❢✳ ❙✉♣♣♦s❡ t❤❡r❡ ✐s ❛ st❛❜❧❡ ♣❛rt② str✉❝t✉r❡ 〈P, a(P), w,)〉 s✉❝❤ t❤❛t w =
w(A(P),) ✇✐t❤ w /∈ I(m) ❛♥❞ w ≥ x¯m✳ ❈♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ ♦❢ ❞❡✈✐❛t✐♦♥s
✹✹
{P1,P2, ...,PK} ✇❤❡r❡ ❡❛❝❤ Pk ✐s ✐♥❞✉❝❡❞ ❜② ❛ ❞❡✈✐❛t♦r Cdk ⊆ Cjk−1 ❢♦r s♦♠❡ Cjk−1 ∈
Pk−1✳ ▲❡♠♠❛ ✶✵ ✐♠♣❧✐❡s t❤❛t ✐❢ 〈Pk, a(Pk)〉 ✐s ❛ r❡❣✉❧❛r ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦♣♦s❛❧
❣❛♠❡✱ ✐t ♠✉st ❜❡ s✉❝❤ t❤❛t A(Pk) = {ajk} ✇✐t❤ ajk = wk(A(Pk),) = wk s✉❝❤ t❤❛t
❡✐t❤❡r wk ∈ I(m)✱ ♦r wk ≥ x¯m ♦r wk ≤ xm✳ ■❢ t❤❡r❡ ✐s ❛ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦✱ ♦r ♥♦
❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦♣♦s❛❧ ❣❛♠❡✱ t❤❡♥ t❤❡ ♦✉t❝♦♠❡ ✐s x0 ✇❤✐❝❤ ✐s ❛❧s♦ ❜② ❛ss✉♠♣✲
t✐♦♥ x0 ≤ xm ♦r x0 ≥ x¯m✳ ❚❤✉s✱ ✐t ✐s ❛❧✇❛②s t❤❡ ❝❛s❡ t❤❛t ❡✐t❤❡r wk ∈ I(m)✱ ♦r
wk ≥ x¯m ♦r wk ≤ xm✳ ❙✉♣♣♦s❡ t❤❡ ♣❧❛②❡rs ❡①♣❡❝t ❛ ✜♥❛❧ ♦✉t❝♦♠❡ PK = P′ s✉❝❤
t❤❛t A(P′) = {xˆm} ❢♦r s♦♠❡ xˆm ∈ I(m)✳ ❙❛② ✭✶✮ wk 6= xˆm✱ t❤❡♥ ❛ ❞❡✈✐❛t♦r ✐s
❡✐t❤❡r ✭❛✮ Cdk := {i ∈ Cjk−1| θi > θm} ✐❢ wk ≤ xm✱ ♦r ✭❜✮ Cek := {i ∈ Cjk−1| θi < θm}
✐❢ wk ≥ x¯m ✇❤❡♥❡✈❡r wk 6= xˆm ❛♥❞ ❛♥② ♦❢ s✉❝❤ ❞❡✈✐❛t✐♦♥ ✐s ♣♦ss✐❜❧❡✳ ■❢ wk = xˆm
❜✉t 〈Pk, a(Pk)〉 ✐s ♥♦t st❛❜❧❡✱ t❤❡♥ ✭❝✮ Cfk ✐s ❛♥② ❞❡✈✐❛t♦r t❤❛t ❝❛♥ ✐♥❞✉❝❡ Pk+1 ❛♥❞
s✉❝❤ t❤❛t t❤✐s ❞❡✈✐❛t✐♦♥ ✐s str✐❝t❧② ♣r♦✜t❛❜❧❡ ❢♦r ❛❧❧ i ∈ Cfk ✐❢ t❤❡ ✜♥❛❧ ♦✉t❝♦♠❡ ✐s
xˆm ✭t❤❡r❡ ♠✉st ❜❡ ♦♥❡✱ ❡❧s❡ Pk ✇♦✉❧❞ ❜❡ st❛❜❧❡✮✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❞❡✈✐❛t✐♦♥ ✭❛✮
✐s ♣r♦✜t❛❜❧❡ ❢♦r ❛❧❧ ❞❡✈✐❛t♦rs ❛s ❧♦♥❣ ❛s t❤❡② ❡①♣❡❝t ✐t t♦ ✐♥❞✉❝❡ xˆm ❜❡❝❛✉s❡ ♦♣✲
t✐♠❛❧✐t② ✐♠♣❧✐❡s xˆm m wk✱ ❛♥❞ t❤❡ ❙❙❈ t♦❣❡t❤❡r ✇✐t❤ wk 6= xˆm ❛♥❞ wk ≤ xm
✐♠♣❧② xˆm ≻i wk ❢♦r ❛❧❧ i s✉❝❤ t❤❛t θi < θm✳ ❙✐♠✐❧❛r❧②✱ ❞❡✈✐❛t✐♦♥s ♦❢ t②♣❡ ✭❜✮ ❛r❡
❛❧✇❛②s ♣r♦✜t❛❜❧❡✳ ❚❤❡ s❡q✉❡♥❝❡ ❝♦♥t✐♥✉❡s ✉♥t✐❧ ❡✐t❤❡r ✐t r❡❛❝❤❡s ❛ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠
✇✐t❤ A(Pk) = {xˆm}✱ ♦r ✉♥t✐❧ ♥♦ ❞❡✈✐❛t✐♦♥s ♦❢ t②♣❡ ✭❛✮✱ ✭❜✮ ♦r ✭❝✮ ❛r❡ ♣♦ss✐❜❧❡✳ ■♥
t❤❡ ❢♦r♠❡r ❝❛s❡✱ t❤❡ ❞❡✈✐❛t✐♦♥ ✐s ♣r♦✜t❛❜❧❡ ❛♥❞ st❛❜❧❡✱ t❤✉s 〈P′, a(P′)〉 s❡q✉❡♥t✐❛❧❧②
❜❧♦❝❦s 〈P, a(P)〉✳ ❈♦♥s✐❞❡r t❤❡ ❧❛tt❡r ❝❛s❡✳ ❇❡❝❛✉s❡ ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ ❞❡✈✐❛t✐♦♥s ✇✐t❤
Cdk := {i ∈ Cjk−1| θi > θm} ❛♥❞ Cek := {i ∈ Cjk−1| θi < θm} ❤❛✈❡ ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t✱
t❤❡♥ ❛❧❧ t❤❡ ♣❛rt✐❡s t❤❛t ✐♥❝❧✉❞❡s ❜♦t❤ ✐♥❞✐✈✐❞✉❛❧s ♦❢ t②♣❡ θi < θm ❛♥❞ ✐♥❞✐✈✐❞✉❛❧s ♦❢
t②♣❡ θi > θm ❤❛✈❡ ❜❡❡♥ ❜r♦❦❡♥✳ ❚❤✉s✱ t❤❡ r❡s✉❧t✐♥❣ ♣❛rt② str✉❝t✉r❡ ✐s ❛ ♠❛❥♦r✐t❛r✲
✐❛♥ ♣❛rt② str✉❝t✉r❡✳ ▲❡♠♠❛ ✶✷ ✐♠♣❧✐❡s t❤❛t ✐♥ t❤❡ ❝❛s❡s ✐♥ ✇❤✐❝❤ t❤✐s ♣r♦♣♦s✐t✐♦♥
❛♣♣❧✐❡s ❛♥② ♠❛❥♦r✐t❛r✐❛♥ ♣❛rt② str✉❝t✉r❡ ❡✐t❤❡r ✭❛✮ s✉♣♣♦rts ❛ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠ ✐♥
t❤❡ ❢♦r♠ 〈P′, a(P′), xm〉 ❢♦r s♦♠❡ xm ∈ I(m)✱ ♦r ✐t ✐♥❞✉❝❡s ❛ s❡q✉❡♥t✐❛❧ ❞❡✈✐❛t✐♦♥
t❤❛t ❧❡❛❞s t♦ ❛ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ ❢♦r♠ 〈P′, a(P′), xm〉 ❢♦r s♦♠❡ xm ∈ I(m)✳
❙❡t xˆm = xm s✉❝❤ t❤❛t t❤❡ ❡①♣❡❝t❛t✐♦♥s ♦❢ ❛❧❧ t❤❡ ❞❡✈✐❛t♦rs ❛r❡ ❝♦rr❡❝t✳ ❚❤✐s ♠❡❛♥s
t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ ❞❡✈✐❛t✐♦♥s ❧❡❛❞s t♦ ❛ t✉♣❧❡ 〈PK , a(PK)〉 = 〈P′, a(P′)〉 s✉❝❤ t❤❛t
〈P′, a(P′), w(A(P′))〉 ✐s st❛❜❧❡✱ ❛♥❞ t❤❛t ❡❛❝❤ st❡♣ ♦❢ t❤❡ s❡q✉❡♥❝❡ ❝♦rr❡s♣♦♥❞s t♦
❛ ❞❡✈✐❛t♦r t❤❛t ✐♥❞✉❝❡ ❛ str✐❝t❧② ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t 〈P′, a(P′)〉
s❡q✉❡♥t✐❛❧❧② ❜❧♦❝❦s 〈P, a(P)〉✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t 〈P, a(P), w(A(P),)〉 ✐s ♥♦t ❛ st❛✲
❜❧❡ ♣❛rt② str✉❝t✉r❡✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❙✐♠✐❧❛r❧②✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t ❛
❝♦♥tr❛❞✐❝t✐♦♥ ♦❝❝✉rs ✐❢ w(A(P),) ≤ xm✳ ◗✳❊✳❉✳
▲❡♠♠❛ ✶✸❜✳ ■❢ x0 /∈ I(m)✱ t❤❡♥ ❛ st❛❜❧❡ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦ ♦❝❝✉rs ♦♥❧② ✐❢ x0  x¯m
❛♥❞ x0  xm ❢♦r s♦♠❡ xm ∈ I(m)✳
Pr♦♦❢✳ ❋♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ▲❡♠♠❛ ✶✸❛✳ ◗✳❊✳❉✳
▲❡♠♠❛ ✶✹✳ ■❢ x0 ≤ xm ♦r x0 ≥ xm ❛♥❞ x0 /∈ I(m)✱ t❤❡♥ ✐♥ ❛ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠
❢♦r ❛♥② ♣❛rt② Cj ∈ P ✭❝♦✉❧❞ ❜❡ ❛ s✐♥❣❧❡t♦♥✮ ♦♥❡ ❣❡ts aj ∈ I(m) ∪ {∅}✳
Pr♦♦❢✳ ❙✉♣♣♦s❡ aj /∈ I(m) ❛♥❞ aj 6= ∅✳ ■♥ ❛ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠ t❤✐s ✐♠♣❧✐❡s A(P) =
{aj} ❜❡❝❛✉s❡ ♦❢ ▲❡♠♠❛ ✾✱ ❛♥❞ t❤❡r❡❢♦r❡W (A(P),) = aj✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ aj /∈ I(m
) ❝❛♥♥♦t ❜❡ tr✉❡ ✐❢ θi = θm ❢♦r ❛❧❧ ♠❡♠❜❡rs ♦❢ Cj✱ ❜❡❝❛✉s❡ ✐♥ s✉❝❤ ❝❛s❡ Xj = I(m)✳
❚❤✉s✱ t❤❡r❡ ♠✉st ❜❡ ❛t ❧❡❛st ♦♥❡ i ∈ Cj s✉❝❤ t❤❛t ❡✐t❤❡r θi > θm ♦r θi < θm✳ ❚❤❡r❡
❛r❡ t✇♦ ♣♦ss✐❜❧❡ ❝❛s❡s✳
✭✐✮ ❙❛② aj ≥ x¯m ♦r aj ≤ xm ✳ ▲❡♠♠❛ ✶✸❛ ✐♠♣❧✐❡s t❤❛t 〈P, a(P), aj〉 ✐s ♥♦t ❛ ♣❛rt②
❡q✉✐❧✐❜r✐✉♠✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳
✭✐✐✮ ■❢ aj  x¯j ❛♥❞ aj  xm✳ ▲❡♠♠❛ ✶✵ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ✐s ♥♦ r❡❣✉❧❛r ❡q✉✐❧✐❜r✐✉♠
♦❢ t❤❡ ♣r♦♣♦s❛❧ ❣❛♠❡ ✐♥ t❤✐s ❝❛s❡✱ t❤✉s 〈P, a(P), aj〉 ✐s ♥♦t ❛ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠✳ ❚❤✐s
❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ◗✳❊✳❉✳
▲❡♠♠❛ ✶✺✳ ■♥ ❛♥② st❛❜❧❡ ♣❛rt② str✉❝t✉r❡ 〈P, a(P), w(A(P),)〉 ✭✐✮ t❤❡ ✇✐♥♥✐♥❣
♣♦❧✐❝② ✐s s✉❝❤ t❤❛t w(A(P),) m x0✳ ❚❤✉s✱ ✐❢ ✭✐✐✮ ♣r❡❢❡r❡♥❝❡s ❛r❡ str✐❝t❧② ❝♦♥✈❡①
♦✈❡r Rd ❛♥❞ X ⊆ Rd✱ t❤❡♥ t❤❡ ✇✐♥♥✐♥❣ ♣♦❧✐❝② ♠✉st ❧✐❡ ✇✐t❤✐♥ ❛ ❝✐r❝❧❡ ❝❡♥t❡r❡❞ ✐♥
xm ❛♥❞ ✇✐t❤ r❛❞✐✉s ❡q✉❛❧ t♦ maxx∈UPm(x0) ‖x− xm‖✳
Pr♦♦❢✳ P❛rt ✭✐✮✳ ❙✉♣♣♦s❡ w(A(P),) ≺m x0✳ ❚❤✐s ❝❛♥ ♦❝❝✉rs ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ✐♥ ❛
♣❛rt② ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ ❢♦r♠ 〈P, a(P), aj〉✱ ❜❡❝❛✉s❡ ✐♥ ❛ st❛❜❧❡ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦ ✲ ✐❢
❛♥② ❡①✐sts ✲ ♦♥❡ ♠✉st ❣❡t w(A(P),) = x0✱ ✇❤✐❝❤ tr✐✈✐❛❧❧② ✐♠♣❧✐❡s w(A(P),) ⊀m x0✳
▲❡♠♠❛ ✶✸❜ ✐♠♣❧✐❡s t❤❛t ❛ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦ ❝❛♥ ♦❝❝✉r ♦♥❧② ✐❢ x0  x¯m ❛♥❞ x0  xm✳
❚❤❡r❡ ❛r❡ t✇♦ ♣♦ss✐❜❧❡ ❝❛s❡s✳
✹✻
✭✶✮ ❙❛② aj ≥ x¯m ♦r aj ≤ xm✳ ❚❤❡ ❢❛❝t t❤❛t w(A(P),) ≺m x0 ✐♠♣❧✐❡s w(A(P),
) /∈ I(m)✳ ▲❡♠♠❛ ✶✵❜ st❛t❡s t❤❛t ■❢ t❤❡r❡ ✐s Cm ∈ P s✉❝❤ t❤❛t θi = θm ❢♦r ❛❧❧
i ∈ Cm✱ t❤❡♥ t❤❡r❡ ✐s ♥♦ r❡❣✉❧❛r ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦♣♦s❛❧ ❣❛♠❡ ✐♥ ✇❤✐❝❤ w(A(P),
) /∈ I(m) ❛♥❞ w(A(P),) ≥ x¯m ✭♦r w(A(P),) ≤ xm✮✳ ❚❤✉s✱ ❛ ♣❛rt② ✇✐t❤ s✉❝❤
❝❤❛r❛❝t❡r✐st✐❝s ♠✉st ♥♦t ❡①✐st ✐♥ P ✐♥ t❤✐s ❝❛s❡✳ ❈♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ ♦❢ ❞❡✈✐❛t✐♦♥s
{P1,P2, ...,PK} s✉❝❤ t❤❛t t❤❡ ✐♥✐t✐❛❧ ❞❡✈✐❛t♦r ✐s ❛ ♣❛rt② Ck2 := {i ∈ Cm| θi = θm}
✭♥♦t✐❝❡ t❤❛t ♦♥❡ ♣❛rt② ♦❢ t❤✐s ❦✐♥❞ ♠✉st ❡①✐sts✮ ❛♥❞ t❤❛t ❧❡❛❞ t♦ ❛♥② st❛❜❧❡ ♣❛rt②
str✉❝t✉r❡ ✇✐t❤ ❛ s❡q✉❡♥❝❡ ♦❢ str✐❝t❧② ♣r♦✜t❛❜❧❡ st❡♣s ✭✐❢ ❛♥② ❛❞❞✐t✐♦♥❛❧ ♣r♦✜t❛❜❧❡
st❡♣s ❡①✐sts✮✳ ❇❡❝❛✉s❡ t❤❡ ✜♥❛❧ ♣❛rt✐t✐♦♥ PK = P′ ♠✉st ❝♦♥t❛✐♥ ❛ ♣❛rt② Ck ∈ P′
s✉❝❤ t❤❛t θi = θm ❢♦r ❛❧❧ i ∈ Ck ✱ t❤❡♥ ✐❢ 〈P, a(P), w(A(P),)〉 ✐s ❛ r❡❣✉❧❛r ❡q✉✐✲
❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦♣♦s❛❧ ❣❛♠❡✱ ▲❡♠♠❛ ✶✵ ❛♥❞ ✶✵❜ ✐♠♣❧② t❤❛t ✐t ♠✉st ❜❡ s✉❝❤ t❤❛t
w(A(P),) ∈ I(m)✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❞❡✈✐❛t✐♦♥ ✐s str✐❝t❧② ♣r♦✜t❛❜❧❡ ❛♥❞ st❛❜❧❡✳
❚❤❡ ♦♥❧② ♦t❤❡r ♣♦ss✐❜✐❧✐t✐❡s ❛r❡ t❤❛t ✭❜✮ t❤❡ ❞❡✈✐❛t✐♦♥ ❧❡❛❞s t♦ ❛ st❛❜❧❡ ❧❡❣✐s❧❛t✐✈❡
❣r✐❞❧♦❝❦ 〈P′, a(P′), x0〉✱ ♦r ✭❝✮ t❤❡ ❞❡✈✐❛t✐♦♥ ❧❡❛❞s t♦ ❛ ❞✐s❡q✉✐❧✐❜r✐✉♠ 〈P′, a, x0〉✳ ■♥
❜♦t❤ t❤❡s❡ ❝❛s❡s ❝❛s❡✱ ❣✐✈❡♥ t❤❛t w(A(P),) ≺m x0✱ t❤❡ ❞❡✈✐❛t✐♦♥ t♦ P′ r❡♣r❡s❡♥ts
❛ st❛❜❧❡ ❛♥❞ str✐❝t❧② ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥ ❢♦r ❛❧❧ t❤❡ ❞❡✈✐❛t♦rs ❛t ❡❛❝❤ st❡♣✳ ❚❤✉s✱
〈P, a(P), w(A(P),)〉 ✐s ♥♦t st❛❜❧❡✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ✐t ✐s ♥♦t ❛ st❛❜❧❡ ♣❛rt② str✉❝✲
t✉r❡✳ ❚❤✐s r❡♣r❡s❡♥ts ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳
✭✷✮ ❙❛② aj  x¯m, aj  xm✳ ▲❡♠♠❛ ✶✵ ✐♠♣❧✐❡s t❤❛t 〈P, a(P), w(A(P),)〉 ✐s ♥♦t ❛
st❛❜❧❡ ♣❛rt② str✉❝t✉r❡✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤✉s ✐t ♠✉st ❜❡ tr✉❡ t❤❛t
w(A(P),) m x0✳
P❛rt ✭✐✐✮✳ ■❢ ♣r❡❢❡r❡♥❝❡s ❛r❡ str✐❝t❧② ❝♦♥✈❡① ♦✈❡r Rd ❛♥❞ X ⊆ Rd✱ t❤❡♥ I(m)
✐s ❛ s✐♥❣❧❡t♦♥✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ✐s ❛♥ ✐♥❞✐✛❡r❡♥❝❡ ❝✉r✈❡ ✐♥ Rd ❢♦r ❡❛❝❤ ♣❧❛②❡r i
✇✐t❤ θi = θm ♣❛ss✐♥❣ t❤r♦✉❣❤ x0✱ ✇❤✐❝❤ ❞❡✜♥❡s ❛ ❝♦♥✈❡① ✉♣♣❡r ❝♦♥t♦✉r s❡t ✐♥ Rd
UPmRd(x
0) := {x ∈ Rd| x m x0} ✳ ❇❡❝❛✉s❡ X ⊆ Rd ✐t ♠✉st ❜❡ t❤❡ ❝❛s❡ t❤❛t
t❤❡ ✉♣♣❡r ❝♦♥t♦✉r s❡t ✐♥ X ✐s s✉❝❤ t❤❛t UPm(x0) ⊆ UPmRd(x0)✳ ❚❤✉s✱ ✐❢ ✇❡ s❡❧❡❝t
x˜ = argmaxx∈UPm(x0) ‖x− xm‖ ✱ t❤❡♥ ✐t ♠✉st ❜❡ tr✉❡ t❤❛t✱ ❢♦r ❛♥② x ∈ UPm(x0)✱
♦♥❡ ❣❡ts ‖x− xm‖ ≤ ‖x˜− xm‖✳ ❇❡❝❛✉s❡ ♦❢ ♣❛rt ✭✐✮✱ ✇❡ ❦♥♦✇ t❤❛t ❛t ❛♥② st❛❜❧❡
♣❛rt② str✉❝t✉r❡ w(A(P),) m x0✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t w(A(P),) ∈ UPm(x0)✳ ❚❤✐s
✐s ✐♠♣❧✐❡s t❤❛t w(A(P),) ♠✉st ❧✐❡ ✇✐t❤✐♥ ❛ ❝✐r❝❧❡ ❝❡♥t❡r❡❞ ✐♥ xm ❛♥❞ ✇✐t❤ r❛❞✐✉s
❡q✉❛❧ t♦ maxx∈UPm(x0) ‖x− xm‖✳ ◗✳❊✳❉✳
✹✼
Pr♦♣♦s✐t✐♦♥ ✶✳ ✭❊①✐st❡♥❝❡✮✳ ✭✐✮ ❆ st❛❜❧❡ ♣❛rt② str✉❝t✉r❡ 〈P, a(P), w〉 ❛❧✇❛②s ❡①✐sts
❢♦r ❛♥② ♣r❡❢❡r❡♥❝❡ ♣r♦✜❧❡ ❀ ✭✐✐✮ ❛ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠ s✉❝❤ t❤❛t t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ ✐s
❛♥ ✐❞❡❛❧ ♣♦✐♥t ♦❢ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r m ✕ ✐✳❡✳✱ 〈P, a(P), w〉 ✇✐t❤ w ∈ I(m)✱ ❛❧✇❛②s
❡①✐sts❀ ✭✐✐✐✮ ❛ st❛❜❧❡ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦ 〈P, a(P), x0〉 ❡①✐sts ♦♥❧② ✐❢ ❡✐t❤❡r x0 ∈ I(m)✱
♦r ✐❢ x0  x¯m❛♥❞ x0  xm✳
Pr♦♦❢✳ P❛rt ✭✐✮ ❈♦♥s✐❞❡r t❤❡ ✜♥❡st ♣❛rt✐t✐♦♥ P˜✱ ✐✳❡✳ ❛ ♣❛rt✐t✐♦♥ ✐♥ ✇❤✐❝❤ ❡❛❝❤ ♣❛rt②
❝♦♥t❛✐♥s ♦♥❧② ♦♥❡ ❧❡❣✐s❧❛t♦r✳ ■t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t
〈
P˜, a(P˜), xm
〉
✐s ❛♥ ❡q✉✐❧✐❜✲
r✐✉♠ ✇✐t❤ ❛❣r❡❡♠❡♥t ✉♥❞❡r ❛♥② x0✳ ❉❡♥♦t❡ ✇✐t❤ Cm t❤❡ ♦♥❧② ❛❝t✐✈❡ ♣❛rt②✱ ✇❤✐❝❤
❤❛s ♦♥❧② ♦♥❡ ♠❡♠❜❡r ♦❢ t②♣❡ θi = θm✳ ❈♦♥s✐❞❡r s♦♠❡ xm ∈ I(m) s✉❝❤ t❤❛t
gma−m(R
m(a−m)) = am = xm ✐♥ ✇❤✐❝❤ gma−m s❛t✐s✜❡s t❤❡ r❡q✉✐r❡❞ ❝♦♥❞✐t✐♦♥s✳ ❚❤✐s
♠❡❛♥s t❤❛t xm ✐s ❛ ❢❡❛s✐❜❧❡ ♣r♦♣♦s❛❧ ❢♦r ♣❛rt② Cm✳ ❇❡❝❛✉s❡ ♦❢ ❚❇✷✱ gm ❝❤♦♦s❡s t❤❡
xm ∈ I(m) s✉❝❤ t❤❛t w({xm, x˜m},) = xm ❢♦r ❛❧❧ x˜m ∈ I(m)✳ ◆♦t✐❝❡ t❤❛t ❛❧❧
t❤❡ ♦t❤❡r ♣❛rt✐❡s Ck s✉❝❤ t❤❛t t❤❡ ✉♥✐q✉❡ ♠❡♠❜❡r i ❤❛s t②♣❡ θi 6= θm ❛r❡ s✉❝❤ t❤❛t
❛♥② ❢❡❛s✐❜❧❡ ♣r♦♣♦s❛❧ ✐s ❡✐t❤❡r ak ≥ x¯m ✭♦r ak ≤ xm✮✳ ■❢ ak 6= x¯m ✭♦r ak 6= xm✮✱ ♦♣✲
t✐♠❛❧✐t② ✐♠♣❧✐❡s xm ≻m ak ❛♥❞ ❙❙❈ ✐♠♣❧✐❡s xm ≻i ak ∀i ∈ N s✉❝❤ t❤❛t θi ≥ θm ✭♦r
θi ≤ θm)✳ ❚❤✐s ♠❡❛♥s xmMV ()ak ❛♥❞ ak¬MV ()xm✳ ■❢ ak = x¯m ✭♦r ak = xm✮✱
❚❇✷ ✐♠♣❧✐❡s t❤❛t ♥♦ ak ❝❛♥ ❝❤❛♥❣❡ t❤❡ ✇✐♥♥✐♥❣ ♣♦❧✐❝②✱ ❜❡❝❛✉s❡ w({xm, x¯m},) = xm
✭w({xm, xm},) = xm✮✱ t❤✉s ❡❛❝❤ Ck ✐s st❛❜❧❡ ❜② ♣❧❛②✐♥❣ ak = ∅✱ ✇❤✐❝❤ ✐s t❤❡ ♦♥❧②
❝r❡❞✐❜❧❡ ♣r♦♣♦s❛❧ ❢♦r s✉❝❤ ♣❛rt✐❡s✳ ▼♦r❡♦✈❡r✱ ❛♥② ♦t❤❡r ♣❛rt② Cq s✉❝❤ t❤❛t t❤❡ ✉♥✐q✉❡
♠❡♠❜❡r i ❤❛s t②♣❡ θi = θm ✭✐❢ ❛♥②✮ ✐s tr✐✈✐❛❧❧② st❛❜❧❡ ❛t aq = ∅✱ ❜❡❝❛✉s❡ ❡❛❝❤ ♦❢ ✐ts
♠❡♠❜❡r ✐s ❛❧r❡❛❞② ♦❜t❛✐♥✐♥❣ ❤❡r ✐❞❡❛❧ ♣♦❧✐❝②✳ ▲❛st❧②✱ ❜❡❝❛✉s❡ P˜ ✐s t❤❡ ✜♥❡st ♣♦ss✐❜❧❡
♣❛rt✐t✐♦♥✱ ❞❡✈✐❛t✐♦♥ t♦ ♣r♦♣❡r s✉❜♣❛rt✐❡s Cj ⊂ Ck ❛r❡ ♦❜✈✐♦✉s❧② ✐♠♣♦ss✐❜❧❡✳ ❚❤✉s✱
♣❛rt✐t✐♦♥ P˜ ✐s st❛❜❧❡✱ ❡❛❝❤ aj ∈ A ✐s ❛ ❝r❡❞✐❜❧❡✱ ❛♥❞ W ({xm},) = xm✳ ❚❤❡r❡❢♦r❡〈
P˜, a(P˜), xm
〉
✐s ❛ ❙P❙✱ ✇❤✐❝❤ ♣r♦✈❡s ✭✐✮✳ P❛rt ✭✐✐✮✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ♣❛rt ✭✐✮ ✐s
s✉❝❤ t❤❛t w(A,) = xm ✇✐t❤ xm ∈ K(A,)✱ ✐✳❡✳ ✐t ✐s ❛ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠✱ ✇❤✐❝❤
♣r♦✈❡s ✭✐✐✮✳ P❛rt ✭✐✐✐✮✳ ❋♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ▲❡♠♠❛ ✶✸❜ ❛♥❞ ▲❡♠♠❛ ✶✶✳
❈♦r♦❧❧❛r② ✷✳ ✭◗✉❛s✐✲▼❡❞✐❛♥ ❱♦t❡r ❚❤❡♦r❡♠✮✳ ✭✐✮ ■❢ ❡✐t❤❡r x0 ∈ I(m)✱ ♦r x0 ≥ xm✱
♦r x0 ≤ xm ❢♦r ❛❧❧ xm ∈ I(m)✱ t❤❡♥ ✐♥ ❛♥② st❛❜❧❡ ♣❛rt② str✉❝t✉r❡ t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡
✐s ❛♥ ✐❞❡❛❧ ♣♦✐♥t ♦❢ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r m✳ ✭✐✐✮ ■♥ ❛♥② st❛❜❧❡ ♣❛rt② str✉❝t✉r❡✱ t❤❡
♣♦❧✐❝② ♦✉t❝♦♠❡ ✐s s✉❝❤ t❤❛t w m x0✳ ❚❤✉s✱ ✭✐✐✐✮ ✐❢ ❧❡❣✐s❧❛t♦r m✬s ♣r❡❢❡r❡♥❝❡s ❛r❡
✹✽
str✐❝t❧② ❝♦♥✈❡① ♦✈❡r Rd✱ t❤❡♥ t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ ♠✉st ❧✐❡ ✇✐t❤✐♥ ❛ ❝✐r❝❧❡ ❝❡♥t❡r❡❞ ✐♥
xm ❛♥❞ ✇✐t❤ r❛❞✐✉s ❡q✉❛❧ t♦ maxx∈UPm(x0) ‖x− x0‖✳
Pr♦♦❢✳ P❛rt ✭✐✮✳ ■❢ x0 ∈ I(m) t❤❡♥ ▲❡♠♠❛ ✶✺ tr✐✈✐❛❧❧② ✐♠♣❧✐❡s w(A(P),) ∈ I(m)✳
■❢ x0 /∈ I(m)✱ ❜❡❝❛✉s❡ ❡✐t❤❡r x0 ≥ xm ♦r x0 ≤ xm ❢♦r ❛❧❧ xm ∈ I(m)✱ t❤❡♥ ▲❡♠♠❛
✶✹ ✐♠♣❧✐❡s t❤❛t ❛♥② ♣❛rt② ❡q✉✐❧✐❜r✐✉♠ ❤❛s ❢♦r♠ 〈P, a(P), xm〉 ❢♦r s♦♠❡ xm ∈ I(m)✳
▼♦r❡♦✈❡r✱ ▲❡♠♠❛ ✶✸❜ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ✐s ♥♦ st❛❜❧❡ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦✳ ❚❤✐s ♠❡❛♥s
t❤❛t ✐♥ ❛♥② st❛❜❧❡ ♣❛rt② str✉❝t✉r❡ ❤❛s t❤❡ ❢♦r♠ 〈P, a(P), xm〉 ❢♦r s♦♠❡ xm ∈ I(m)✳
P❛rt ✭✐✐✮ ✲ ✭✐✐✐✮✳ ❙❡❡ ▲❡♠♠❛ ✶✺✳ ◗✳❊✳❉✳
❈♦r♦❧❧❛r② ✷❜✳ ■❢ x0 ∈ I(m)✱ ♦r ✐❢ ❡✐t❤❡r x0 ≥ xm ♦r x0 ≤ xm ❢♦r ❛❧❧ xm ∈ I(m)✱
t❤❡♥ t❤❡ s❡t ♦❢ ♣♦❧✐❝② ♦✉t❝♦♠❡s ✐s E(X,, x0) = I(m)✳
Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠
〈
P˜, a(P˜), x
〉
✇✐t❤ ❡❛❝❤ ♣❛rt② Cj ∈ P˜ ✐s ❛ s✐♥❣❧❡✲
t♦♥✳ ❆❧s♦✱ ❝♦♥s✐❞❡r ❛ s♦❝✐❛❧ ❝❤♦✐❝❡ ❢✉♥❝t✐♦♥ W s✉❝❤ t❤❛t W ({xm, x˜m},) = xm ❢♦r
❛❧❧ x˜m ∈ I(m) ✭✐t ♠✉st ❡①✐sts ❜② ❘❙P✮✳ Pr♦♣♦s✐t✐♦♥ ✶ ✐♠♣❧✐❡s t❤❛t ✐♥ ❛ ♣❛rt② ❡q✉✐✲
❧✐❜r✐✉♠ w(A(P),) ∈ I(m)✳ ❙✉♣♣♦s❡ ∃xm ∈ I(m) s✉❝❤ t❤❛t xm /∈ E(X,, x0)✳
❚❤✐s ✐♠♣❧✐❡s t❤❛t ❢♦r A−m = {∅} ❡✐t❤❡r ✭✐✮ ❛ gm
a−m
s✉❝❤ t❤❛t gm
a−m
(Rm(a−m)) = x ❞♦❡s
♥♦t ❡①✐st✱ ♦r t❤❛t ✭✐✐✮ ∃x′ ∈ Xk ❢♦r s♦♠❡ ♣❛rt② Ck s✉❝❤ t❤❛t W ({xm, x′},) = x′✳
❘❡❣❛r❞✐♥❣ ✭✐✮✱ ✐t ✐s ♥❡✈❡r tr✉❡ ❜❡❝❛✉s❡ ❛ ❣r♦✉♣ ❝❤♦✐❝❡ ❢✉♥❝t✐♦♥ gma−m t❤❛t s❡❧❡❝ts
xm ∈ I(m) ❡①✐sts ❛♥❞ ❞♦❡s ♥♦t ✈✐♦❧❛t❡ ❛♥② ♦❢ t❤❡ r❡q✉✐r❡❞ ❝♦♥❞✐t✐♦♥s✳ ❘❡❣❛r❞✲
✐♥❣ ✭✐✐✮✱ ♥♦t✐❝❡ t❤❛t ♥♦ s✉❜❣r♦✉♣ ♦❢ ❛♥② ♣❛rt② Cj ❡①✐sts ❜❡❝❛✉s❡ ❛♥② ♣❛rt② Cj ∈ P˜
✐s ❛ s✐♥❣❧❡t♦♥✳ ❚❤✉s✱ ✐❢ ✐t ❡①✐sts✱ ✐t ♠✉st ❜❡ Ck ∈ P˜ ❢♦r s♦♠❡ k 6= m✳ ■❢ t❤✐s
✐s t❤❡ ❝❛s❡✱ ❞❡♥♦t❡ ✇✐t❤ θk t❤❡ t②♣❡ ♦❢ t❤❡ ✉♥✐q✉❡ ♠❡♠❜❡r ♦❢ Ck✳ ❘❡❝❛❧❧ t❤❛t ✐♥
t❤✐s ❝❛s❡ xk ∈ I(k)✳ ◆♦t✐❝❡ t❤❛t ▲❡♠♠❛ ✼ ✐♠♣❧✐❡s t❤❛t ❛♥ ❛❝t✐✈❡ ♣❛rt② ❝❛♥ ♣r♦✲
♣♦s❡ ♦♥❧② ✭✐✮ ak ≥ inf {I(k)} ✐❢ θk > θm✱ ♦r ✭✐✐✮ al ≤ sup{I(l)} ✐❢ θl < θm✱
♦r ✭✐✐✐✮ aj ∈ I(m) ✐❢ θj = θm✳ ■♥ ❝❛s❡ ✭✐✮✱ ✜rst ♦❢ ❛❧❧ ♥♦t✐❝❡ t❤❛t xm ≤ xk ❜②
❈♦r♦❧❧❛r② ✼❜✳ ❆❧s♦ ♥♦t✐❝❡ t❤❛t ❈♦r♦❧❧❛r② ✼❜ ✐♠♣❧✐❡s xm /∈ I(k) ✉♥❧❡ss xm = x¯m✳
❚❤✉s✱ ❡✐t❤❡r ✭❛✮ xk = x¯m ♦r ✭❜✮ xk 6= x¯m ❛♥❞ xm ≤ x¯m ≤ xk✳ ■♥ ❝❛s❡ ✭❛✮ t❤❡
❝❤♦✐❝❡ ♦❢ W s✉❝❤ t❤❛t W ({xm, x¯m};) = xm r✉❧❡s ♦✉t t❤✐s ♣♦ss✐❜✐❧✐t②✳ ◆❛♠❡❧②✱
t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ w ✐s ✉♥❛✛❡❝t❡❞✱ t❤✉s t❤❡ ♦♥❧② ♣♦ss✐❜✐❧✐t② ✐s gk
a−k
(Rk(a−k)) = ∅
❢♦r ❛❧❧ Ck 6= Cm ❛♥❞ gma−m(Rm(a−m)) = xm ✇❤✐❝❤ ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ A = {xm}✳
✹✾
■♥ ❝❛s❡ ✭❜✮ xk 6= x¯m ❛♥❞ xm ≤ x¯m ≤ xk✳ ❚❤✐s ✐♠♣❧✐❡s xk /∈ I(m)✳ ❚❤✉s✱ ♦♣✲
t✐♠❛❧✐t② ✐♠♣❧✐❡s xm ≻m xk✱ ❛♥❞ t❤❛t ❙❙❈ ✐♠♣❧✐❡s xm ≻i xk ∀i ∈ N : θi > θm✳
❚❤✐s ♠❡❛♥s xmMV ()xk ❛♥❞ xm¬MV ()xk✳ ❚❤✐s ✐♠♣❧✐❡s W ({xm, xk},) = xm✱
✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡ ♦♥❧② ♣♦ss✐❜✐❧✐t② ✐s A = {xm} ❛♥❞ gk
a−k
{Rk(a−k)) = ∅ ❢♦r ❛❧❧
Ck 6= Cm ❛♥❞ gma−m{Rm(a−m)) = xm✳ ▲❛st❧②✱ ✐♥ ❝❛s❡ ✭✐✐✐✮✱ tr✐✈✐❛❧❧② ❚❇✶ ✐♠♣❧✐❡s ❢♦r
A = {xm} ✐t ♠✉st ❜❡ tr✉❡ t❤❛t gj
a−j
{Rj(a−j)) = ∅✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳
❆♣♣❧② t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ t♦ ❡❛❝❤ xˆm ∈ I(m)✱ ❝❤♦♦s✐♥❣ ❛ s♦❝✐❛❧ ❝❤♦✐❝❡ ❢✉♥❝t✐♦♥
W ({xˆm, x˜m},) = xˆm ❢♦r ❛❧❧ x˜m ∈ I(m)✳ ❚❤✉s✱ t❤❡ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠ ✐♥ ❡❛❝❤ ❝❛s❡
✐s ❛ xˆm ∈ I(m)✱ ❢♦r ❛❧❧ xˆm ∈ I(m)✳ ▲❛st❧②✱ ❈♦r♦❧❧❛r② ✷ ✭✐✮ ✐♠♣❧✐❡s t❤❛t✱ ✉♥❞❡r t❤❡
st❛t❡❞ ❛ss✉♠♣t✐♦♥s✱ ✐♥ ❛♥② st❛❜❧❡ ♣❛rt② str✉❝t✉r❡ 〈P, A(P), w〉 ♦♥❡ ❣❡ts w ∈ I(m)✳
❚❤❡r❡❢♦r❡✱ E(X,, x0) = I(m)✳ ◗✳❊✳❉✳
Pr♦♣♦s✐t✐♦♥ ✸✳ ✭▼♦♥♦t♦♥❡ ❈♦♠♣❛r❛t✐✈❡ ❙t❛t✐❝s✮✳ ■❢ x0 ∈ I(m)✱ ♦r ✐❢ ❡✐t❤❡r
x0 ≥ xm ♦r x0 ≤ xm ❢♦r ❛❧❧ xm ∈ I(m)✱ t❤❡♥ t❤❡ s❡t ♦❢ ♣♦❧✐❝② ♦✉t❝♦♠❡s E(X,, x0)
♦❢ t❤❡ ✈♦t✐♥❣ ❣❛♠❡ ✐s ✭✐✮ ❛ s✉❜❧❛tt✐❝❡ ♦❢ X ✇❤✐❝❤ ✐s ✭✐✐✮ ♠♦♥♦t♦♥✐❝ ♥♦♥❞❡❝r❡❛s✐♥❣ ✐♥
 ♦♥ T✳
Pr♦♦❢✳ ❈♦r♦❧❧❛r② ✷❜ ✐♠♣❧✐❡s E(X,, x0) = I(m)✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ T
✐♠♣❧✐❡s t❤❛t ❛❧❧ 
t
∈ T s❛t✐s❢② ◗❙▼ ❛♥❞ ❙❙❈✳ P❛rt ✭✐✮✳ ❈♦♥s✐❞❡r ❛♥② t✇♦ ♣♦❧✐❝✐❡s
x, x′ ∈ I(m) ✭✐❢ ✐s ❛ s✐♥❣❧❡t♦♥✱ t❤❡ ♦♥❧② ♣♦ss✐❜✐❧✐t② ✐s x = x′✮✳ ❇❡❝❛✉s❡ X ✐s ❛ ❧❛tt✐❝❡✱
x ∧ x′, x ∨ x′ ∈ X ✳ ❖♣t✐♠❛❧✐t② ✐♠♣❧✐❡s x m x ∧ x′✳ ◗❙▼ ✐♠♣❧✐❡s x ∨ x′ m x′✳
❍❡♥❝❡ x∨x′ ∈ I(m)✳ ❙✐♠✐❧❛r❧②✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t x∧x′ ∈ I(m)✳ ❚❤✉s✱ I(m) ✐s
❛ s✉❜❧❛tt✐❝❡ ♦❢ X✳ P❛rt ✭✐✐✮✳ ❈♦♥s✐❞❡r ❛ ♣r❡❢❡r❡♥❝❡ ♣r♦✜❧❡ ˆ ∈ T s✉❝❤ t❤❛t ˆDX ✳
◆♦t✐❝❡ t❤❛t ✐♥ T✱ ˆ()DX() ✐❢ ❛♥❞ ♦♥❧② ✐❢✱ ❢♦r ❛♥② x, x′ ∈ X ✇✐t❤ x ≥ x′✱ ♦♥❡ ❣❡ts
x m x′ → xˆmx′ ❛♥❞ x′ˆmx → x′ m x ✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ s❛② t❤❛t t❤❡
♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r m ✉♥❞❡r t❤❡ ♥❡✇ ♣r❡❢❡r❡♥❝❡ ♣r♦✜❧❡ ❤❛s t②♣❡ θˆm t❤❛t ✐s ✭✇❡❛❦❧②✮
❤✐❣❤❡r t❤❛♥ θm✱ ✐✳❡✳ θˆm ≥ θm✳ ❈♦♥s✐❞❡r ❛♥② ❝♦✉♣❧❡ ♦❢ ♣♦❧✐❝✐❡s x′, xˆ ∈ X s✉❝❤
t❤❛t x′ ∈ I(m) ❛♥❞ xˆ ∈ I(ˆm)✳ ❖♣t✐♠❛❧✐t② ✐♠♣❧✐❡s x′ m xˆ ∧ x′✳ ◗❙▼ ✐♠♣❧✐❡s
xˆ ∨ x′ m xˆ✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ˆDX  ✐♠♣❧✐❡s xˆ ∨ x′ m xˆ✳ ❚❤✉s✱ xˆ ∨ x′ ∈ ❍❡♥❝❡
xˆ ∨ x′ ∈ I(ˆm)✳ ❙✐♠✐❧❛r❧②✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t xˆ ∧ x′ ∈ I(m)✳ ❇❡❝❛✉s❡ t❤✐s ✐s tr✉❡
❢♦r ❛❧❧ ♣♦ss✐❜❧❡ ♣♦❧✐❝✐❡s x′, xˆ ∈ X s✉❝❤ t❤❛t x′ ∈ I(m) ❛♥❞ xˆ ∈ I(ˆm)✱ ✐t ✐♠♣❧✐❡s
t❤❛t I(ˆm) ≥s I(m)✱ ✇❤❡r❡ ≥s ✐s t❤❡ ♦♣❡r❛t♦r t❤❛t ❞❡♥♦t❡s t❤❡ str♦♥❣ s❡t ♦r❞❡r✳
✺✵
❚❤❡r❡❢♦r❡ E(X, ˆ, x0) ≥s E(X,, x0)✳ ▲❛st❧②✱ ❜❡❝❛✉s❡ t❤✐s r❡s✉❧t ✐s tr✉❡ ❢♦r ❛♥②
t✇♦ ♣r❡❢❡r❡♥❝❡ ♣r♦✜❧❡s ˆ,∈ T✱ t❤❡♥ E(X,, x0) ✐s ♠♦♥♦t♦♥✐❝ ♥♦♥❞❡❝r❡❛s✐♥❣ ✐♥ 
♦♥ T✳ ◗✳❊✳❉✳
❇ ❙t❛❜❧❡ P❛rt② ❙tr✉❝t✉r❡s
Pr♦♣♦s✐t✐♦♥ ✹✳ ✭❙t❛❜❧❡ P❛rt② ❙tr✉❝t✉r❡s✮✳ ❙✉♣♣♦s❡ ❡✐t❤❡r x0 ≥ x¯m ♦r x0 ≤ xm ✐s
tr✉❡✳ ✭✐✮ ■❢ I(m) ✐s ❛ s✐♥❣❧❡t♦♥✱ t❤❡♥ ❛♥② ♠❛❥♦r✐t❛r✐❛♥ ♦r ❝❡♥tr❛❧ ♣❛rt② str✉❝t✉r❡
〈P, a(P)〉✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❣r❛♥❞ ❝♦❛❧✐t✐♦♥ ♦❢ ❛❧❧ ❧❡❣✐s❧❛t♦rs 〈{N}, a({N})〉✱ ❛❧✇❛②s s✉♣✲
♣♦rts ❛ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠ 〈P, a(P), xm〉✳ ✭✐✐✮ ■❢ I(i)∩ I(m) = ∅ ❢♦r ❛❧❧ i ∈ N s✉❝❤
t❤❛t θi 6= θm✱ t❤❡♥ ♥♦ ❡♥❞s✲❛❣❛✐♥st✲t❤❡✲♠✐❞❞❧❡ ♣❛rt② str✉❝t✉r❡ 〈P, a(P)〉 s✉♣♣♦rts ❛
♣❛rt② ❡q✉✐❧✐❜r✐✉♠✳
Pr♦♦❢✳ P❛rt ✭✐✮✳ ❙✉♣♣♦s❡ 〈P, a(P)〉 ✐s ❛ ♠❛❥♦r✐t❛r✐❛♥ ♣❛rt② str✉❝t✉r❡✱ 〈P, a(P), xm〉
✇✐t❤ A(P) = {xm} ✐s ♥♦t ❛ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ I(m) = {xm}. ❚❤❡♥✱ ❡✐t❤❡r ✭✶✮
aj ✐s ♥♦t ❢❡❛s✐❜❧❡ ❢♦r ❛♥② Cj ∈ P✱ ♦r ✭✷✮ a(P) ✐s ♥♦t ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦♣♦s❛❧
❣❛♠❡✱ ♦r ✭✸✮ 〈P, a(P)〉 ✐s ♥♦t st❛❜❧❡✳ ❘❡❣❛r❞✐♥❣ ✭✶✮✱ ❝♦♥s✐❞❡r ❛ ♣❛rt② Cm ∈ P t❤❛t
✐♥❝❧✉❞❡s ❛t ❧❡❛st ♦♥❡ ✐♥❞✐✈✐❞✉❛❧ i ✇✐t❤ t②♣❡ θi = θm ❛♥❞ s✉❝❤ t❤❛t θi ≥ θm ✭θi ≤ θm
✮ ❢♦r ❛❧❧ i ∈ Cm ✭t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡✮✳ ◆♦t✐❝❡ t❤❛t ❢♦r s✉❝❤ ♣❛rt② t❤❡r❡ ❡①✐sts
❛t ❧❡❛st ♦♥❡ ♣♦❧✐❝② xm ∈ I(m) s✉❝❤ t❤❛t xm ∈ Xm✳ ❆❧s♦ ♥♦t✐❝❡ t❤❛t ❛ ❞✐❝t❛t♦r✐❛❧
❛♥❞ P❛r❡t♦ ❡✣❝✐❡♥t ❣r♦✉♣ ❝❤♦✐❝❡ ❢✉♥❝t✐♦♥ t❤❛t ❛❧✇❛②s s❡❧❡❝ts t❤❡ ❜❡st ❛❧t❡r♥❛t✐✈❡
♦❢ ✐♥❞✐✈✐❞✉❛❧ m ✇♦✉❧❞ ♠❡❡t ❛❧❧ t❤❡ ♣r♦♣❡rt✐❡s ❧✐st❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✸ ✭s❡❡ ♣r♦♦❢ t♦
▲❡♠♠❛ ✽✮✳ ❚❤✉s✱ ❢♦r A = {xm} t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡ ❣r♦✉♣ ❝❤♦✐❝❡ ❢✉♥❝t✐♦♥
gm
a−m
t❤❛t s❛t✐s✜❡s t❤❡ r❡q✉✐r❡❞ ♣r♦♣❡rt② ❛♥❞ s✉❝❤ t❤❛t gm
a−m
(Rm(a−m)) = xm✳ ❚❤✐s
❡♥s✉r❡s t❤❛t aj ✐s ❢❡❛s✐❜❧❡ ❢♦r ♣❛rt② Cm✳ ❙✐♠✐❧❛r❧②✱ ■ ♥❡❡❞ gj
a−j
(Rj(a−j)) = ∅ ❢♦r
❛❧❧ Cj 6= Cm✳ ◆♦t✐❝❡ t❤❛t ❜② ❚❇✶ ❛♥② ♦t❤❡r ♣❛rt② Cj 6= Cm s✉❝❤ t❤❛t θi = θm
❢♦r ❛❧❧ i ∈ Cj ✭✐❢ ❛♥② ❡①✐sts✮ ❤❛s ♥❡✈❡r ❛ str✐❝t ✐♥❝❡♥t✐✈❡ ♣r♦♣♦s❡ ❛♥ ❛❝t✐♦♥ aj 6= ∅
❢♦r ❛❧❧ ✐ts ♠❡♠❜❡rs✳ ❚❤✉s✱ s✉♣♣♦s❡✱ t❤❡r❡ ✐s Cj ∈ P s✉❝❤ t❤❛t ❡✐t❤❡r θi ≥ θm✱ ✭♦r
θi ≤ θm✮ ❢♦r ❛❧❧ i ∈ Cj s✉❝❤ t❤❛t gj
a−j
(Rj(a−j)) = aj 6= ∅✳ ❚❤✐s ✐s tr✉❡ ♦♥❧② ✐❢
w({xm} ∪ {aj},) ≻i w({xm},) ❢♦r ❛t ❧❡❛st ♦♥❡ i ∈ Cj✳ ▲❡♠♠❛ ✼ ❛♥❞ ❈♦r♦❧❧❛r②
✷❜ ✐♠♣❧② t❤❛t x ∈ Xj ♦♥❧② ✐❢ x ≥ xm ✭x ≤ xm✮✳ ▼♦r❡♦✈❡r✱ ❚❇✶ ✐♠♣❧✐❡s t❤❛t
aj 6= xm✳ ❚❤✉s✱ ✐❢ aj 6= ∅✱ ✐t ♠✉st ❜❡ tr✉❡ t❤❛t ✭❛✮ aj 6= xm✱ ❛♥❞ ✭❜✮ aj ≥ xm
✺✶
♦r aj ≤ xm✳ ❘❡❝❛❧❧ ♦♣t✐♠❛❧✐t② ❛♥❞ aj 6= xm ✐♠♣❧② xm ≻m aj✳ ❚❤❡ ❙❙❈ ✐♠♣❧✐❡s
xm ≻i aj ❢♦r ❛❧❧ i ∈ N s✉❝❤ t❤❛t θi ≤ θm ✭θi ≥ θm✮✳ ❚❤✉s✱ aj¬MV ()xm ❛♥❞
t❤❡r❡❢♦r❡ w({xm} ∪ {aj};) = xm✱ ✇❤✐❝❤ ✐♠♣❧✐❡s w({xm} ∪ {aj},) ⊁i w({xm},)
❢♦r ❛❧❧ i ∈ Cj✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❘❡❣❛r❞✐♥❣ ✭✷✮✱ ♥♦t✐❝❡ t❤❛t ✐♥ t❤❡
❝❛s❡s ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤✱ A(P) = {xm} ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦♣♦s❛❧
❣❛♠❡✱ ❜❡❝❛✉s❡ tr✐✈✐❛❧❧② w({xm},} = xm ❛♥❞ xm ∈ K({xm},)✳ ❘❡❣❛r❞✐♥❣ ✭✸✮✱
❝♦♥s✐❞❡r ❛ s❡q✉❡♥t✐❛❧ ❞❡✈✐❛t✐♦♥ ✇✐t❤ ❛♥ ✐♥✐t✐❛❧ ❞❡✈✐❛t✐♦♥ P2 ✐♥❞✉❝❡❞ ❜② ❛ ❞❡✈✐❛t♦r
Ck2 ✳ ◆♦t✐❝❡ t❤❛t ❈♦r♦❧❧❛r② ✷ ✐♠♣❧✐❡s t❤❛t ❛♥② st❛❜❧❡ ♣❛rt② str✉❝t✉r❡ t❤❛t ♣r❡✈❛✐❧s ✐♥
t❤❡ ✜♥❛❧ ♣❛rt✐t✐♦♥ PK = P′ ♠✉st ❜❡ ✐♥ t❤❡ ❢♦r♠ 〈P′, a(P′), xˆm〉 ✇✐t❤ A(P′) = {xˆm}
❢♦r s♦♠❡ xˆm ∈ I(m) ✳ ❇❡❝❛✉s❡ I(m) ✐s ❛ s✐♥❣❧❡t♦♥✱ t❤❡♥ t❤❡ ❞❡✈✐❛t✐♦♥ ✐s tr✐✈✐❛❧❧②
♥♦t str✐❝t❧② ♣r♦✜t❛❜❧❡✳ ❚❤✉s✱ t❤❡ ♦♥❧② ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦♣♦s❛❧ ❣❛♠❡ ♠✉st ❤❛✈❡
❢♦r♠ A(P2) = {xm}✳ ◆♦t✐❝❡ t❤❛t xm ❝❛♥♥♦t ❜❡ ❞❡❢❡❛t❡❞ ❜② ❛♥② ❝r❡❞✐❜❧❡ ♣r♦♣♦s❛❧
♦❢ ♦t❤❡r ♣❛rt✐❡s✳ ❚❤✉s✱ t❤❡r❡ ✐s ♥♦ ❣r✐❞❧♦❝❦ ✉♥❧❡ss x0 = xm✳ ❇❡❝❛✉s❡ t❤❡ s❛♠❡ ✐s
tr✉❡ ❢♦r ❛♥② ❢✉rt❤❡r st❡♣ Pk✱ t❤❡ ✜♥❛❧ ♦✉t❝♦♠❡ ♠✉st ❜❡ ❛ st❛❜❧❡ ♣❛rt② str✉❝t✉r❡ ✐♥
t❤❡ ❢♦r♠ 〈P′, a(P′), xm〉✳ ❚❤✉s✱ t❤❡ ❞❡✈✐❛t✐♦♥ ✐s ♥♦t ♣r♦✜t❛❜❧❡✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t
〈P, a(P), xm〉 ✇✐t❤ A(P) = {xm} ✐s st❛❜❧❡✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ t♦ ✭✸✮✳ ❚❤✉s✱
〈P, a(P), xm〉 ✐s ❛ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ t❤✐s ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳
◆♦✇ s✉♣♣♦s❡ t❤❛t 〈P, a(P)〉 ✐s ❛ ❝❡♥tr❛❧ ♣❛rt② str✉❝t✉r❡✱ 〈P, a(P), xm〉 ✐s ♥♦t ❛
♣❛rt② ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ {xm} = I(m)✱ ❋♦❧❧♦✇✐♥❣ ❡①❛❝t❧② t❤❡ s❛♠❡ st❡♣s ❛s ✐♥ t❤❡
♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t t❤✐s ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ◆♦t✐❝❡ t❤❛t
t❤❡ ♣❛rt✐t✐♦♥ P = {N} ✭❣r❛♥❞ ❝♦❛❧✐t✐♦♥✮ tr✐✈✐❛❧❧② s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ♣❛rt ✭✐✮✳
❚❤✉s✱ 〈{N}, a({N})〉 s✉♣♣♦rts ❛ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠ ✐❢ I(m) ✐s ❛ s✐♥❣❧❡t♦♥✳
P❛rt ✭✐✐✮✳ ❙✉♣♣♦s❡ 〈P, a(P)〉 ✐s ❛♥ ❊♥❞s✲❆❣❛✐♥st✲t❤❡✲▼✐❞❞❧❡ ♣❛rt② str✉❝t✉r❡ ❛♥❞
✐t ❞♦❡s s✉♣♣♦rts ❛ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠ ✳ ❚❤❡♥ 〈P, a(P), x〉 ✐s ❛ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠ ❢♦r
s♦♠❡ x ∈ X ❛♥❞ s♦♠❡ ❝♦❛❧✐t✐♦♥ ♦❢ ❡①tr❡♠❡s Cj ∈ P✳ ❚❤✐s ♠❡❛♥s t❤❛t aj ✐s ❢❡❛s✐❜❧❡
❢♦r s♦♠❡ Cj ∈ P✱ ✇❤❡r❡ Cj ✐s ❛ ❝♦❛❧✐t✐♦♥ ♦❢ ❡①tr❡♠❡s✳ ❚❤❡r❡❢♦r❡✱ ✐t ♠✉st ❜❡ tr✉❡
t❤❛t ❢♦r A−j = {∅}♦♥❡ ❣❡ts gj
a−j
(Rj(a−j)) = aj✳ ❆ss✉♠❡ I(i) ∩ I(m) = ∅ ❢♦r ❛❧❧
i ∈ Cj✳ ▲❡♠♠❛ ✾ ✐♠♣❧✐❡s t❤❛t ✐♥ ❛♥② ❛ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠ ♦♥❧② ♦♥❡ ♣r♦♣♦s❛❧ aj 6= ∅ ✐s
♠❛❞❡✱ t❤❡♥ ✐t ♠✉st ❜❡ tr✉❡ t❤❛t A(P) = {aj}✳ ▼♦r❡♦✈❡r✱ ▲❡♠♠❛ ✶✹ ✐♠♣❧✐❡s aj = xm
❢♦r s♦♠❡ xm ∈ I(m)✳ ❚❤❡r❡❢♦r❡✱ ✐t ♠✉st ❜❡ tr✉❡ t❤❛t ❢♦r A−j = {∅} ♦♥❡ ❣❡ts
gj
a−j
(Rj(a−j)) = xm✳
✺✷
❈♦♥s✐❞❡r t❤❡ ❧♦✇❡st t②♣❡ ✐♥ Cj ∈ P s✉❝❤ t❤❛t θh > θm✱ ❛♥❞ r❡❝❛❧❧ I(h)∩I(m) = ∅✳
❚❤✉s✱ xh 6= xm ❢♦r ❛♥② xh ∈ I(h)✳ ◗❙▼ ❛♥❞ t❤❡ ❙❙❈ ✐♠♣❧② xh ≥ xm✳ ❖♣t✐♠❛❧✐t②
✐♠♣❧✐❡s xh ≻h xm✱ ❛♥❞ t❤❡ ❙❙❈ ✐♠♣❧✐❡s xh ≻i xm ❢♦r ❛❧❧ ∀i ∈ Cj t❤❛t θi ≥ θh✳
◆♦t✐❝❡ t❤❛t ❛❧❧ t②♣❡s s✉❝❤ t❤❛t θi < θh ❛r❡ s✉❝❤ t❤❛t xm ≻ xh ❜❡❝❛✉s❡ ♦❢ ❙❙❈✳ ❇②
❞❡✜♥✐t✐♦♥ ♦❢ θh✱ ♦♥❡ ❣❡ts aj ≻i xh ∀i ∈ Cj : θi < θm✳ ❇❡❝❛✉s❡ ✐♥ ❛ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠
♦♥❧② ♦♥❡ ♣r♦♣♦s❛❧ aj 6= ∅ ✐s ♠❛❞❡✱ t❤❡♥ ✐t ♠✉st ❜❡ tr✉❡ t❤❛t A(P) = {aj} ❛♥❞
A−j = ∅✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts ♠✉st ❜❡ tr✉❡✿ xhP j,i(a−j)aj ∀i ∈ Cj : θi > θm✱ ❛♥❞
ajP j,i(a−j)xh ∀i ∈ Cj : θi < θm ✳ ❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s
♣♦✐♥t✱ ❝♦♥s✐❞❡r t❤❡ ❤✐❣❤❡st t②♣❡ ✐♥ Cj ∈ P s✉❝❤ t❤❛t θl < θm✳ ❖♥❡ ❝❛♥ s❤♦✇ t❤❛t
❢♦r s♦♠❡ xl ∈ I(l) ✐t ♠✉st ❜❡ tr✉❡ t❤❛t xlP j,i(a−j)aj ∀i ∈ Cj : θi < θm✱ ❛♥❞
ajP j,i(a−j)xl ∀i ∈ Cj : θi > θm✳ ❘❡❝❛❧❧ gj
a−j
(Rj(a−j)) = aj✳ ❇② ❛ss✉♠♣t✐♦♥✱
gj
a−j
♠✉st s❛t✐s❢② ♥❡✉tr❛❧✐t②✳ ◆❛♠❡❧②✱ ❝♦♥s✐❞❡r ❛♥② ♣❡r♠✉t❛t✐♦♥ ρ : Xj → Xj
s✉❝❤ t❤❛t ρ(xh) = aj ❛♥❞ ρ(aj) = xl ❛♥❞ ❛ ♣r❡❢❡r❡♥❝❡ ♣r♦✜❧❡ Rjρ(a
−j) s✉❝❤ t❤❛t
ajP j,iρ (a
−j)xh ✐❢ ❛♥❞ ♦♥❧② ✐❢ ρ(aj)P j,i(a−j)ρ(xh)✱ t❤❛t ✐s✱ ajP j,iρ (a
−j)xh ✐❢ ❛♥❞ ♦♥❧②
✐❢ xlP j,h(a−j)aj✱ ✇❤✐❝❤ ✐s tr✉❡ ❢♦r ∀i ∈ Cj : θi < θm✳ ❚❤❡r❡❢♦r❡✱ ajP j,iρ (a−j)xh
∀i ∈ Cj : θi < θm✱ ❛♥❞ xhRj,iρ (a−j)aj∀i ∈ Cj : θi > θm ❛♥❞ aj¬Rj,iρ (a−j)xh
∀i ∈ Cj : θi > θm✳ ❚❤✉s✱ t❤❡ ♥✉❧❧ ♣❡r♠✉t❛t✐♦♥ Rjρ(a−j) = Rj(a−j) s❛t✐s✜❡s s✉❝❤
❝♦♥❞✐t✐♦♥s✳ ❇❡❝❛✉s❡ gj
a−j
s❛t✐s✜❡s ♥❡✉tr❛❧✐t②✱ t❤❡♥ ✐t ♠✉st ❜❡ tr✉❡ t❤❛t ❢♦r ❛♥②
♦❢ s✉❝❤ ♣❡r♠✉t❛t✐♦♥s ♦♥❡ ❣❡ts ρ(gj
a−j
(Rjρ(a
−j))) = gj
a−j
(Rj(a−j)) = aj✱ ✇❤✐❝❤ ✉♥❞❡r
ρ(xh) = aj ✐♠♣❧✐❡s gj
a−j
(Rjρ(a
−j)) = xh✳ ❇✉t ✇❡ ❦♥♦✇ t❤❛t ✉♥❞❡r Rjρ(a
−j) = Rj(a−j)✱
✐t ♠✉st ❜❡ tr✐✈✐❛❧❧② tr✉❡ t❤❛t gj
a−j
(Rjρ(a
−j)) = aj✳ ◆♦t✐❝❡ t❤❛t ❛ ❣r♦✉♣ ❝❤♦✐❝❡ ❢✉♥❝t✐♦♥
✇✐t❤ s✉❝❤ ❝❤❛r❛❝t❡r✐st✐❝s ❛❧✇❛②s ❡①✐st ❜② ▲❡♠♠❛ ✽✳ ❚❤✉s✱ ✐t ♠✉st ❜❡ s✉❝❤ t❤❛t
gj
a−j
(Rj(a−j)) 6= aj✱ ✐✳❡✳ t❤❡ ♣r♦♣♦s❛❧ aj ✐s ♥♦t ❢❡❛s✐❜❧❡ ❢♦r ♣❛rt② Cj✳ ❚❤✐s ❧❡❛❞s t♦ ❛
❝♦♥tr❛❞✐❝t✐♦♥✳ ◗✳❊✳❉✳
Pr♦♣♦s✐t✐♦♥ ✺✳ ✭▲❡❣✐s❧❛t✐✈❡ ●r✐❞❧♦❝❦✮✳ ■❢ x0 /∈ I(m)✱ t❤❡♥ ✭✐✮ ✐♥ ❛♥② st❛❜❧❡
❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦ 〈P, a(P), x0〉✱ t❤❡ ♣❛rt✐t✐♦♥ P ✐s ❡✐t❤❡r ❛♥ ❡♥❞s✲❛❣❛✐♥st✲t❤❡✲♠✐❞❞❧❡
♦r ❛ ❝❡♥tr❛❧ ♣❛rt② str✉❝t✉r❡❀ ✭✐✐✮ ♥♦ st❛❜❧❡ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦ 〈P, a(P), x0〉 ❡①✐sts ✐❢
〈P, a(P)〉 ✐s ❛ ♠❛❥♦r✐t❛r✐❛♥ ♣❛rt② str✉❝t✉r❡✳
Pr♦♦❢✳ P❛rt ✭✐✮ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ▲❡♠♠❛ ✶✸❜ ❛♥❞ ▲❡♠♠❛ ✶✶❛✳ P❛rt ✭✐✐✮ ✐s
str❛✐❣❤t❢♦r✇❛r❞ ❢r♦♠ ▲❡♠♠❛ ✶✸❜✳ ◗✳❊✳❉✳
✺✸
❈ ❖t❤❡r Pr♦♦❢s
Pr♦♣♦s✐t✐♦♥ ✻✳ ✭▼❡r❣❡rs ♦❢ P❛rt✐❡s✮✳ ■❢ ❡✐t❤❡r x0 ∈ I(m)✱ ♦r x0 ≥ x¯m✱ ♦r
x0 ≤ xm✱ t❤❡♥ ✭✐✮ ❛ st❛❜❧❡ ♣❛rt② str✉❝t✉r❡ s✉❝❤ t❤❛t t❤❡ ♣♦❧✐❝② ♦✉t❝♦♠❡ ✐s t❤❡ ✐❞❡❛❧
♣♦❧✐❝② ♦❢ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r ❛❧✇❛②s ❡①✐sts✳ ■❢ ✭✐✐✮ I(m) ✐s ❛ s✐♥❣❧❡t♦♥✱ t❤❡♥ ❛
t✇♦✲♣❛rt② ♠❛❥♦r✐t❛r✐❛♥ ♣❛rt② str✉❝t✉r❡ ✐s st❛❜❧❡✳
Pr♦♦❢✳ P❛rt ✭✐✮✳ ❙✉♣♣♦s❡ ❛ st❛❜❧❡ ♣❛rt② str✉❝t✉r❡ s✉❝❤ t❤❛t w(A(P),) ∈ I(m)
❞♦❡s ♥♦t ❡①✐sts✳ ❈♦♥s✐❞❡r ❛ ♠❛❥♦r✐t❛r✐❛♥ ♠✉❧t✐✲♣❛rt② str✉❝t✉r❡ 〈P, a(P)〉 ✇✐t❤ A(P) =
{x˜m} s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts Cm ∈ P ✇✐t❤ θi = θm ❢♦r ❛❧❧ i ∈ Cm✳ ❙✉♣♣♦s❡ ✐t ✐s ♥♦t
❛ st❛❜❧❡ ♣❛rt② str✉❝t✉r❡✳ ●✐✈❡♥ t❤❛t ✐t ✐s ❢❡❛s✐❜❧❡ ❛♥❞ ✐t ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡
♣r♦♣♦s❛❧ ❣❛♠❡✱ ✐t ♠✉st ❜❡ ♥♦t st❛❜❧❡✳ ❈♦♥s✐❞❡r t❤❡ ✜♥❛❧ ♦✉t❝♦♠❡ ♦❢ ❛ s❡q✉❡♥t✐❛❧
❞❡✈✐❛t✐♦♥✳ ❇❡❝❛✉s❡ ❜② ❛ss✉♠♣t✐♦♥ ❛ ♣❡r♠❛♥❡♥t❧② ♥♦t✲st❛❜❧❡ s❡q✉❡♥❝❡ ♦❢ ❞❡✈✐❛t✐♦♥s
✐s ♥♦t ♣r♦✜t❛❜❧❡✱ t❤❡ ♦✉t❝♦♠❡ ♠✉st ❜❡ ❛ st❛❜❧❡ ♣❛rt② str✉❝t✉r❡ 〈P′, a(P′)〉✳ ■❢ w = x˜m✱
t❤❡♥ t❤❡ ❞❡✈✐❛t✐♦♥ ✐s tr✐✈✐❛❧❧② ♥♦t ♣r♦✜t❛❜❧❡✳ ❚❤✉s✱ s✉♣♣♦s❡ 〈P′, a(P′)〉 ✐s ❛ ❧❡❣✐s❧❛t✐✈❡
❣r✐❞❧♦❝❦ ✇✐t❤ x0 ≥ x˜m✱ ♦r ❛ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ w(A(P′),) ≥ x˜m✱ t❤❡♥ t❤❡ ✜♥❛❧
♦✉t❝♦♠❡ ✐s ❡✐t❤❡r x0✱ ♦r wˆ ≥ x˜m✳ ❚❤❡ ✐♥✐t✐❛❧ ❞❡✈✐❛t✐♦♥ ❝❛♥♥♦t ✐♥❝❧✉❞❡ ❛♥② ♣❧❛②❡r ✐♥
Cm✱ ♥♦r ❛♥② ♣❛rt② Cj s✉❝❤ t❤❛t θi ≤ θm ❢♦r ❛❧❧ i ∈ N ✱ ❜❡❝❛✉s❡ ✐t ✐s ♥❡✈❡r str✐❝t❧②
♣r♦✜t❛❜❧❡ ❢♦r s✉❝❤ ♣❧❛②❡rs t♦ ❞❡✈✐❛t❡✳ ❚❤✉s ✐♥✐t✐❛❧ ❞❡✈✐❛t♦rs ♠✉st ❜❡ ♦♥❧② ✐♥❞✐✈✐❞✉❛❧s
s✉❝❤ t❤❛t θi > θm✱ ❜❡❝❛✉s❡ ❙❙❈ ✐♠♣❧✐❡s x˜m i x0✱ ❛♥❞ x˜m i wˆ ❢♦r ❛❧❧ i s✉❝❤ t❤❛t
θi ≤ θm✳ ❇❡❝❛✉s❡ t❤❡ ❞❡✈✐❛t✐♦♥ ✭❞✐✈✐s✐♦♥ ♦r ♠❡r❣❡r✮ ♦♥❧② ✐♥✈♦❧✈❡s ♣❧❛②❡rs s✉❝❤
t❤❛t θi > θm✱ t❤✐s ✐♠♣❧✐❡s t❤❛t P2 ✐s ❛♥♦t❤❡r ♠❛❥♦r✐t❛r✐❛♥ ♣❛rt✐t✐♦♥ t❤❛t ✐♥❝❧✉❞❡s
Cm✳ ❇✉t ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ♦♥❧② ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦♣♦s❛❧ ❣❛♠❡ ✐s 〈P2, a(P2)〉 ✇✐t❤
A(P2) = {x˜m}✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r t❤❡ ♥❡①t st❡♣ ♦❢ t❤❡ s❡q✉❡♥t✐❛❧
❞❡✈✐❛t✐♦♥✳ ◆❛♠❡❧②✱ P3 ❝❛♥ ♦♥❧② ❜❡ ✜♥❡r ♣❛rt✐t✐♦♥ ♦❢ P2 ❝♦♥t❛✐♥s Cm✱ ✇❤✐❝❤ ✐♠♣❧✐❡s
❛♥ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦♣♦s❛❧ ❣❛♠❡ 〈P3, a(P3)〉 ✇✐t❤ A(P3) = {x˜m}✳ ❙❡q✉❡♥t✐❛❧❧②✱
t❤✐s ♣r♦❝❡ss ❝❛♥ ♦♥❧② ❧❡❛❞ t♦ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣r♦♣♦s❛❧ ❣❛♠❡ 〈P′, a(P′)〉 ✇✐t❤
A(P′) = {x˜m}✳ ▲❛st❧②✱ ❜❡❝❛✉s❡ ♥♦ ♠❡r❣❡r ❡✈❡r ♦❝❝✉rs✱ t❤❡ ♣r♦❝❡ss ♠✉st st♦♣ ❛t t❤❡
✜♥❡st ♣❛rt✐t✐♦♥✳ ✇❤✐❝❤ ♠❡❛♥s t❤❡ ❞❡✈✐❛t✐♦♥ ❝❛♥♥♦t ❧❡❛❞ t♦ ❛ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦ ✇✐t❤
x0 ≥ x˜m✱ ♥♦r t♦ ❛ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ w(A(P′),) ≥ x˜m✳ ❙✐♠✐❧❛r❧② ♦♥❡ ❝❛♥ s❤♦✇
t❤❛t 〈P′, a(P′)〉 ❝❛♥♥♦t ❜❡ ♥❡✐t❤❡r ❛ ❧❡❣✐s❧❛t✐✈❡ ❣r✐❞❧♦❝❦ ✇✐t❤ x0 ≤ x˜m✱ ♥♦r ❛ ♣❛rt②
❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ w(A(P′),) ≤ x˜m✳ ❚❤❡ ♦t❤❡r ♣♦ss✐❜✐❧✐t② ✐s t❤❛t t❤❡ ❞❡✈✐❛t✐♦♥ ❧❡❛❞s
✺✹
t♦ ❛ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ w  x˜m✱ w  x˜m✳ ❇✉t ✐❢ w  x˜m t❤❡♥ w  x¯m✱ ❛♥❞
✐❢ w  x˜m t❤❡♥ w  xm. ❚❤✐s ❝❛s❡ ❝❛♥♥♦t ♦❝❝✉r ✐❢ w /∈ I(m) ❜❡❝❛✉s❡ ♦❢ ▲❡♠♠❛
✶✵✳ ❚❤✉s✱ ✐❢ w /∈ I(m)✱ t❤❡♥ ♥♦ s❡q✉❡♥t✐❛❧ ❞❡✈✐❛t✐♦♥ ❝❛♥ ❡✈❡r ❜❡ ♣r♦✜t❛❜❧❡ ❛♥❞
st❛❜❧❡✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t 〈P, a(P)〉 ✇✐t❤ A(P) = {x˜m} ✐s st❛❜❧❡ ✐♥ s✉❝❤ ❝❛s❡✳ ❚❤❡
♦♥❧② ♣♦ss✐❜✐❧✐t② ❧❡❢t ✐s w ∈ I(m) ❛♥❞ w  x˜m✱ w  x˜m✳ ❇✉t ✐❢ 〈P′, a(P′)〉 ✇✐t❤
A(P′) = {w} ✐s st❛❜❧❡✱ ❛♥❞ w ∈ I(m)✱ t❤❡♥ t❤❡r❡ ❡①✐st ❛ st❛❜❧❡ ♣❛rt② str✉❝t✉r❡
〈P′, a(P′), w〉 ✐♥ ✇❤✐❝❤ ❛♥ ✐❞❡❛❧ ♣♦❧✐❝② ♦❢ t❤❡ ♠❡❞✐❛♥ ❧❡❣✐s❧❛t♦r ✇✐♥s✳ ❚❤✐s ❧❡❛❞s t♦ ❛
❝♦♥tr❛❞✐❝t✐♦♥✳ P❛rt ✭✐✐✮✳ ❙✉♣♣♦s❡ I(m) ✐s ❛ s✐♥❣❧❡t♦♥✱ ❛♥❞ ❛ ♠❛❥♦r✐t❛r✐❛♥ t✇♦✲♣❛rt②
str✉❝t✉r❡
〈
Pˆ, a(Pˆ)
〉
✇✐t❤ A(Pˆ) = {xm} ✐s ♥♦t st❛❜❧❡✳ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥t✐❛❧
❞❡✈✐❛t✐♦♥ t❤❛t ❧❡❛❞s t♦ ❛ ♥❡✇ st❛❜❧❡ ♣❛rt② str✉❝t✉r❡
〈
Pˆ′, a(Pˆ′)
〉
✱ s✉❝❤ t❤❛t wˆ′ 6= xm✳
❇❡❝❛✉s❡ I(m) ✐s ❛ s✐♥❣❧❡t♦♥✱ t❤✐s ✐♠♣❧✐❡s wˆ′ /∈ I(m)✳ ◆♦✇ ❝♦♥s✐❞❡r ❛ ❞❡✈✐❛t♦r
Ck ⊆ Cj ❢♦r s♦♠❡ Cj ∈ Pˆ′✱ s✉❝❤ t❤❛t θi = θm ❢♦r ❛❧❧ i ∈ Cm ✭t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡
♣❛rt② Cj t❤❛t ❛❧❧♦✇s ❢♦r t❤✐s ❞❡✈✐❛t✐♦♥✮✳ ❈❛❧❧ t❤❡ ♥❡✇ ♣❛rt✐t✐♦♥ P✳ ❙✉❝❤ ♣❛rt✐t✐♦♥
s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ♣♦✐♥t ✭✐✮✱ t❤✉s ✐t s✉♣♣♦rts ❛ ♣❛rt② ❡q✉✐❧✐❜r✐✉♠ 〈P, a(P)〉
✇✐t❤ A(P) = {xm}✳ ◆♦t✐❝❡ t❤❛t t❤✐s ❞❡✈✐❛t✐♦♥ ✐s ❢❡❛s✐❜❧❡✱ ♣r♦✜t❛❜❧❡ ❢♦r ❛❧❧ i ∈ Ck✱
❛♥❞ st❛❜❧❡ ❜❡❝❛✉s❡ ♦❢ ♣♦✐♥t ✭✐✮✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ♣❛rt② str✉❝t✉r❡
〈
Pˆ′, a(Pˆ′)
〉
✐s
♥♦t st❛❜❧❡✱ ✇❤✐❝❤ ✐♠♣❧✐❡s ✐♥ t✉r♥ t❤❛t
〈
Pˆ, a(Pˆ)
〉
✇✐t❤ A(Pˆ) = {xm} ✐s st❛❜❧❡✳ ❚❤✐s
❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ◗✳❊✳❉✳
✺✺
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